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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 51 ]. This is test number [ 107 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed
Rubi % 100. ( 51) %0.(0)
Mathematica | % 100. ( 51) %0.(0)
Maple % 78.43 (40) | % 21.57 (11)
Maxima %0.(0) % 100. ( 51)
Fricas % 31.37 (16 ) | % 68.63 ( 35)
Sympy %0.(0) % 100. ( 51)
Giac %0.(0) % 100. ( 51)

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This

can be due to one or more of the following reasons

1.

antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

antiderivative contains a special function and the optimal an-

tiderivative does not.

antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 27.45 0. 72.55 0.
Maple 17.65 56.86 3.92 21.57
Maxima 0. 0. 0. 100.
Fricas 19.61 11.76 0. 68.63
Sympy 0. 0. 0. 100.
Giac 0. 0. 0 100.




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.



System Mean time (sec) Mean size Normalized mean Median size
Rubi 5.32 533.49 1. 500.
Mathematica 7.95 5092.84 23.07 289.
Maple 9.09 6 6.16806 10 10149. 6 1.57399 10
Maxima Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean]], 0.01] | Round[Median([], 0.0
Fricas 17.19 4002.38 17.65 2943.
Sympy Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean(], 0.01] | Round[Median([], 0.0
Giac Round[Mean]], 0.01] | Round[Mean[], 0.01] | Round[Mean]], 0.01] | Round[Median([], 0.0

1.4 list of integrals that has no closed form an-

tiderivative

0

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}

Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed

verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {T}[2,[3}[4[5,[6,[7[8[0}[19 [20} [21} 22} 23} [24} [25}[26}[32} 34} B5 44, |45}, |46, (5T}
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

2.1.1 Rubi

A grade: {@@L.
[28][29][30}[31}32,[33}[34}[35} [36]
B grade: { }

C grade: { }

F grade: { }

BE
EE
RE
==
S
BE
BE

B

=
B
g
=
~[&

E

E

\1
co
<L
E

2.1.2 Mathematica
A grade: {[27}[28}[29}[30} [B1},[36}[37} [38} 89} 40} [47} [48} [49}[50] }

B grade: { }

C grade: {[[}]2 . . @@ 10} 11} [12}[13} 14} 15} 16} 17} 18} 19} ]20} 21} 22} ]23} [24} [25} 26} 32
}

F grade: { }

=

2.1.3 Maple

A grade: ( 20)2,83) 0,57 B8 /) F2 13

B.gad;{}@@
47,148, 151]

C grade: {[7[16]}
F grade: {[25[26}[30}[31} [34}[35} 39} 40} 4} 49} 50]

2.1.4 Maxima

A grade: {
B grade: { }
C grade: { }

F grade: (LA ABEABHDO
o 29,051 63 R B

Hi=
ElE
Bi=
==
K
EE
BE
BE
BEE
RE
B
g
B
~[&

E

E

S
BE
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21.5 FriCAS

A grade: {[77)25)29, B0} B1,50) B, B8 B0 )
B grade: ([I5,10) [ 8 I 50}

C grade: { }

F grade: {[1,[21[3} 4 516} 78} 9} L0} L1} 12} 13} 14} [15} 16} [[7[18} 19} 20} 21} 22} [23} 24 [25} 26} B2}
(83184} 35} |41 |42, 43, 44, B1]}

21.6 Sympy

A grade: { }
B grade: { }
C grade: { }

F grade: (128 AABABH 0]
28] 29,50} 3132 53134 35 56,37, 55,59, 0,

2.1.7 Giac

A grade: { }
B grade: { }
C grade: { }

F grade: {112, B}1,5)0)7 )Y 0, 1) 2,3} 7[5, 16) 7 18, 19,20} 21 25,27
28} 20,50, 51,52, 53 3., 5535} 7 53, 50) O, L ) £, Fd ) £ 7 4 9, 50, 1

wl
EE
EE
RE
BB
RIS
BE
BE
RE
BE
B
B
EE
~[S

B

5

B

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ————— .
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica  Maple = Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 975 975 690 17767396 0 0 0 0
normalized size | 1 1. 0.71 18223. 0. 0. 0. 0.
time (sec) N/A 24.463 6.221 1.056 0. 0. 0. 0.
Problem 2 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 889 889 582 17247437 0 0 0 0
normalized size | 1 1. 0.65 19400.9 0. 0. 0. 0.
time (sec) N/A 23.995 4.913 0.432 0. 0. 0. 0.
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Problem 3 Optimal | Rubi Mathematica ~ Maple  Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 748 748 451 17766953 0 0 0 0
normalized size | 1 1. 0.6 23752.6 0. 0. 0. 0.
time (sec) N/A 23.63 2.34 0.401 0. 0. 0. 0.
Problem 4 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 676 676 405 17247074 0 0 0 0
normalized size | 1 1. 0.6 255134 0. 0. 0. 0.
time (sec) N/A 26.571 0.535 0.45 0. 0. 0. 0.
Problem 5 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 601 601 250 21947835 0 0 0 0
normalized size | 1 1. 0.42 36518.9 0. 0. 0. 0.
time (sec) N/A 23.288 0.278 0.405 0. 0. 0 0.
Problem 6 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 574 574 228 17246812 0 0
normalized size | 1 1. 0.4 30046.7 0. 0. 0 0.
time (sec) N/A 23.269 0.135 0.415 0. 0. 0 0.
Problem 7, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 571 571 223 53198 0 0 0 0
normalized size | 1 1. 0.39 93.17 0. 0. 0. 0.
time (sec) N/A 23.583 0.342 5.83 0. 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 612 612 261 1166066 0 0 0 0
normalized size | 1 1. 0.43 1905.34 0. 0. 0. 0.
time (sec) N/A 23.744 1.121 19.957 0. 0. 0 0
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 690 690 289 2856003 0 0 0 0
normalized size | 1 1. 0.42 4139.13 0 0 0 0
time (sec) N/A 23.733 1.816 140.041 0 0 0 0
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 548 548 456 9581348 0 0 0 0
normalized size | 1 1. 0.83 17484.2 0. 0. 0. 0.
time (sec) N/A 1.085 6.12 0.35 0. 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 495 495 283 7491919 0 0 0 0
normalized size | 1 1. 0.57 15135.2 0. 0. 0.
time (sec) N/A 0.82 2.524 0.305 0 0 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 383 383 252 9581048 0 0 0 0
normalized size | 1 1. 0.66 25015.8 0. 0. 0. 0.
time (sec) N/A 0.731 0.842 0.329 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 352 352 228 7491708 0 0 0 0
normalized size | 1 1. 0.65 21283.3 0 0 0. 0.
time (sec) N/A 0.373 0.183 0.336 0 0 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 294 294 173 9338488 0 0 0 0
normalized size | 1 1. 0.59 31763.6 0. 0. 0. 0.
time (sec) N/A 0.286 0.093 0.326 0. 0. 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 298 298 173 7300213 0 0 0 0
normalized size | 1 1. 0.58 24497 4 0. 0. 0. 0.
time (sec) N/A 0.311 0.123 0.368 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 350 350 223 28513 0 0 0 0
normalized size | 1 1. 0.64 81.47 0. 0. 0. 0.
time (sec) N/A 0.701 0.245 1.877 0. 0. 0. 0.
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Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 395 395 264 675102 0 0 0 0
normalized size | 1 1. 0.67 1709.12 0. 0 0 0.
time (sec) N/A 0.765 1.402 18.206 0. 0 0 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 500 500 315 1981914 0 0 0 0
normalized size | 1 1. 0.63 3963.83 0. 0.

time (sec) N/A 0.8 5.383 45.891 0 0 0 0
Problem 19 Optimal | Rubi Mathematica ~ Maple  Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1190 1190 884 13067596 0 0 0 0
normalized size | 1 1. 0.74 10981.2 0. 0. 0. 0.
time (sec) N/A 6.507 23.276 0.326 0. 0. 0 0
Problem 20 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 864 864 611 13066795 0 0 0 0
normalized size | 1 1. 0.71 15123.6 0. 0. 0. 0.
time (sec) N/A 4.79 20.016 0.303 0. 0. 0 0
Problem 21 Optimal | Rubi Mathematica ~ Maple = Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 686 686 286 13066412 0 0 0 0
normalized size | 1 1. 0.42 19047.3 0. 0. 0. 0.
time (sec) N/A 4.514 15.267 0.321 0. 0. 0 0
Problem 22, Optimal | Rubi Mathematica ~ Maple  Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 638 638 328 11847956 0 0 0 0
normalized size | 1 1. 0.51 18570.5 0. 0. 0. 0.
time (sec) N/A 3.95 4.812 0.291 0. 0. 0 0
Problem 23 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F(-2) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 635 635 318 13066372 0 0 0 0
normalized size | 1 1. 0.5 20577. 0. 0. 0. 0.
time (sec) N/A 3.791 4.602 0.288 0. 0. 0. 0.
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Problem 24 Optimal | Rubi Mathematica  Maple  Maxima Fricas Sympy Giac
grade A A C B F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 750 750 450 15825630 0 0 0 0
normalized size | 1 1. 0.6 21100.8 0. 0. 0. 0.
time (sec) N/A 4.578 4.348 122.368 0. 0. 0. 0.
Problem 25| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 829 829 583 0 0 0 0 0
normalized size | 1 1. 0.7 0. 0. 0. 0. 0.
time (sec) N/A 4.939 6.166 180. 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1007 1007 786 0 0 0 0 0
normalized size | 1 1. 0.78 0. 0. 0. 0. 0.
time (sec) N/A 4.928 6.172 180. 0. 0. 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 270 270 290 684 0 3421 0 0
normalized size | 1 1. 1.07 2.53 0. 12.67 0. 0.
time (sec) N/A 0.613 5.826 0.25 0. 36.87 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 209 209 208 467 0 2952 0 0
normalized size | 1 1. 1. 2.23 0. 14.12 0. 0.
time (sec) N/A 0.349 1.494 0.179 0. 21.228 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 179 179 180 289 0 2641 0 0
normalized size | 1 1. 1.01 1.61 0. 14.75 0. 0.
time (sec) N/A 0.224 0.279 0.186 0. 16.188 0. 0.
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 203 203 192 0 0 5280 0 0
normalized size | 1 1. 0.95 0. 0. 26.01 0. 0.
time (sec) N/A 0.292 11 0.597 0. 5.381 0. 0.
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 435 435 187 0 0 2934 0 0
normalized size | 1 1. 0.43 0. 0. 6.74 0. 0.
time (sec) N/A 0.544 1.156 0.509 0. 19.086 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1254 1254 639 1945 0 0 0 0
normalized size | 1 1. 0.51 1.55 0. 0 0 0.
time (sec) N/A 0.993 29.37 0.212 0. 0 0 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 829 829 428 1497 0 0 0 0
normalized size | 1 1. 0.52 1.81 0. 0 0 0.
time (sec) N/A 0.552 1.799 0.153 0. 0 0 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 861 861 1258 0 0 0 0 0
normalized size | 1 1. 1.46 0. 0. 0 0 0.
time (sec) N/A 0.585 26.903 0.497 0. 0 0 0.
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 943 943 1590 0 0 0 0 0
normalized size | 1 1. 1.69 0. 0. 0 0 0.
time (sec) N/A 0.717 32.167 0.498 0. 0 0 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-1) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 182 182 173 240 0 2962 0 0
normalized size | 1 1. 0.95 1.32 0. 16.27 0. 0.
time (sec) N/A 0.353 2.162 0.19 0. 18.118 0. 0.
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 136 155 0 2450 0 0
normalized size | 1 1. 0.96 11 0. 17.38 0. 0.
time (sec) N/A 0.21 0.236 0.189 0. 13.274 0. 0.
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Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 79 79 79 102 0 733 0 0
normalized size | 1 1. 1. 1.29 0. 9.28 0. 0.
time (sec) N/A 0.114 0.111 0.19 0. 3.86 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F A F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 142 142 136 0 0 2500 0 0
normalized size | 1 1. 0.96 0. 0. 17.61 0. 0.
time (sec) N/A 0.228 0.57 0.559 0. 11.78 0. 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 249 249 188 0 0 3267 0 0
normalized size | 1 1. 0.76 0. 0. 13.12 0. 0.
time (sec) N/A 0.318 4.136 0.545 0. 16.017 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-1) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 662 662 533 646 0 0 0 0
normalized size | 1 1. 0.81 0.98 0. 0 0 0.
time (sec) N/A 0.439 22.577 0.184 0. 0 0 0.
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 436 436 311 402 0 0 0 0
normalized size | 1 1. 0.71 0.92 0. 0 0 0.
time (sec) N/A 0.341 8.994 0.158 0. 0 0 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 436 436 235 231 0 0 0 0
normalized size | 1 1. 0.54 0.53 0. 0 0 0.
time (sec) N/A 0.306 0.683 0.155 0. 0 0 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C F F(-1) F(-1) F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 707 707 683 0 0 0 0 0
normalized size | 1 1. 0.97 0. 0. 0. 0. 0.
time (sec) N/A 0.728 27.892 0.537 0. 0. 0. 0.
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F(-1) B F F(-1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 235 235 182725 826 0 8193 0 0
normalized size | 1 1. 777.55 3.51 0. 34.86 0. 0.
time (sec) N/A 0.549 34.144 0.202 0. 32.014 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 159 159 57597 601 0 2421 0 0
normalized size | 1 1. 362.25 3.78 0. 15.23 0. 0.
time (sec) N/A 0.394 35.643 0.165 0. 6.31 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 154 154 155 508 0 2384 0 0
normalized size | 1 1. 1.01 3.3 0. 15.48 0. 0.
time (sec) N/A 0.285 2.836 0.159 0. 5.54 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 155 155 156 417 0 2410 0 0
normalized size | 1 1. 1.01 2.69 0. 15.55 0. 0.
time (sec) N/A 0.218 2.936 0.155 0. 5.257 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) B F F(-1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 280 280 278 0 0 8429 0 0
normalized size | 1 1. 0.99 0. 0. 30.1 0. 0.
time (sec) N/A 0.387 3.295 0.446 0. 28.113 0. 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 477 477 555 0 0 11061 0 0
normalized size | 1 1. 1.16 0. 0. 23.19 0. 0.
time (sec) N/A 0.552 6.069 0.449 0. 35.949 0. 0.
Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 981 981 831 3598 0 0 0 0
normalized size | 1 1. 0.85 3.67 0. 0. 0. 0.
time (sec) N/A 0.876 34.031 0.163 0. 0. 0. 0.
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder

integrand size

the integral was to solve. In this test, problem number [1] had the largest ratio of [ 0.4242 |

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand T
# grade steps unique antideri\./ative leaf size ntegrand leaf size
used rules leaf size
1 A 21 14 1. 33 0.424
2 A 19 12 1. 33 0.364
3 A 16 12 1. 33 0.364
4 A 10 9 1. 33 0.273
5 A 10 9 1. 31 0.29
6 A 9 7 1. 24 0.292
7 A 18 13 1. 31 0.419
8 A 17 12 1. 33 0.364
9 A 21 14 1. 33 0.424
10 A 15 10 1. 33 0.303
11 A 14 9 1. 33 0.273
12 A 11 8 1. 33 0.242
13 A 9 7 1. 33 0.212
14 A 6 4 1. 31 0.129
15 A 6 3 1. 24 0.125
16 A 10 7 1. 31 0.226
17 A 11 8 1. 33 0.242
18 A 14 9 1. 33 0.273
19 A 20 12 1. 33 0.364
20 A 14 11 1. 33 0.333
21 A 10 7 1. 33 0.212
22 A 7 5 1. 33 0.152
23 A 7 5 1. 31 0.161
24 A 13 10 1. 31 0.323
25 A 13 10 1. 33 0.303
26 A 18 12 1. 33 0.364
27 A 9 8 1. 35 0.229
28 A 8 7 1. 35 0.2
29 A 8 7 1. 33 0.212
30 A 10 7 1. 33 0.212
31 A 22 9 1. 35 0.257
32 A 14 9 1. 35 0.257
33 A 8 6 1. 26 0.231
34 A 9 8 1. 35 0.229
35 A 10 8 1. 35 0.229
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size

36 A 8 7 1. 35 0.2
37 A 7 6 1. 35 0.171
38 A 4 4 1. 33 0.121
39 A 8 5 1. 33 0.152
40 A 11 6 1. 35 0.171
41 A 5 5 1. 35 0.143
42 A 4 4 1. 35 0.114
43 A 4 3 1. 26 0.115
44 A 7 7 1. 35 0.2
45 A 8 7 1. 35 0.2
46 A 6 6 1. 35 0.171
47 A 6 6 1. 35 0.171
48 A 6 6 1. 33 0.182
49 A 12 7 1. 33 0.212
50 A 16 8 1. 35 0.229
51 A 9 8 1. 35 0.229
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Chapter 3

Listing of integrals

3.1 ftan5(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=975

32
(ctan201+-ex)+-btan(d-+ex)4—a)/ tan?(d-+ex) (35b2—-42ctan(d-+ex)b—-32ac)(ctan2014-ex)+-btan(d-+e
+
5ce 240c%e

[Out] (Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”™2 + b~2 - 2%a*xc + c72]) - a*(2*c + Sqrt[a~2
+ b72 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
*c + c72]) - b*Sqrt[a”2 + "2 - 2*xa*xc + c”2]*Tan[d + e*x])/(Sqrt[2]*(a~2 +
b2 - 2xaxc + c72)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2%axc + c
~2]) - ax(2*%c + Sqrt[a”2 + b"2 - 2*axc + c”2])]*Sqrtla + b*Tan[d + e*x] + c
xTan[d + exx]~2])]1)/(Sqrt[2]*(a”2 + b™2 - 2xa*xc + c~2)7(1/4)*e) + (b*ArcTan
h[(b + 2xc*Tan[d + exx])/(2*Sqrtlc]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x
1721)1)/(2xSqrt[cl*e) - (b*(b~2 - 4xaxc)*ArcTanh[(b + 2*cxTan[d + exx])/(2x
Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(16xc~(5/2)*e) + (b*
(7072 - 12*axc)*(b~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(256%c~(9/2)*e) - (Sqrt[a”2 +
b~2 + c*x(c - Sqrt[a™2 + b72 - 2xa*xc + c”2]) - ax(2%c - Sqrt[a”2 + b"2 - 2xa
*c + ¢”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a™2 + b~2 - 2*axc + c~2])
+ bxSqrt[a”2 + b™2 - 2%axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2*a*c
+ ¢c72)7(1/4)*Sqrt[a™2 + b™2 + cx(c - Sqrt[a”™2 + b2 - 2*axc + ¢c72]) - a*x(2
xc - Sqrt[a”2 + b72 - 2xaxc + c”2])]x*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + ex
x]1721)1)/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)"(1/4)*e) + Sqrt[a + b*Tan[d + e
*x] + cxTan[d + exx]”2]/e + (b*(b + 2xcxTan[d + exx])*Sqrt[a + b*Tan[d + ex
x] + c*Tan[d + exx]72])/(8%c™2xe) - (bx(7*b”2 - 12*xaxc)*(b + 2xc*xTan[d + ex
x])*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])/(128xc"4xe) - (a + b*Tan[d
+ exx] + cxTan[d + exx]~2)7(3/2)/(3*cxe) + (Tan[d + exx]"2*(a + b*Tan[d +
exx] + c*Tan[d + e*x]~2)7(3/2))/(b*xcxe) + ((35%b~2 - 32xa*xc - 42*b*xcx*Tan[d
+ exx])*(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)7(3/2))/(240%c~3*e)

Rubi [A] time = 24.4627, antiderivative size = 975, normalized size of antiderivative =
1., number of steps used = 21, number of rules used = 14, integrand size = 33, M
integrand size

= 0.424, Rules used = {3700, 6725, 640, 612, 621, 206, 742, 779, 1021, 1078, 1036, 1030,
9208, 205}

32
(ctan?(d-+ex)4—btan(d-+ex)+—a)/ tan?(d + ex) (35b2——42ctan(d-+ex)b——32ac)(ctan?(d-+ex)+—btan(d-+e
5ce " 240c3¢
25




26

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx]~6*Sqrt[a + b*Tan[d + exx] + c*Tan[d + exx]~2],x]

[Out] (Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b™2 - 2%a*c + c~2]) - ax(2*%c + Sqrt[a”2
+ b2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
xc + ¢"2]) - bxSqrt[a”2 + b~2 - 2*axc + c”2]xTan[d + exx])/(Sqrt[2]*(a~2 +
b~2 - 2%axc + c¢72)7(1/4)*Sqrt[a”2 + b2 + c*(c + Sqrt[a”2 + b72 - 2xa*c + ¢
~2]) - ax(2*%c + Sqrt[a”2 + b"2 - 2*axc + c”2])]*Sqrt[a + bxTan[d + exx] + c
*Tan[d + exx]~2])])/(Sqrt[2]*(a”2 + ™2 - 2*xa*c + c~2)"(1/4)*e) + (b*ArcTan
h[(b + 2xc*Tan[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x
1721)1)/(2%Sqrt[cl*e) - (b*(b"2 - 4*axc)*ArcTanh[(b + 2*cxTan[d + exx])/(2%
Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(16*xc~(5/2)*e) + (bx
(7072 - 12*axc)*(b~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(256%c~(9/2)*e) - (Sqrt[a”2 +
b~2 + c*x(c - Sqrt[a™2 + b™2 - 2*%axc + c¢72]) - ax(2xc - Sqrt[a™2 + b"2 - 2*a
xc + ¢"2])]*ArcTanh[(b™2 + (a - c)*(a - ¢ + Sqrt[a”™2 + b~2 - 2*xa*xc + c~2])
+ b*Sqrt[a”2 + b2 - 2*axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2*axc
+ ¢c72)7(1/4)*Sqrt[a™2 + b™2 + cx(c - Sqrtl[a”™2 + b™2 - 2*axc + c~2]) - a*x(2
xc - Sqrt[a™2 + b72 - 2xaxc + c”2])]xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + ex
x]72]1)]1)/(Sqrt[2]*(a~2 + ™2 - 2xa*c + c~2)"(1/4)*e) + Sqrtl[a + bxTan[d + e
xx] + c*Tan[d + e*xx]~2]/e + (b*x(b + 2*xc*Tan[d + e*x])*Sqrt[a + b*Tan[d + ex
x] + cxTan[d + exx]~2])/(8xc™2xe) - (b*(7*b~2 - 12%axc)*(b + 2xc*Tan[d + ex
x])*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(128%c"4xe) - (a + b*Tan[d
+ exx] + cxTan[d + e*x]~2)7(3/2)/(3*cxe) + (Tan[d + exx]~2x(a + b*Tan[d +
exx] + cxTan[d + e*xx]~2)7(3/2))/(5*c*xe) + ((35%b72 - 32xaxc - 42*b*c*Tan([d
+ exx])*(a + bxTan[d + exx] + c*Tan[d + e*x]72)7(3/2))/(240%c"3%e)

Rule 3700

Int[tan[(d_.) + (e_)*x )1 (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*((f_)*tan[(d_.) + (e_)*x(x_)]1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*xx"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + c*x"2)"(p + 1))/ (2*cx(p + 1)), x] + Dist[(2*c*d - b
xe)/(2xc), Int[(a + b*x + c*x~2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
&& NeQ[2*c*d - bxe, 0] && NeQ[p, -1]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(px(b~2 - 4xaxc))/(2*xcx(2
*p + 1)), Int[(a + b*x + c*xx™2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 621
Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
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t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 742

Int[((d_.) + (e_.)*(x_)) " (m_)*x((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_8S
ymbol] :> Simp[(e*x(d + exx)"(m - 1)*x(a + b*x + cxx"2) " (p + 1))/(cx(m + 2*p

+ 1)), x] + Dist[1/(cx(m + 2%p + 1)), Int[(d + e*x)"(m - 2)*Simp[c*d™2x(m +
2xp + 1) - ex(a*ex(m - 1) + bxdx(p + 1)) + ex(2xcxd - b*xe)*(m + p)*x, x]*(
a + bxx + c*x”2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && NeQ[b"2 -
dxaxc, 0] && NeQ[c*d”™2 - bxdxe + a*e”™2, 0] && NeQ[2*xcxd - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2%p + 1, 0] && IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_)*x_D)*x((£f_.) + (g_)*x&x))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)72)"(p_), x_Symbol] :> -Simp[((bxexgkx(p + 2) - cx(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2) " (p + 1))/(2*%c™2*(p + 1)*(2*xp + 3)), x
] + Dist[(b™2%exgx(p + 2) - 2%akxcxe*xg + cx(2xckxd*f - bkx(exf + dxg))*(2*xp +

3))/(2xc™2x(2*p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, £, g, p}, x] && NeQ[b™2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 1021

Int[((g_.) + (h_)*x(x_))*((a_) + (b_.)*(x_) + (c_.)*(x_)72)"(p_)*((d_) + (f
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*fx(p + q + 1)), Int[(a + b*xx + c*x72
)" (p - Dx*(d + £xx72)"g*Simp [h*p*(b*xd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(—2xgxf)*x(p + q + 1)) *x + (h*p*(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x~2, x1, x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b~2 - 4x*a
*xc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1078

Int[((A_.) + (B_)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +
(e_.)x(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + exx
+ f*x~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*x + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - g*(ckd - axf + q) + (hx(cxd - a*xf - q) - gkc*xe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030
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Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
Subst (f % dx, x, tan(d + ex))
ftan5(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
Subst (f (—x\/a +bx +cx?2 + x3Va + bx + cx? + %) |
- e
Subst (f xVa + bx + cx? dx, x, tan(d + ex)) Subst (f 13
=- +

e

\/a + btan(d + ex) + ctan®(d + ex) (a + btan(d + ex) + ct

e 3ce

\/a +btan(d + ex) + ctan®(d + ex)  b(b + 2ctan(d + ex))\/
+

e

\/{1 + btan(d + ex) + ctan®(d +ex)  b(b + 2ctan(d + ex))\/
+

e

btanh™ b2c tan(@+e) b (b2 - 4110) tanh™
2\/5\/a+b tan(d+ex)+c tanz(d+€x)

2+/ce
\/a2+b2+c(c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2

Mathematica [C] time = 6.22143, size = 690, normalized size = 0.71

(12

(b2—4ac) tanh™!

b+2c tan(d+ex) ] (

b (b+2c tan(d+ex))\/ﬂ+b tan(d+ex)+c tanz(d+ex) Z\ﬁ\/m—b tan(d+ex)+c tanz(d+cx)
4c B 8c3/2

3543 \| (b+2¢ tan(d+ex))\/u+b tan(d+ex)+c tan2(d+ex)
15abc- = I

8c2

2c

Warning: Unable to verify antiderivative.
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[In] Integrate[Tan[d + exx] 5*Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] ((-2#Sqrt[a - I*b - cl*ArcTanh[(2%a - I*b + (b - (2*xI)*c)*Tan[d + exx])/(2%
Sqrt[a - Ixb - clxSqrtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])] + ((b - (2%
I)*c)*ArcTanh[(b + 2*c*Tan[d + ex*xx])/(2xSqrt[c]l*Sqrt[a + bxTan[d + exx] + c
*Tan[d + exx]~2]1)]1)/Sqrtlc])/4 + (-2*Sqrt[a + I*b - c]l*ArcTanh[(2*a + I*b +

(b + (2%I)*c)*Tan[d + exx])/(2*Sqrtla + I*b - c]*Sqrtl[a + b*Tan[d + e*xx] +
cxTan[d + exx]~2])] + ((b + (2*xI)*c)*ArcTanh[(b + 2*c*Tan[d + exx])/(2*Sqr
t[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/Sqrtlc])/4 + Sqrtla + b
xTan[d + exx] + c*Tan[d + e*xx]~"2] - (a + bxTan[d + exx] + cxTan[d + e*x]~2)
~(3/2)/(3%c) + (Tan[d + e*x]"2*(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)7(3/2
))/(5*xc) + (bx(-((b~2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2xSqrt[c]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(8*xc~(3/2)) + ((b + 2*c*Tan[d
+ exx])*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])/(4*c)))/(2xc) + (-(((-
36%b72) /4 + 8*axc + (21*b*c*Tan[d + e*x])/2)*(a + b*Tan[d + e*x] + c*Tan[d
+ e*xx]72)7(3/2))/(12xc”2) + (((-35%b~3)/4 + 15*xaxbxc)*(-((b~2 - 4xaxc)*ArcT
anh[(b + 2xc*Tan[d + e*xx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e
xx]72]1)1)/(8%c™(3/2)) + ((b + 2*cxTan[d + exx])*Sqrt[a + b*Tan[d + exx] + ¢
*Tan[d + exx]"2])/(4%c)))/(8%c™2))/(5%c))/e

Maple [B] time = 1.056, size = 17767396, normalized size = 18223.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*tan(exx+d)+c*xtan(e*xx+d)~2) " (1/2)*tan(e*xx+d)"5,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)? + btan (ex + d) + a tan (ex + d)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2)*tan(e*xx+d)~5,x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + bkxtan(exx + d) + a)*tan(e*x + d)~5, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d)~5,x, algorithm="
fricas")
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[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan (d + ex) + ctan? (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+cktan(e*xx+d)**2)**(1/2)*tan(exx+d)**5,x)

[Out] Integral(sqrt(a + bxtan(d + exx) + cxtan(d + exx)**2)*tan(d + e*x)**5, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*x+d)+cxtan(exx+d)~2)~(1/2)*tan(e*xx+d)~5,x, algorithm="

giac")

[Out] Timed out
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3.2 ftan4(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=889

32 32
tan(d-+ex)(ctan2ﬁi4—ex)+-btan(d-+ex)4—a)/ 5b(cta13(d-+ex)4—btan(d-+ex)4—a)/ (5b2—-4ac)(b4—2c
+
4ce 24c¢%e

[Out] -((Sqrt[a”2 + b™2 + c*x(c - Sqrt[a™2 + b~2 - 2*a*xc + c~2]) - ax(2*c - Sqrt[a
"2 + b72 - 2%axc + c”2])]*ArcTan[(b*Sqrt[a”2 + b™2 - 2%axc + ¢c72] - (b™2 +
(a - c)x(a - ¢ + Sqgrt[a™2 + b™2 - 2xa*xc + c¢”2]))*Tan[d + exx])/(Sqrt[2]*(a”
2 + b72 - 2%axc + ¢c”2)7(1/4)*Sqrt[a”2 + b"2 + c*x(c - Sqrt[a”™2 + b~2 - 2x*axc
+ ¢c72]) - ax(2xc - Sqrt[a™2 + b72 - 2xaxc + c”2])]xSqrt[a + b*Tan[d + ex*x]
+ cxTan[d + e*x]72]1)]1)/(Sqrt[2]*(a"2 + b™2 - 2%axc + c~2)"(1/4)*e)) + (Sqr
tlcl*ArcTanh[(b + 2*c*Tan[d + e*x])/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x] + cx*
Tan[d + e*x]"2])]1)/e + ((b"2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2%Sqr
t[c]*Sqrt[a + b*Tan[d + exx] + c*xTan[d + e*xx]~2])])/(8%c~(3/2)*e) - ((b™2 -
4xaxc)* (5*b~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + e*x])/(2*Sqrt[c]*Sqrt[a +
bxTan[d + exx] + cxTan[d + exx]72])])/(128%c~(7/2)*e) - (Sqrt[a”2 + b™2 + ¢
x(c + Sqrt[a”™2 + b™2 - 2*axc + c”2]) - ax(2xc + Sqrt[a™2 + b72 - 2xa*xc + c”
2])1*ArcTanh[(b*Sqrt[a”2 + b™2 - 2*axc + c2] + (b™2 + (a - c)*x(a - ¢ - Sqr
t[a™2 + b72 - 2%axc + c”2]))*Tan[d + exx])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc + c~
2)"(1/4)*Sqrt[a”™2 + b™2 + cx(c + Sqrt[a”™2 + b™2 - 2*axc + c”2]) - ax(2*xc +
Sqrt[a™2 + b™2 - 2*xaxc + c¢~2])]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2]
)1)/(Sqrt[2]1*(a”2 + b™2 - 2*xa*xc + c"2)"(1/4)*e) - ((b + 2xc*Tan[d + e*x])*S
grt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])/(4*cxe) + ((5xb”"2 - 4*axc)*(b +
2xc*Tan[d + exx])*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])/(64*c~3*e)
- (b*b*(a + b*Tan[d + e*xx] + cxTan[d + e*xx]~2)7(3/2))/(24*c"2xe) + (Tan[d +
exx]*(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)7(3/2))/(4*xcxe)

Rubi [A] time = 23.9947, antiderivative size = 889, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 19, number of rules used = 12, integrand size = 33, e o e
integrand size

= 0.364, Rules used = {3700, 6725, 612, 621, 206, 742, 640, 990, 1036, 1030, 208, 205}

tan(d + ex) (c tan?(d + ex) + btan(d + ex) + a)3/2 5b (c tan®(d + ex) + btan(d + ex) + u)3/2 (5b2 - 4ac) (b + 2c
+

4ce 24c2e

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~4xSqrtl[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] -((Sgrt[a™2 + b"2 + cx(c - Sqrt[a”2 + b™2 - 2*axc + c~2]) - a*x(2xc - Sqrtla
T2 + b2 - 2%axc + c¢”2])]*ArcTan[(b*Sqrt[a~2 + b™2 - 2%axc + c72] - (b™2 +
(a - c)x(a - ¢ + Sqgrt[a™2 + b™2 - 2xa*xc + ¢”2]))*Tan[d + exx])/(Sqrt[2]*(a”
2 + b72 - 2%axc + ¢c”2)7(1/4)*Sqrt[a”2 + b"2 + c*x(c - Sqrt[a”2 + b~2 - 2x*ax*c
+ ¢c72]) - ax(2*%c - Sqrt[a”2 + b™2 - 2xaxc + c"2])]*Sqrt[a + b*Tan[d + e*x]
+ cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2xa*c + c~2)7(1/4)*e)) + (Sqr
t[c]*ArcTanh[(b + 2%cxTan[d + exx])/(2xSqrt[c]*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + exx]~2])])/e + ((b”™2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + e*xx])/(2*Sqr
t[c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])])/(8xc~(3/2)*e) - ((b~2 -
4xaxc)*(5%b~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqrt[c]*Sqrtla +
b*Tan[d + e*x] + cxTan[d + exx]~2])])/(128%c~(7/2)*e) - (Sqrt[a”™2 + b™2 + ¢
x(c + Sqrt[a”™2 + b™2 - 2%axc + c72]) - ax(2xc + Sqrt[a™2 + b72 - 2xa*xc + c”
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2])1*ArcTanh[(b*Sqrt[a”2 + b™2 - 2*axc + c2] + (b™2 + (a - c)*x(a - ¢ - Sqr
t[a”™2 + b72 - 2%a*xc + c72]))*Tan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2%a*xc + c~
2)"(1/4)*Sqrt[a”2 + b™2 + cx(c + Sqrt[a”™2 + b™2 - 2*axc + c”2]) - ax(2*xc +
Sqrt[a”2 + b2 - 2%axc + c”2])]*Sqrtla + b*Tan[d + e*x] + c*Tan[d + ex*x]~2]
)1)/(Sqrt[2]*(a”2 + b™2 - 2*xa*xc + c"2)"(1/4)*e) - ((b + 2xc*Tan[d + e*x])*S
grtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])/(4*c*xe) + ((5xb~2 - 4*axc)*(b +
2xcxTan[d + exx])*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e*xx]~2])/(64*c"3*e)
- (b%bx(a + bxTan[d + exx] + cxTan[d + exx]~2)7(3/2))/(24*c"2*e) + (Tan[d +
exx]*(a + b*Tan[d + exx] + c*xTan[d + e*xx]~2)7(3/2))/(4*cxe)

Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 612

Int[(Ca_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
Y*¥(a + b*x + cxx"2)7p)/(2*%cx(2*%p + 1)), x] - Dist[(p*(b~2 - 4*axc))/(2xcx*(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 742

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[(e*x(d + exx)"(m - 1)*(a + b*x + c*xx"2)"(p + 1))/(cx(m + 2*p

+ 1)), x] + Dist[1/(c*x(m + 2%xp + 1)), Int[(d + e*xx)"(m - 2)*Simp[c*d"2*(m +
2xp + 1) - ex(axex(m - 1) + b*xdx(p + 1)) + e*x(2xc*d - b*xe)*(m + p)*x, x]*(
a + bxx + c*¥x72)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b"2 -

dxaxc, 0] && NeQLc*d™2 - bxdxe + axe”2, 0] && NeQ[2*c*xd - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2*p + 1, 0] &% IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 640

Int[((d_.) + (e_)*x(x_))*x((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + c*x™2)"(p + 1))/(2*c*x(p + 1)), x] + Dist[(2*c*d - b
xe)/(2%c), Int[(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, p}, x]
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&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 990

Int[Sqrtl(a_) + (b_)*(x_) + (c_)*(x_)"2]1/((d_) + (f_.)*(x_)"2), x_Symbol]
:> Dist[c/f, Int[1/Sqrtla + b*x + c*x72], x], x] - Dist[1/f, Int[(cxd - ax
f - bxfxx)/(Sqrtla + b*x + c*x"2]*(d + £*xx72)), x], x] /; FreeQ[{a, b, c, d
, T}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)*x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + cxx"2)*Sqrtd + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - g*(cxd - axf + q) + (hx(cxd - a*xf - q) - gxcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQlaxh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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4/
Subst (f %ﬁ:ﬂz dx, x, tan(d + ex))
f tan*(d + ex)\/a + btan(d + ex) + ¢ tan?(d + ex) dx = -
Subst (f (—\/a +bx + cx? + x*Va + bx + cx? + aif;cxz) dx

e

Subst (f Va + bx + cx? dx, x, tan(d + ex)) Subst (fxz\ﬂ
- +

e

(b + 2ctan(d + ex))\/a +btan(d + ex) + ctan®(d + ex)  t:
= — + p—
4ce

(b + 2ctan(d + ex))\/a + btan(d + ex) + ctan®(d + ex) 5t

4ce

Vetanh™ practan@+e) (b2 - 4ac) tanh ™
2\/5\/a+b tan(d+ex)+c tan? (d+ex)

e

\/a2+b2+c(c—\/az+b2—2ac+c2)—a(2c—\/a2+b2—

\/a2+b2+c(c—\/a2+b2—2ac+cz)—a(2c—\/a2+b2—

Mathematica [C] time = 4.91309, size = 582, normalized size = 0.65

2
(b2—4uc) tanh™! br2ctan(dex) ] (% —2ac)[(b2—4ac) tanh_l[ br2c tan(d+ex) ]—2\/E(b+2c tan(d+ex))+/a+b tan(d+ex)+cta

2\/5\/u+b tan(d+ex)+c tan®(d+ex) Z\E\/ﬁh tan(d+ex)+c tanZ(d+ex)
32 - 8072

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x] 4*Sqrtl[a + b*Tan[d + exx] + cxTan[d + exx]~2],x]

[Out] ((-4*I)*Sqrt[a - I*b - cl*ArcTanh[(2*a - I*b + (b - (2%xI)*c)*Tan[d + exx])/
(2%Sgrt[a - I*b - cl*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]"2])] + (4xI)x*
Sqrt[a + Ixb - cl*ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tan[d + exx])/(2+Sqrt[
a + Ixb - c]xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])] + (2x((-I)*b + 2
xc)*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrtla + bxTan[d + exx] + c*T
an[d + e*xx]~2])])/Sqrtlc] + (2x(Ixb + 2xc)*ArcTanh[(b + 2*cxTan[d + exx])/(
2x3qrt [c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])])/Sqrtlc] + ((b™2 -
4xa*xc)*ArcTanh[(b + 2xc*Tan[d + ex*x])/(2+Sqrt[cl*Sqrtla + b*Tan[d + e*x] +
cxTan[d + exx]72])]1)/c~(3/2) - (2%(b + 2*c*Tan[d + e*x])*Sqrt[a + b*Tan[d +
exx] + cxTan[d + exx]"2])/c - (6xbx(a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2)
~(3/2))/(3xc”2) + (2#Tan[d + e*x]*(a + b*Tan[d + exx] + cxTan[d + exx]~2)"(
3/2))/c - (((6%b~2)/2 - 2xaxc)*((b~2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + ex*x]
)/ (2%Sqrt [c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])] - 2*xSqrtlcl*(b +
2+c*Tan[d + exx])*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2]))/(8xc”~(7/2)
)/ (8%e)
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Maple [B] time = 0.432, size = 17247437, normalized size = 19400.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*tan(exx+d)+c*tan(e*x+d)~2) " (1/2)*tan(exx+d)"4,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + d)2 +btan(ex + d) + atan (ex + d)4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d) 4,x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(exx + d)~2 + b*tan(exx + d) + a)xtan(e*xx + d)~4, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d) 2)~(1/2)*tan(e*x+d)~4,x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a +btan (d + ex) + ¢ tan? (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+cxtan(e*xx+d)**2)**(1/2)*tan(e*xx+d)**4,x)

[Out] Integral(sqrt(a + bxtan(d + e*x) + c*tan(d + e*x)**2)*tan(d + e*x)**x4, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*tan(exx+d)+c*tan(exx+d) ~2)~(1/2)*tan(e*x+d) 4,x, algorithm="
giac")

[Out] Timed out
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3.3 ftan3(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=748

—bVa?-2ac+b%+c2 tan(
V2 é/ a2-2ac+b%+c2 \/ —u(\/ a2—2ac+b2+02+2c]

V2eVa2 — 2ac + b2 + 2

\/—a(\,/az—Zac+bz+¢:2+2c)+c(\/az—2ac+bz+02+c)+512+bztan_1

[Out] -((Sqrt[a”2 + b™2 + c*x(c + Sqrt[a”2 + b~2 - 2*a*xc + c~2]) - ax(2*c + Sqrt[a
"2 + b72 - 2xaxc + c¢"2])]*ArcTan[(b™2 + (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2
xaxc + c¢72]) - bxSqrt[a”2 + b~2 - 2%axc + c"2]*Tan[d + exx])/(Sqrt[2]*(a~2
+ b2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b"2 + c*x(c + Sqrt[a”2 + b~2 - 2%axc +
c™2]) - ax(2%c + Sqrt[a”2 + b~2 - 2%axc + c"2])]*Sqrt[a + bxTan[d + exx] +
cxTan[d + exx]72])])/(Sqrt[2]*(a”2 + b2 - 2*a*c + c"2)"(1/4)*e)) - (b*Arc
Tanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d +
exx]~2])])/(2xSqrt[cl*e) + (b*x(b~2 - 4*axc)*ArcTanh[(b + 2*c*Tan[d + ex*xx])/
(2%Sqrt [c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(16%xc”(5/2)*e) +
(Sgrt[a™2 + b™2 + cx(c - Sqrt[a”™2 + b™2 - 2%axc + c~2]) - ax(2xc - Sqrt[a™2
+ b72 - 2%axc + c”2])]*ArcTanh[(b"2 + (a - c)*x(a - ¢ + Sqrt[a™2 + b™2 - 2%
axc + c”2]) + bxSqrt[a”2 + b"2 - 2%axc + c"2]*Tan[d + e*x])/(Sqrt[2]*(a~2 +
b2 - 2%axc + ¢72)7(1/4)*Sqrt[a”2 + b"2 + cx(c - Sqrt[a”2 + b72 - 2*axc +
c"2]) - ax(2xc - Sqrt[a”2 + b72 - 2xaxc + c”2])]*Sqrt[a + b*Tan[d + exx] +
cxTan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc + c~2)7(1/4)*e) - Sqrtla +
bxTan[d + exx] + cxTan[d + exx]"2]/e - (bx(b + 2xcxTan[d + exx])*Sqrtl[a +
b*Tan[d + e*x] + cxTan[d + e*x]72])/(8+c”2*e) + (a + b*Tan[d + e*x] + cxTan
[d + exx]72)7(3/2)/(3*cxe)

Rubi [A] time = 23.6301, antiderivative size = 748, normalized size of antiderivative =

number of rules

1., number of steps used = 16, number of rules used = 12, integrand size = 33, — :
integrand size

= 0.364, Rules used = {3700, 6725, 640, 612, 621, 206, 1021, 1078, 1036, 1030, 208, 205}

—bVa?-2ac+b%+c2 tan(
V2 é/az—Zac+b2+c2 \/—u(\/az—Zac+b2+c2+2c

V2eVa2 = 2ac + b2 + 2

\/—a(\/az—Zac+b2+cz+2c)+c(\/¢12—2uc+bz+c2+c)+az+bztan_1

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~3*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x]

[Out] -((Sgrt[a”2 + b"2 + cx(c + Sqrt[a”2 + b2 - 2*axc + c~2]) - ax(2xc + Sqrtla
"2 + b72 - 2xaxc + c¢"2])]*ArcTan[(b™2 + (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2
xaxc + c”2]) - bxSqrt[a”2 + b~2 - 2*a*xc + c"2]*Tan[d + exx])/(Sqrt[2]*(a~2
+ b72 - 2%axc + ¢72)7(1/4)*Sqrt[a”2 + b72 + c*x(c + Sqrt[a”2 + b72 - 2*axc +
c™2]) - ax(2%c + Sqrt[a”2 + b~2 - 2%axc + c72])]*Sqrtla + bxTan[d + exx] +
cxTan[d + e*xx]~2])])/(Sqrt[2]*(a”2 + b2 - 2*a*xc + c~2)7(1/4)*e)) - (b*Arc
Tanh[(b + 2xc*Tan[d + e*x])/(2%Sqrt[cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d +
exx]~2])]1)/(2xSqrt[cl*e) + (bx(b~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/
(2%Sqrt [c]*Sqrt[a + bxTan[d + exx] + c*xTan[d + exx]~2])])/(16xc”(5/2)*e) +
(Sgrt[a”™2 + b™2 + cx(c - Sqrtl[a”™2 + b™2 - 2%axc + c”2]) - ax(2xc - Sqrt[a”2
+ b72 - 2%axc + c”2])]*ArcTanh[(b"2 + (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2%
axc + c72]) + b*Sqrt[a”2 + b2 - 2*axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a"2 +
b~2 - 2%axc + c¢"2)7(1/4)*Sqrt[a”2 + b™2 + cx(c - Sqrt[a”2 + b™2 - 2*a*c +
c”2]) - ax(2*c - Sqrt[a”™2 + b~2 - 2xaxc + c”2])]*Sqrt[a + b*Tan[d + exx] +
c¥Tan[d + exx]72])])/(Sqrt[2]*(a”™2 + b2 - 2%a*c + c”2)"(1/4)*e) - Sqrtl[a +
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b*Tan[d + e*x] + cxTan[d + exx]"2]/e - (b*(b + 2*c*Tan[d + exx])*Sqrtla +
b*Tan[d + exx] + c*Tan[d + e*x]~2])/(8*xc"2xe) + (a + b*Tan[d + exx] + cxTan
[d + exx]~2)7(3/2)/(3%cx*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )D)"(_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] > Simp[(ex(a + b*x + c*x72)"(p + 1))/ (2xcx(p + 1)), x] + Dist[(2%c*d - b
xe)/(2xc), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, 4, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 612

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2*c*x
)*(a + b*xx + c*x72)7p)/(2%cx(2xp + 1)), x] - Dist[(p*x(b~2 - 4x*axc))/(2*cx(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1021

Int[((g_.) + (h_D*(x_))*((a ) + (b_)*(x) + (c_)*(x_)"2)7(p)*((d) + (£
_)*(x_)72)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ *xfx(p + g + 1)), x] - Dist[1/(2*fx(p + q + 1)), Int[(a + bxx + c*xx~2
)7 (p - D*(d + £xx72)"g*Simp [h*px(b*xd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
xd - axf) + bx(-2xgxf)*(p + q + 1))*x + (h*p*(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x72, x1, x], x] /; FreeQ[{a, b, c, 4, f, g, h, g}, x] && NeQ[b"2 - 4xa
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)x(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) +
(e_)*x(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrt[d + exx + f
*x72], x], x] + Dist[1/c, Int[(Axc - a*C + Bxc*x)/((a + c*xx"2)*Sqrt[d + e*x
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+ f*xx~2]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e™2 - 4x*dxf
, 0]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)xx, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQlaxh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst (f ﬁ%bxx;wz dx, x, tan(d + ex))
ftana(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
Subst (f (x\/a + bx + cx? - %) dx, x, tan(d + ex))
- e
|
Subst (f xVa + bx + cx? dx, x, tan(d + ex)) Subst (f : a;

e

\/a + btan(d + ex) + ctan?(d + ex) (a + btan(d + ex) +
+

e 3ce

\/u +btan(d + ex) + ctan®(d + ex)  b(b + 2c tan(d + ex))-

e

\/a +btan(d + ex) + ctan®(d + ex)  b(b + 2c tan(d + ex))-

e

btanh™ b+2ctanidtez) b (b2 - 4ac) tanh ™
2\/5\/11+b tan(d+ex)+c tanz(d+ex)

2+/ce
\/a2+b2+c(c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—

Mathematica [C] time = 2.34005, size = 451, normalized size = 0.6

b+2c tan(d+ex)

2\ﬁ\/a+b tan(d+exyrctan®(der) ) 3b(b+2c tan(d+ex))y/a+btan(d+ex)+ctan®(d+ex)  4(a+btan(d-+ex)+c tan?(d-+ex))
- +
4¢52 2¢2 c

3b(b2—4ac) tanh ™! 32

—124/a -

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx] 3*Sqrtl[a + b*Tan[d + e*xx] + cxTan[d + exx]~2],x]

[Out] (6%Sqrtla - I*b - c]*ArcTanh[(2*xa - Ixb + (b - (2*%I)*c)*Tan[d + ex*xx])/(2*Sq
rt[a - Ixb - cl*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])] + 6*Sqrtl[a +
I¥b - cl*ArcTanh[(2%a + I*b + (b + (2*I)*c)*Tan[d + exx])/(2+Sqrt[a + I*b -
cl*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]"2])] - (3*(b - (2xI)*c)*ArcTan
h[(b + 2xc*Tan[d + ex*xx])/(2+Sqrt[c]l*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x
1721)1)/Sqrtc] - (3*x(b + (2*I)*c)*ArcTanh[(b + 2*c*Tan[d + ex*xx])/(2*Sqrtl[c
1xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/Sqrtlc] + (3*bx(b~2 - 4xax
c)xArcTanh[(b + 2*xcxTan[d + exx])/(2xSqrt[cl*Sqrt[a + b*Tan[d + e*x] + c*Ta
nld + exx]~2])])/(4*xc~(5/2)) - 12xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~
2] - (3*%b*x(b + 2xc*Tan[d + e*x])*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2
1)/(2xc™2) + (4x(a + b*Tan[d + e*x] + c*Tan[d + e*x]72)7(3/2))/c)/(12%e)

Maple [B] time = 0.401, size = 17766953, normalized size = 23752.6

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((atbxtan(exx+d)+c*xtan(e*xx+d)"2) " (1/2)*tan(e*xx+d) ~3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + cl)2 + btan(ex + d) + atan (ex + cl)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d)~3,x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + b*xtan(exx + d) + a)*tan(e*x + d)~3, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d) 2)~(1/2)*tan(e*x+d)~3,x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a +btan (d + ex) + ¢ tan? (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+cxtan(e*xx+d)**2)**(1/2)*tan(e*xx+d)**3,x)

[Out] Integral(sqrt(a + b*xtan(d + e*x) + c*tan(d + e*x)**2)*tan(d + e*x)**3, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d)~3,x, algorithm="
giac")

[Out] Timed out
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3.4 ftanz(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=676

b\/az—Zac+b2+c2—(—a(2c—Vu2—2ac+b2+c
V2 V4 a2-2ac+b%+c2 \/—u(Zc—VaZ—Zac+b2+c2)+c(c—'
4
V2eVa? — 2ac + b2 + 2

\/—61(20—\/612—2ac+bz+c2)+c(c—\/az—2ac+bz+¢:2)+L12+bztan_1

[Out] (Sqrt[a”2 + b2 + cx(c - Sqrt[a™2 + b™2 - 2%a*c + c”2]) - ax(2*c - Sqrt[a™2
+ b72 - 2%axc + c¢72])]*ArcTan[(b*Sqrt[a™2 + b™2 - 2%xa*xc + c72] - (a"2 + b~
2 + cx(c - Sqrt[a™2 + b™2 - 2%a*xc + c¢72]) - a*x(2*c - Sqrt[a”2 + b"2 - 2*axc
+ ¢c72]))*Tan[d + exx])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc + c~2)7(1/4)*Sqrt[a”2 +
b"2 + c*(c - Sqrt[a™2 + b72 - 2xa*c + c¢"2]) - ax(2*c - Sqrt[a”2 + b"2 - 2%
axc + c¢"2])1*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]*(a"2 +
b~2 - 2%axc + c72)7(1/4)*e) - ((b"2 - 4%x(a - 2%c)*c)*ArcTanh[(b + 2*c*Tanl[
d + exx])/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(8*c~(3
/2)xe) + (Sqrt[a”2 + b™2 + c*(c + Sqrt[a™2 + b™2 - 2%a*xc + c¢72]) - a*x(2*c +
Sqrt[a”2 + b™2 - 2*axc + c~2])]*ArcTanh[(b*Sqrt[a”2 + b2 - 2*axc + c~2] +
(a2 + b™2 + cx(c + Sqrt[a™2 + b™2 - 2%a*xc + ¢c72]) - ax(2*c + Sqrt[a™2 + b
T2 - 2%axc + c¢72]))*Tanld + exx])/(Sqrt[2]*(a™2 + b™2 - 2%axc + c”2)"(1/4)*
Sqrt[a”2 + b72 + c*x(c + Sqrt[a”™2 + b™2 - 2xa*xc + c~2]) - ax(2*c + Sqrt[a™2
+ b2 - 2%axc + c”2])]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt
[2]*%(a"2 + b2 - 2%axc + c”2)"(1/4)*e) + ((b + 2*cxTan[d + exx])*Sqrt[a + b
xTan[d + exx] + c*Tan[d + e*xx]~2])/(4*cxe)

Rubi [A] time = 26.5713, antiderivative size = 676, normalized size of antiderivative =

. . f rul
1., number of steps used = 10, number of rules used = 9, integrand size = 33, number of rules

= 0.273, Rules used = {3700, 1071, 1078, 621, 206, 1036, 1030, 208, 205}

integrand size

b\/a2—2ac+b2+c2—(—a(ZC—Vu2—2uc+b2+c
V2 4Va2—2ac+b2+cz\/—a(26—v a2—2ac+b2+cz)+c(c—’
4
V2eVa2 - 2ac + b2 + 2

\/—a(Zc—\/az—Zac+b2+cz)+c(c—\/a2—2ac+b2+c2)+a2+b2tan_1

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~2+Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2],x]

[Out] (Sgrt[a™2 + b™2 + c*(c - Sqrt[a”™2 + b72 - 2*a*xc + c72]) - a*x(2xc - Sqrt[a”2
+ b2 - 2%axc + c¢72])]*ArcTan[(b*Sqrt[a”2 + b™2 - 2%axc + c”2] - (2”2 + b~
2 + cx(c - Sqrt[a™2 + b72 - 2%a*xc + c¢72]) - ax(2%c - Sqrt[a”2 + b"2 - 2x*axc
+ ¢72]))*Tan[d + exx])/(Sqrt[2]*(a”2 + b~2 - 2xaxc + c~2)"(1/4)*Sqrt[a~2 +
b~2 + cx(c - Sqrt[a™2 + b2 - 2*%axc + c¢"2]) - a*x(2xc - Sqrt[a™2 + b~2 - 2%
axc + c¢”2])]1*Sqrtla + b*Tan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”~2 +
b™2 - 2xaxc + c72)7(1/4)*e) - ((b™2 - 4*x(a - 2%c)*c)*ArcTanh[(b + 2*c*Tan[
d + exx])/(2*%Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])])/(8*c~(3
/2)xe) + (Sqrt[a”2 + b™2 + c*(c + Sqrt[a™2 + b~2 - 2%a*c + c¢72]) - a*x(2*c +
Sqrt[a™2 + b~2 - 2*axc + c~2])]*ArcTanh[(b*Sqrt[a”2 + b™2 - 2%a*c + c72] +
(2”2 + b™2 + cx(c + Sqrt[a™2 + b™2 - 2%axc + c¢72]) - a*x(2*%c + Sqrt[a™2 + b
T2 - 2%axc + ¢72]))*Tan[d + exx])/(Sqrt[2]*(a”2 + b™2 - 2%axc + c~2)"(1/4)*
Sqrt[a™2 + b™2 + c*x(c + Sqrt[a”™2 + b™2 - 2*axc + ¢c”2]) - ax(2xc + Sqrt[a™2
+ b2 - 2%axc + c72])]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt
[2]*x(a”2 + b™2 - 2*%axc + c"2)"(1/4)*xe) + ((b + 2*c*Tan[d + e*x])*Sqrt[a + b
xTan[d + exx] + c*xTan[d + e*xx]~2])/(4*cxe)
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Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tanl[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1071

Int[((a_) + (b_.)*(x_) + (c_)*(x_)"2) " (p_)*((A_.) + (C_.)*(x_)"2)*((d_) +

(f_)*(x_)"2)7(q_), x_Symbol] :> Simp[((Ck(b*f*xp) + 2kcxCxfx(p + q + 1)*x)*
(a + bxx + c*x72)7px(d + £xx72)7(q + 1))/ (2xc*xf7"2x(p + q + 1)*(2%p + 2%q +

3)), x] - Dist[1/(2%cxf~2x(p + q + 1)*x(2xp + 2xq + 3)), Int[(a + bxx + c*x”
2)"(p - D*(d + £xx72) “q*Simp [p* (b*d)* (Cx(=(b*xf))*x(q + 1)) + (p + q + D *(b
“2%xCkdxf*p + akck (Cx(2%d*xf) + £x(-2%A*xf)*x(2xp + 2xq + 3))) + (2xp*x(c*d - ax*
f)*x(Cx(=(b*xf))*(q + 1)) + (p + g + L)*x(~(b*xckx(Cx(-4*d*xf)*(2xp + q + 2) + fx
(2%C*d + 2%A*f)*(2xp + 2%q + 3)))))*x + (p*(—(b*f))*(Cx(-(b*f))*(q + 1)) +

(p + g + D)*(CxEf™24p*x(b72 - 4xa*xc) - c”2x(Ckx(-4*xd*xf)*x(2%xp + q + 2) + £*x(2%C
*d + 2%Axf)*(2xp + 2%xq + 3))))*x"2, x], x], x] /; FreeQ[{a, b, c, d, f, A,

C, q, x] && NeQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0] && NeQ[2
*p + 2%q + 3, 0] & !'IGtQ[p, 0] && 'IGtQlq, O]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (£_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x72], x], x] + Dist[1/c, Int[(A*c - a*C + B*cxx)/((a + c*x~2)*Sqrt[d + e*x
+ £*x72]), x], x] /; FreeQ[{a, c, d, e, f, A, B, C}, x] && NeQ[e™2 - 4x*dxf
, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*f + q) + (hx(cxd - axf - q) - gkxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx"2, x], x], x, Simp[a*xh - gkc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQlaxh™2%e + 2%gxh*(c*d - axf) - g™2xc*e, 0]
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Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQla/Db]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
Subst (f % dx, x, tan(d + ex))
ftanz(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
(b + 2ctan(d + ex))\/a + btan(d + ex) + ctan?(d + ex) Sul
Bl 4ce o
Sul

(b + 2ctan(d + ex))\/a + btan(d + ex) + ctan?(d + ex)

4ce

bZ
(b + 2ctan(d + ex))\/a + btan(d + ex) + ctanz(d + ex) (

4ce
(bz _ 4(a _ 2C)C) tanh_l b+2c tan(d+ex)
2\/5\/a+b tan(d+ex)+ctan2(d+ex) (b 1
T 8c3/2¢ T

\/a2+b2+c(c—\/a2+b2—2ac+c2)—a(2c—\/a2+b2—2

Mathematica [C] time = 0.53491, size = 405, normalized size = 0.6

b+2c tan(d+ex)

(b2—4ac) tanh ™!

2
2+/cyJa+b tan(d+ex)+c tan®(d+ex) (b+2c tan(d+ex))+/a+b tan(d+ex)+c tan”(d+ex) 1. - -1 2a+(b=2i
\5/53/2 + \/ 1 +Zl 2va—lb—ctanh —(
¢ ¢ 2Va—ib—cqja+bt

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x] 2*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~2],x]

[Out] (-((b"2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2xSqrt[c]l*Sqrt[a + b*Tan[d
+ exx] + cxTan[d + exx]"2])])/(8*%c~(3/2)) + (I/4)*(2*Sqrtla - Ixb - cl*Arc
Tanh[(2%a - I*xb + (b - (2*xI)*c)*Tan[d + exx])/(2*Sqrtla - I*b - c]*Sqrtla +
bxTan[d + exx] + cxTan[d + exx]72])] - ((b - (2*I)*c)*ArcTanh[(b + 2*c*Tan

[d + exx])/(2xSqrt[c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])])/Sqrtl[c

1) - (I/4)*(2xSqrt[a + I*b - cl*ArcTanh[(2*a + I*b + (b + (2%xI)*c)*Tan[d +
exx])/(2*%Sqrt[a + I*b - c]xSqrtl[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])] -

((b + (2*I)*c)*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2%Sqrt[c]*Sqrtl[a + b*Tan[d +

exx] + cxTan[d + exx]"2])]1)/Sqrtlcl) + ((b + 2*c*Tan[d + exx])*Sqrt[a + bx
Tan[d + exx] + c*Tan[d + e*x]~2])/(4*c))/e
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Maple [B] time = 0.45, size = 17247074, normalized size = 25513.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*tan(exx+d)+c*tan(e*xx+d)~2) " (1/2)*tan(e*xx+d)~2,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + d)2 +btan(ex + d) + atan (ex + d)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d)~2,x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(exx + d)~2 + b*tan(exx + d) + a)xtan(e*xx + d)~2, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d) 2)~(1/2)*tan(e*x+d)~2,x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a +btan (d + ex) + c tan? (d + ex) tan? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)+cxtan(e*xx+d)**2)**(1/2)*tan(exx+d)**2,x)

[Out] Integral(sqrt(a + bxtan(d + e*x) + c*tan(d + e*x)**2)*tan(d + e*x)**2, x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d) ~2)~(1/2)*tan(e*x+d)~2,x, algorithm="
giac")

[Out] Timed out



47

3.5 ftan(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=601

—bVa?-2ac+b%+c2 tan(d+

\/—61(\,/512—261c+bz+c2+2c)+c(\/112—2ac+l72+02+c)+612+bzt8m_1

V2 %/aZ—Zac+b2+c2 \/—a(\/aZ—Zac+b2+c2+2c)+

V2eVa2 — 2ac + b2 + 2

[Out] (Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b™2 - 2%a*c + c72]) - ax(2*c + Sqrt[a”2
+ b72 - 2%axc + c”2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b2 - 2*a
xc + ¢c72]) - bxSqrt[a™2 + b72 - 2xaxc + c”"2]*Tan[d + e*xx])/(Sqrt[2]*(a”2 +
b~2 - 2%axc + c72)7(1/4)*Sqrt[a”2 + b2 + c*(c + Sqrt[a™2 + b72 - 2%a*xc + ¢
~2]) - ax(2*%c + Sqrt[a”2 + b"2 - 2*axc + c”2])]*Sqrt[a + b*Tan[d + exx] + c
*Tan[d + exx]~2])])/(Sqrt[2]*(a”2 + b2 - 2*xa*c + c~2)"(1/4)*e) + (b*ArcTan
h[(b + 2xc*Tan[d + e*xx])/(2+Sqrt[c]l*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x
1721)1)/(2xSqrt[cl*e) - (Sqrt[a™2 + b72 + cx(c - Sqrt[a”™2 + b™2 - 2*axc + c
~2]) - ax(2*%c - Sqrt[a”2 + b™2 - 2*axc + c~2])]*ArcTanh[(b"2 + (a - c)*(a -
c + Sqrt[a™2 + b72 - 2%a*xc + c¢72]) + b*Sqrt[a”2 + b2 - 2*axc + c”2]xTan[d
+ exx])/(Sqrt[2]*(a”2 + ™2 - 2*a*c + ¢"2)7(1/4)*Sqrt[a”™2 + b2 + cx(c - S
grt[a™2 + b72 - 2xa*xc + c¢72]) - ax(2%c - Sqrt[a”2 + b72 - 2%axc + c¢72])]*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b2 - 2*axc +
c"2)"(1/4)*e) + Sqrtl[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2]/e

Rubi [A] time = 23.2876, antiderivative size = 601, normalized size of antiderivative =

. . b f rul
1., number of steps used = 10, number of rules used = 9, integrand size = 31, Aumber of rules

= 0.29, Rules used = {3700, 1021, 1078, 621, 206, 1036, 1030, 208, 205}

integrand size

—bVa?-2ac+b%+c2 tan(d+

\/—cz(\,/a2—2ac+bz+cz+2c)+c(\/112—2ac+bz+cz+c)+az+bztan_1

\/E %/a2—200+b2+02 \/—a(\/a2—200+b2+02+2c)+

V2eVa2 = 2ac + b2 + 2

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] (Sqrt[a™2 + b2 + cx(c + Sqrt[a™2 + b™2 - 2%a*c + c72]) - ax(2*%c + Sqrt[a”2
+ b2 - 2%axc + c¢72])]*ArcTan[(b™2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
xc + ¢"2]) - bxSqrt[a”2 + b~2 - 2*axc + c”2]xTan[d + exx])/(Sqrt[2]*(a"2 +
b~2 - 2%axc + c¢72)7(1/4)*Sqrt[a”2 + b2 + c*(c + Sqrt[a™2 + b72 - 2xa*c + ¢
~2]) - ax(2*%c + Sqrt[a”2 + b"2 - 2*axc + c”2])]*Sqrt[a + bxTan[d + exx] + ¢
*Tan[d + exx]~2])])/(Sqrt[2]*(a”2 + b2 - 2*xa*c + c~2)"(1/4)*e) + (b*ArcTan
h[(b + 2xc*Tan[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x
1721)1)/(2xSqrt[c]*e) - (Sgrtl[a™2 + b2 + c*x(c - Sqrt[a™2 + b™2 - 2%a*c + c
~2]) - ax(2*%c - Sqrt[a”2 + b"2 - 2*axc + c~2])]*ArcTanh[(b"2 + (a - c)*(a -
c + Sqrt[a™2 + b72 - 2%a*xc + c¢72]) + b*Sqrt[a”2 + b2 - 2*axc + c"2]x*Tan[d
+ exx])/(Sqrt[2]*(a”™2 + b™2 - 2%axc + c”2)"(1/4)*Sqrt[a™2 + b™2 + cx(c - S
qrt[a”2 + b72 - 2%a*xc + c72]) - ax(2*%c - Sqrt[a”2 + b™2 - 2xa*xc + c72])]*Sq
rt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*c +
c"2)"(1/4)*e) + Sqrtl[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2]/e

Rule 3700

Int[tan[(d_.) + (e_)*&x )] " (m_)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x )17 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
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:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2%n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1021

Int[((g_.) + (h_)*x_))*x((a) + (b_)*(x_) + (c_.)*(x_)"2)"(p_)*((d_) + (£
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + b*xx + c*x72
)7 (p - Dx*(d + £xx72)"g*Simp [h*px(b*xd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
*d - axf) + bx(-2xg*xf)*(p + q + 1))*x + (h*p*x(-(b*f)) + c*x(-2xgxf)*(p + q +
1))*x72, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b~2 - 4x*a
*xc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + ex*xx
+ £*x72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)*(x_)72]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*xe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + e*xx + fxx~2]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (£
_.)*x(x_)72]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a”2*gxh*c + ax
exx~2, xJ], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, f, g, h}, x] && EqQlaxh™2*e + 2*gxh*(c*d - axf) - g~ 2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/Db]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
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/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
Subst (f % dx, x, tan(d + ex))
ftan(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
Subst| [ 2
\/a + btan(d + ex) + ctan?(d + ex) oS (1+32) Va+bx
= - _
b+(—a+c):;
\/a + btan(d + ex) + ctan?(d + ex) Subst (f 1432) Va+bx
B e

> b Subst
\/a + btan(d + ex) + ctan“(d + ex)

e

b+2c tan(d+ex)

2\/E\/a+b tan(d+ex)+c tanz(d+ex)] \/ll + btan(d + ex
+

2+/ce e
\/a2+b2+c(c+\/az+b2—2ac+cz)—a(20+\/a2+b2—

btanh™! (

Mathematica [C] time = 0.277792, size = 250, normalized size = 0.42

2\/51 + btan(d + ex) + ctan®(d + ex) — Va —ib — ctanh™ 2a+(b2ic) tan(den) & ) —Va+ib-ctanh™’ [—
2

2\/a—ib—c\/a+b tan(d+ex)+c tanz(d+ex)
2e

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2],x]

[Out] (-(Sgrtla - I*b - c]*ArcTanh[(2*a - Ixb + (b - (2*I)*c)*Tan[d + ex*xx])/(2*Sq
rt[a - I*b - c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]) - Sqrtfa + I

xb - c]*ArcTanh[(2*a + I*b + (b + (2xI)*c)*Tan[d + exx])/(2*Sqrt[a + I*b -
c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])] + (b*ArcTanh[(b + 2*cx*Tan[

d + exx])/(2*%Sqrt[c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])])/Sqrt[c]

+ 2*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(2*e)

Maple [B] time = 0.405, size = 21947835, normalized size = 36518.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxtan(exx+d)+c*tan(e*xx+d)~2) " (1/2)*tan(e*xx+d) ,x)
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[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)2 +btan(ex + d) + atan (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2)*tan(e*x+d),x, algorithm="ma
xima")

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + b*xtan(exx + d) + a)*tan(e*x + d), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2)*tan(e*x+d),x, algorithm="fr

icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan (d + ex) + ctan® (d + ex) tan (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(e*xx+d)**2)**(1/2)*tan(exx+d) ,x)

[Out] Integral(sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2)*tan(d + e*x), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2)*tan(e*xx+d),x, algorithm="gi
ac n

[Out] Timed out
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3.6 f \/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=574

bVa2—2a6+b2+c2—((u—cj
V2 \/4 a2-2ac+b%+c2 \/ —a(Zc—\/aZ—Zac+b2+c2)
4
V2eVa? = 2ac + b2 + 2

\/—a(Zc—\/aZ—Zac+bZ+c2)+c(c—\/az—2ac+bz+cz)+az+bztan_1

[Out] -((Sqrt[a”2 + b™2 + c*x(c - Sqrt[a™2 + b~2 - 2*a*xc + c~2]) - ax(2*c - Sqrt[a
"2 + b72 - 2%axc + c”2])]*ArcTan[(b*Sqrt[a”2 + b™2 - 2%axc + ¢c72] - (b™2 +
(a - c)x(a - ¢ + Sqgrt[a™2 + b™2 - 2xa*xc + c¢”2]))*Tan[d + exx])/(Sqrt[2]*(a”
2 + b72 - 2%axc + ¢c”2)7(1/4)*Sqrt[a”2 + b"2 + c*x(c - Sqrt[a”™2 + b~2 - 2x*axc
+ ¢c72]) - ax(2xc - Sqrt[a™2 + b72 - 2xaxc + c”2])]xSqrt[a + b*Tan[d + ex*x]
+ cxTan[d + e*x]72]1)]1)/(Sqrt[2]*(a"2 + b™2 - 2%axc + c~2)"(1/4)*e)) + (Sqr
tlcl*ArcTanh[(b + 2*c*Tan[d + e*x])/(2xSqrt[c]*Sqrt[a + b*Tan[d + e*x] + cx*
Tan[d + exx]~2])])/e - (Sqrt[a™2 + b™2 + c*x(c + Sqrt[a”™2 + b~2 - 2%a*xc + ¢~
2]) - ax(2xc + Sqrt[a”™2 + b72 - 2xa*xc + c”2])]*ArcTanh[(b*Sqrt[a™2 + b™2 -
2%axc + c72] + ("2 + (a - c)*x(a - ¢ - Sqrt[a”™2 + b™2 - 2*axc + c~2]))*Tan[
d + e*xx])/(Sqrt[2]*(a”2 + b2 - 2%a*xc + c~2)7(1/4)*Sqrt[a”2 + b~2 + cx(c +
Sqrt[a”™2 + b™2 - 2*axc + c”2]) - ax(2xc + Sqrt[a™2 + b72 - 2%axc + c72])]*S
grtla + b*Tan[d + e*x] + c*Tan[d + e*xx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc +
c”2)7(1/4)*e)

Rubi [A] time = 23.2686, antiderivative size = 574, normalized size of antiderivative

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 24, e

0.292, Rules used = {990, 621, 206, 1036, 1030, 208, 205}

integrand size

b\/az—Zac+b2+c2—((a—cj
\/E \/4 a?2-2ac+b2+c? \/—a(ZC—V a2—2ac+b2+c2)
4
V2eVa? = 2ac + b2 + 2

\/—ﬂ(zc—\/H2—20C+b2+C2)+C(C—\/112—211C+b2+02)+ﬂ2+b2tan_l

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] -((Sgrt[a™2 + b™2 + c*(c - Sqrt[a”™2 + b2 - 2%a*xc + c72]) - a*x(2*c - Sqrtla
T2 + b2 - 2%axc + c72])]*ArcTan[(b*Sqrt[a”2 + b™2 - 2%axc + c”2] - (b72 +
(a - c)x(a - ¢ + Sgrt[a”™2 + b™2 - 2*a*xc + c~2]))*Tan[d + e*x])/(Sqrt[2]*(a”
2 + b™2 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b™2 + c*x(c - Sqrt[a”™2 + b~2 - 2*axc
+ ¢c72]) - ax(2xc - Sqrt[a™2 + b72 - 2xa*xc + c”2])]xSqrt[a + b*Tan[d + ex*x]
+ cxTan[d + e*x]72]1)]1)/(Sqrt[2]*(a”2 + b™2 - 2%axc + c~2)"(1/4)*e)) + (Sqr
t[cl*ArcTanh[(b + 2*c*Tan[d + exx])/(2xSqrt[cl*Sqrt[a + b*Tan[d + exx] + c*
Tan[d + e*xx]~2])])/e - (Sqrt[a”™2 + b™2 + c*x(c + Sqrt[a™2 + b~2 - 2%a*c + ¢~
2]) - ax(2xc + Sqrtl[a™2 + b72 - 2*xa*xc + c”2])]*ArcTanh[(b*Sqrt[a™2 + b™2 -
2%axc + c72] + (72 + (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2*axc + c~2]))*Tan[
d + exx])/(Sqrt[2]*(a”2 + b~2 - 2xa*c + c¢~2)7(1/4)*Sqrt[a”2 + b™2 + cx(c +
Sqrt[a™2 + b™2 - 2*xaxc + c¢72]) - a*x(2xc + Sqrt[a™2 + b~2 - 2*axc + c"2])]1*S
qrtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%axc +
c”2)7(1/4)*e)

Rule 990

Int[Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2]/((d_) + (f_.)*(x_)"2), x_Symbol]
:> Dist[c/f, Int[1/Sqrtla + b*x + c*x~2], x], x] - Dist[1/f, Int[(cxd - ax
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f - bkxf*x)/(Sqrt[a + b*x + c*x~2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, c, d
, 1, x] && NeQ[b~2 - 4xaxc, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrt[a + bxx + c*x"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*x(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*x + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - axf + q) + (hx(cxd - a*xf - q) - gkc*xe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQlaxh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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Subst ( f %Zcxz dx, x, tan(d + ex))
f\/a + btan(d + ex) + ctan®(d + ex) dx = .
—a+c—bx 1
i _Subst (f —(sz)m dx, x, tan(d + ex)) ) ¢ Subst (f - dx
e e

b2+(a—c)(z

(2¢) Subst f ! dx, x, broctan(dren ] Subst [ f

—y2
de-x \/a+b tan(d+ex)+c tanz(d+ex)

e

Ve tanh™ bedctan@d+ex ) (b (bz F(a-0) (a - Va2

2\/5\/a+b tan(d+ex)+c tanz(d+ex)

e

\/a2+b2+c(c—\/u2+b2—2ac+c2)—a(2c—\/a2+b2—2ac+cz)

\/

Mathematica [C] time = 0.135485, size = 228, normalized size = 0.4

_i m tanh—1 2a+(b-2ic) tan(d+ex)—ib ] ny m tanh_l ( 2a+(b+2ic) tan(d+ex)+ib ] " 2\

2\/u—ib—c\/a+h tan(d+ex)+c tanz(d+ex) 2\/a+ib—c\/u+b tan(d+ex)+c tan? (d+ex)
2e

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] ((-I)*Sqrtla - I*b - cl*ArcTanh[(2*a - I*b + (b - (2*I)*c)*Tan[d + exx])/(2
xSqrt[a - I*b - c]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])] + IxSqrt[a

+ I*b - c]*ArcTanh[(2*a + Ixb + (b + (2*%I)xc)*Tan[d + ex*x])/(2xSqrt[a + Ix

b - cl*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~2])] + 2*Sqrt[c]l*ArcTanh[(b

+ 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + ex*xx]~2]
)1)/(2%e)

Maple [B] time = 0.415, size = 17246812, normalized size = 30046.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*tan(e*xx+d)+c*xtan(e*xx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*tan(exx+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +btan (d + ex) + c tan? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)+cktan(exx+d)**2)**x(1/2),x)

[Out] Integral(sqrt(a + b*tan(d + e*x) + cxtan(d + e*xx)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)2 +btan(ex+d) + adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(c*tan(exx + d)~2 + bxtan(exx + d) + a), x)
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3.7 fcot(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=571

—bVa2-2ac+b%+c2 tan(
V2 {1/112—2ac+bz+c2 \/—a(\/az—Zac+b2+c2+2c]

V2eVa? — 2ac + b2 + 2

\/—a(\/az—Zac+bz+c2+2c)+c(\/{12—2ac+bz+c2+c)+az+b2tan_1

[Out] -((Sgrt[a”2 + b"2 + cx(c + Sqrt[a”2 + b™2 - 2*axc + c~2]) - a*x(2xc + Sqrt[a
2 + b"2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - ¢c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c¢"2]) - bxSqrt[a”2 + b~2 - 2%axc + c"2]xTan[d + exx])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b2 - 2%axc +
c™2]) - ax(2xc + Sqrt[a™2 + b~2 - 2*axc + c~2])]*Sqrt[a + b*Tan[d + exx] +
cxTan[d + e*x]72])])/(Sqrt[2]*(a”2 + ™2 - 2*a*xc + c~2)"(1/4)*e)) - (Sqrtl[
a]*ArcTanh[(2*a + b*Tan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + cx*Ta
nld + exx]"2])])/e + (Sqrt[a™2 + b™2 + c*x(c - Sqrt[a”™2 + b™2 - 2%a*xc + c~2]
) - ax(2%c - Sqrt[a”2 + b~2 - 2%axc + c~2])]*ArcTanh[(b"2 + (a - c)*(a - ¢
+ Sqrt[a”2 + b2 - 2xaxc + c¢72]) + b*Sqrt[a™2 + b~2 - 2%axc + c”2]*Tan[d +
exx])/(Sqrt[2]*(a”2 + b™2 - 2%a*xc + c¢72)7(1/4)*Sqrt[a”2 + b~2 + c*x(c - Sqrt
[a”2 + D72 - 2%a*xc + c”2]) - ax(2%c - Sqrt[a™2 + b™2 - 2%a*xc + c¢72])]*Sqrtl
a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*c + c~2
)~ (1/4)*e)

Rubi [A] time = 23.5828, antiderivative size = 571, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 18, number of rules used = 13, integrand size = 31, e o e
integrand size

= 0.419, Rules used = {3700, 6725, 734, 843, 621, 206, 724, 1021, 1078, 1036, 1030, 208,
205}

—~bVa2-2ac+b%+c2 tan(e
V2 41/112—2ac+l72+c2 \/ —a(\/ a2—2uc+bz+c2+2c]

V2eVa2 = 2ac + b2 + 2

\/—a(\/aZ—Zac+b2+c2+2c)+c(\/a2—2ac+b2+cz+c)+a2+b2tan_1

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] -((Sgrt[a™2 + b™2 + c*(c + Sqrt[a”™2 + b2 - 2%a*xc + c72]) - a*x(2*c + Sqrtla
"2 + b"2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2
xaxc + c¢72]) - bxSqrt[a™2 + b~2 - 2*xaxc + c”2]*Tan[d + exx])/(Sqrt[2]*(a"2
+ b2 - 2%axc + ¢c72)7(1/4)*Sqrt[a”2 + b"2 + c*x(c + Sqrt[a”™2 + b~2 - 2%a*xc +
c™2]) - ax(2%c + Sqrt[a”2 + b~2 - 2%axc + c"2])]*Sqrt[a + bxTan[d + exx] +
cxTan[d + e*x]"2]1)]1)/(Sqrt[2]*(a”2 + b™2 - 2%axc + c~2)"(1/4)*e)) - (Sqrtl
a]*ArcTanh[(2*a + bxTan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Ta
nld + exx]"2])])/e + (Sqrt[a™2 + b™2 + c*x(c - Sqrt[a”™2 + b~2 - 2*axc + c~2]
) — ax(2%c - Sqrt[a™2 + b~2 - 2%axc + c¢72])]*ArcTanh[(b"2 + (a - c)*(a - ¢
+ Sqrt[a™2 + b72 - 2xa*xc + c¢"2]) + bxSqrt[a”2 + b"2 - 2%axc + c"2]xTan[d +
exx])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc + c”2)7(1/4)*Sqrt[a”2 + b~2 + c*(c - Sqrt
[a”2 + D72 - 2%a*xc + c”2]) - ax(2xc - Sqrt[a”™2 + b~2 - 2*a*xc + c~2])]*Sqrt[
a + b*Tan[d + e*x] + c*Tan[d + e*xx]"2])])/(Sqrt[2]*(a”2 + b~2 - 2xaxc + c~2
)7 (1/4) *e)

Rule 3700

Int[tan[(d_.) + (e_)*&x )] " (m_)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x )17 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
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:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 734

Int[((d_.) + (e_)*(x_)) " (m)*((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m + 1)*(a + b*x + c*x72)"p)/(ex(m + 2%p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + exx) m*Simp[b*d - 2*axe + (2xc*d - b
ke)*x, x]*(a + b¥x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NeQ[2*c*d - bx*e
, 0] && GtQlp, 0] && NeQ[m + 2*p + 1, 0] && ( 'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2%p, O] &% IntQuadraticQla, b, c, d, e, m, p, x]

Rule 843

Int[((d_.) + (e_.)*(x_))"(m)*x((f_.) + (g_)*x(x_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && NeQ[b~2 - 4x*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe™2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrtla + bxx + c*xx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
*xaxe - bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - bxe, 0]

Rule 1021

Int[((g_.) + (h_D*(x_))*((a ) + (b_)*(x) + (c_)*(x_)"2)"(p)*((d) + (£
_D)*(x_)72)7(q), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*(p + q + 1)), Int[(a + bxx + c*x72
)7 (p - Dx(d + £*x72) “q*Simp [h*p* (b*d) + a*x(-2xgxf)*(p + q + 1) + (2xhxpx(c
xd - axf) + bx(-2xgxf)*(p + q + 1))*x + (h*p*x(-(b*f)) + cx(-2*gxf)*x(p + q +
1))*x72, x1, x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4xa
*c, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1078
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Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*xx~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bxcxx)/((a + c*x"2)*Sqrt[d + e*xx
+ £xx72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xc*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gxc*xx, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQlaxh™2%e + 2%gxh*(c*d - axf) - g™2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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vV 2
Subst f % dx, x, tan(d + ex))
X X
fcot(d + ex)\/a + btan(d + ex) + ctan®(d + ex) dx = .
Vatbx+ex?  xVa+bx+cx2
Subst f ( » -0z ) dx, x, tan(d + ex))
B e
4/ 2 vV 2
Subst f Natbrrexd dx, x, tan(d + ex)) Subst (f w d
x 1+x
B e - e
é—(a—c)x—
—2a-bx Subst -2
_ _Subst (f T dx, x, tan(d + ex)) . (f (1+32) Vast
2e
b+(—a+c)x
Subst | [ —————=—=dx, x, tan(d + 1
3 s (f (1+x2)\/a+bx+cx2 X, %, tan ex)) N a Subst (f Vot
B e
(2a) Subst f " : 5 dx, x, 20+h tan(dher) Subst
= \/a+b tan(d+ex)+c tan?(d+ex) .
B e
\/Etanh_l 2a+b tan(d+ex) (b (b2 n (a —0) (El |
2\/5\/a+b tan(d+ex)+c tanz(d+ex)

e

\/a2+b2+c(c+\/a2+b2—2ac+cz)—a(2c+\/a2+b2—2

Mathematica [C] time = 0.342382, size = 223, normalized size = 0.39

aatanly [ it J+ mmh—l(

2\/5\/11+b tan(d+ex)+c tanz(d+ex)

2a+(b—2ic) tan(d+ex)—ib ) " m tanh_]

ZVa—ib—c\/u+b tan(d+ex)+c tanz(d+ex)

Warning: Unable to verify antiderivative.

2e

[In] Integrate[Cot[d + e*x]*Sqrt[a + b*Tan[d + e*xx] + cxTan[d + exx]~2],x]

[Out] (-2*Sqrt[al*ArcTanh[(2*a + b*Tan[d + exx])/(2*Sqrt[a]*Sqrt[a + bxTan[d + ex
x] + c*xTan[d + e*x]~2])] + Sqrtla - I*b - clxArcTanh[(2*a - Ixb + (b - (2xI
)*c)*Tan[d + e*x])/(2%Sqrt[a - Ixb - cl*Sqrtla + b*Tan[d + e*x] + c*Tan[d +
exx]~2])] + Sqrtla + I*b - cl*ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tan[d + e
xx])/(2%Sqrt[a + I*b - c]*Sqrtla + bxTan[d + exx] + c*Tan[d + exx]~2])])/(2

*xe)

Maple [C] time = 5.83, size = 53198, normalized size = 93.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)*(a+bxtan(exx+d)+cxtan(e*xx+d)~2)"(1/2),x)
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[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*tan(e*x+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="ma
xima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*x+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan (d + ex) + ctan? (d + ex) cot (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*xx+d)+cxtan(e*xx+d)**2)**(1/2),x)

[Out] Integral(sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2)*cot(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)2 + btan(ex + d) + acot (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*tan(e*x+d)+c*tan(e*x+d)”~2)~(1/2),x, algorithm="gi

ac n

[Out] integrate(sqrt(cxtan(exx + d)~2 + b*tan(e*x + d) + a)*cot(exx + d), x)
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3.8 fcotz(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=612

b\/az—Zac+b2+cz—((a—c)(\/ﬁ
\/E 4Va2—2ac+b2+62\/—a(2c—\/ a2—2ac+b2+c2)+c(c—‘
4
\V2eVa? — 2ac + b2 + 2

\/—H(ZC—\/612—261C+b2+C2)+C(C—\/a2—2ac+b2+cz)+a2+b2tan_1

[Out] (Sgrt[a™2 + b™2 + c*(c - Sqrt[a”™2 + b™2 - 2*a*xc + c72]) - a*x(2xc - Sqrt[a”2
+ b2 - 2%axc + c¢72])]*ArcTan[(b*Sqrt[a”2 + b™2 - 2*axc + c”2] - (b™2 + (a
- c)x(a - ¢ + Sgrt[a™2 + b~2 - 2%axc + c¢~2]))*Tan[d + ex*x])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c - Sqrt[a™2 + b2 - 2%axc +
c"2]) - ax(2xc - Sqrt[a™2 + b~2 - 2*axc + c~2])]*Sqrt[a + b*Tan[d + exx] +
cxTan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b2 - 2xa*xc + c~2)"(1/4)*e) - (b*ArcT
anh[(2%a + b*Tan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e
xx]72])]1)/(2%Sqrt[al*e) + (Sqrt[a”2 + b~2 + c*(c + Sqrt[a™2 + b™2 - 2xa*c +
c™2]) - ax(2xc + Sqrtl[a”™2 + b~2 - 2*axc + c~2])]*ArcTanh[(b*Sqrt[a”2 + b~2
- 2xaxc + ¢72] + (b”2 + (a - c)*(a - ¢ - Sqrt[a™2 + b2 - 2xaxc + c”2]))*T
an[d + e*x])/(Sqrt[2]*(a"2 + ™2 - 2xa*xc + c~2)7(1/4)*Sqrt[a”2 + b~2 + cx(c
+ Sqrt[a™2 + b72 - 2xa*xc + c¢72]) - ax(2*c + Sqrt[a”2 + b"2 - 2%axc + c72])
1xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2xax
c + c”2)"(1/4)*e) - (Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~
2])/e

Rubi [A] time = 23.7443, antiderivative size = 612, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 17, number of rules used = 12, integrand size = 33, e o T
integrand size

= 0.364, Rules used = {3700, 6725, 732, 843, 621, 206, 724, 990, 1036, 1030, 205, 208}

bVa2—2a0+b2+CZ—((a—C)(\/ﬁ
V2 \/4 a2-2ac+b%+c? \/—a(ZC—Va2—2ac+b2+c2)+c(c—’
4
V2eVa? - 2ac + b2 + 2

\/—IZ(ZC—\/IZZ—ZQC+Z72+C2)+C(C—\/El2—211C+b2+C2)+112+b2ta11_1

Antiderivative was successfully verified.

[In] Int[Cot[d + exx] 2*Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] (Sqrt[a”2 + b™2 + c*x(c - Sqrt[a”™2 + b~2 - 2%a*xc + c72]) - a*(2*c - Sqrt[a~2
+ b72 - 2%axc + c”2])]*ArcTan[(b*Sqrt[a™2 + b™2 - 2*a*xc + c™2] - (b"2 + (a
- c)x(a - ¢ + Sqgrt[a™2 + b™2 - 2*xa*c + c¢"2]))*Tan[d + ex*x])/(Sqrt[2]*(a~2
+ b72 - 2%axc + ¢72)7(1/4)*Sqrt[a”2 + b72 + c*x(c - Sqrt[a”2 + b72 - 2*axc +
c™2]) - ax(2%c - Sqrt[a”™2 + b~2 - 2%axc + c72])]*Sqrtla + bxTan[d + exx] +
cxTan[d + e*xx]~2])])/(Sqrt[2]*(a~2 + b™2 - 2*axc + c~2)"(1/4)*e) - (bxArcT
anh[(2%a + b*Tan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + cxTan[d + e
*x]72])])/(2xSqrt[al*e) + (Sqrt[a™2 + b~2 + c*x(c + Sqrt[a™2 + b™2 - 2%axc +
c”2]) - ax(2*%c + Sqrt[a”2 + b~2 - 2xaxc + c”2])]*ArcTanh[(b*Sqrt[a”2 + b~2
- 2%axc + ¢c72] + (b”2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa*xc + c72]))*T
an[d + e*xx])/(Sqrt[2]*(a”2 + b72 - 2xa*xc + c~2)7(1/4)*Sqrt[a”2 + b™2 + cx(c
+ Sqrt[a™2 + b72 - 2%a*xc + c¢72]) - a*x(2*c + Sqrt[a”2 + b~2 - 2*axc + c~2])
1#Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]1)/(Sqrt[2]*(a~2 + b~2 - 2*ax*
c + c”2)7(1/4)*e) - (Cotl[d + exx]*Sqrtla + bxTan[d + exx] + c*Tan[d + e*xx]~
2])/e

Rule 3700
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Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )1 (@m_.) + (c_)*x((f_.)*xtanl[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 732

Int[((d_.) + (e_)*(x D))" (m )*x((a_.) + (b_)*(x) + (c_)*x)D)"2)"(p_), x_8S

ymbol] :> Simp[((d + e*x)"(m + 1)*(a + b*x + c*x~2)"p)/(ex(m + 1)), x] - Di

stp/(ex(m + 1)), Int[(d + e*xx)"(m + 1)*(b + 2xc*x)*x(a + b*x + c*x"2)"(p -
1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*

d”2 - bxd*e + a*xe”2, 0] && NeQ[2*cxd - bxe, 0] && GtQ[p, O] &% (IntegerQ[p]
|l LtQ[m, -1]) && NeQ[m, -1] && !'ILtQ[m + 2*p + 1, 0] && IntQuadraticQla,
b, ¢, d, e, m, p, xJ

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))*x((a_.) + (b_)*(x_) + (c
_I)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)”"(m + 1)*x(a + b*x +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) m*(a + b*x + c*x"2)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%cxx)/Sqrtla + bxx + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 990

Int[Sqrtl(a_) + (b_)*(x_) + (c_)*(x_)"2]1/((d_) + (f_.)*(x_)"2), x_Symbol]

:> Dist[c/f, Int[1/Sqrtla + b*x + c*x~2], x], x] - Dist[1/f, Int[(cxd - ax
f - bxf*x)/(Sqrtla + b*x + cxx"2]*(d + f*x~2)), x], x] /; FreeQ[{a, b, ¢, d
, 1, x] && NeQ[b"2 - 4xaxc, 0]

Rule 1036
Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
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f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*3qrt[d + e*xx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(axc)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)xSqrt[(d_.) + (e_.)*x(x_) + (f
_)*x(x_)72]), x_Symbol] :> Dist[-2xaxg*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx”2, x], x], x, Simp[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - axf) - g~ 2xc*e, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]])/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
Subst f :;Efj:;;z dx, x, tan(d + ex))
fcotz(d + ex)\/a + btan(d + ex) + ctan?®(d + ex) dx = .

x2 —1-x2

Subst f(\/a+bx+cx2 4 \/a+bx+cx2) dx, x, tan(d + ex))

e
Subst f a+l;3;+cx2 dx, x, tan(d + ex)) Subst ( f

Va+bx+cx?

—1-x2

d

= -+
e

cot(d + ex)+/a + btan(d + ex) + c tan®(d + ex)

e

Subst ( f

e

cot(d + ex)+/a + btan(d + ex) + c tan®(d + ex)

+

b Subst ( J

e

\/E tanh_l [ b+2c tan(d-+ex)

+

2\/(_:\/a+btan(d+ex)+ctanz(d+ex)) cot(d + ex)qja + |

e

\/az+b2+c(c—\/a2+b2—2ac+c2)—a(2c—\/a2+b2—2¢

Mathematica [C] time = 1.12091, size = 261, normalized size = 0.43

b tanh_l 2a+b tan(d+ex)

va 2Va—ib—c\/a+b tan(d+ex)+c tanz(d+ex)

2yayatbtan(dex)setan’(@rer) | . - 2a+(b-2ic) tan(d-+ex)-ib , . - |
et —z\/mtanhl( 12020 e )+zmwnhl(

2Va+ib-

2e
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Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx] 2*Sqrtl[a + bxTan[d + exx] + c*Tan[d + ex*xx]~2],x]

[Out] -((bxArcTanh[(2*a + bxTan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + cx
Tan[d + e*x]~2])])/Sqrtlal - I*Sqrtla - I*b - cl*ArcTanh[(2*a - I*b + (b -
(2%I)*c)*Tan[d + exx])/(2+Sqrt[a - I*b - c]*Sqrtla + b*Tan[d + e*x] + cx*Tan
[d + exx]~2])] + I*Sqrtla + I*b - c]*ArcTanh[(2*a + Ixb + (b + (2%I)*c)*Tan
[d + exx])/(2%Sqrt[a + Ixb - cl*Sqrtla + b*Tan[d + e*x] + c*Tan[d + ex*x]~2]
)] + 2xCot[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2])/(2x*e)

Maple [B] time = 19.957, size = 1166066, normalized size = 1905.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*xx+d) "2*(at+b*tan(e*x+d)+c*tan(e*x+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + d)2 + btan (ex + d) + acot (ex + d)2 dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~2x(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + b*xtan(exx + d) + a)*cot(e*x + d)~2, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2% (at+bxtan(exx+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F]

time = 0., size = 0, normalized size = 0.

f\/a +btan (d + ex) + ctan® (d + ex) cot? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot (exx+d)**2* (a+b*tan(e*xx+d)+c*xtan(exx+d)**2)**(1/2) ,x)

[Out] Integral(sqrt(a + b*xtan(d + e*x) + c*tan(d + e*x)**2)*cot(d + e*x)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + (Jl)2 + btan (ex + d) + acot (ex + cl)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~"2x(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] integrate(sqrt(cxtan(exx + d)~2 + b*tan(e*x + d) + a)*cot(exx + d)~2, x)
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3.9 fcot3(d+ex)\/a + btan(d + ex) + ctan®(d + ex) dx

Optimal. Leaf size=690

—bVa?-2ac+b?+c2 tan(d+

\/—a(\/az—Zac+bz+c2+2c)+c(\/112—2ac+bz+c2+c)+az+bztan_1

\/E é/a2—2a0+b2+cz \/—a(\/a2—2a0+b2+02+2c)+

V2eVa2 = 2ac + b2 + 2

[Out] (Sgrtl[a™2 + b™2 + c*(c + Sqrt[a”™2 + b™2 - 2*a*xc + c72]) - a*x(2xc + Sqrt[a”2
+ b2 - 2%axc + c¢72])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa
xCc + ¢c72]) - b*Sqrt[a™2 + b72 - 2xaxc + c”2]*Tan[d + ex*xx])/(Sqrt[2]*(a"2 +
b~2 - 2%axc + c”2)7(1/4)*Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b™2 - 2*xaxc + ¢
~2]) - ax(2*c + Sqrt[a”2 + b"2 - 2xaxc + c72])]*Sqrt[a + b*Tan[d + exx] + c
xTan[d + exx]~2])]1)/(Sqrt[2]*(a"2 + ™2 - 2xa*xc + c~2)7(1/4)*e) + (Sqrt[al*
ArcTanh[(2*a + b*Tan[d + ex*xx])/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d
+ exx]72])])/e + ((b™2 - 4*axc)*ArcTanh[(2*a + b*Tan[d + exx])/(2*xSqrt[a]=*
Sqrt[a + bxTan[d + exx] + c*Tan[d + exx]~2])]1)/(8*a~(3/2)*e) - (Sqrt[a”2 +
b~2 + c*x(c - Sqrt[a™2 + b™2 - 2*%axc + c¢72]) - ax(2xc - Sqrt[a™2 + b"2 - 2*a
xc + ¢"2])]*ArcTanh[(b™2 + (a - c)*(a - ¢ + Sqrt[a”™2 + b~2 - 2%xa*xc + c~2])
+ b*Sqrt[a”2 + b2 - 2%axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b~2 - 2*axc
+ ¢c72)7(1/4)*Sqrt[a™2 + b™2 + cx(c - Sqrtl[a”™2 + b™2 - 2*axc + c~2]) - ax(2
xc - Sqrt[a™2 + b72 - 2xaxc + c”2])]xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + ex
x]721)1)/(Sqrt[2]1*(a”2 + b~2 - 2xaxc + c~2)7(1/4)*e) - (Cot[d + exx] 2% (2xa
+ b*Tan[d + e*xx])*Sqrt[a + b*Tan[d + exx] + c*Tan[d + ex*x]~2])/(4*axe)

Rubi [A] time = 23.7333, antiderivative size = 690, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 21, number of rules used = 14, integrand size = 33, =
integrand size

= 0.424, Rules used = {3700, 6725, 720, 724, 206, 734, 843, 621, 1021, 1078, 1036, 1030,
208, 205}

—bVa?-2ac+b%+c2 tan(d+

\/—a(\/az —2ac + b? + 2 +2c) +c(\/a2—2ac+b2 + 2 +c) +a2 + b2 tant
\/E %/a2—200+b2+02 \/—a(\/a2—200+b2+02+2c)+

V2eVa2 = 2ac + b2 + 2

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~3%Sqrtl[a + b*Tan[d + exx] + c*xTan[d + ex*xx]~2],x]

[Out] (Sqrt[a”2 + b2 + cx(c + Sqrt[a™2 + b™2 - 2%a*c + c”2]) - ax(2*%c + Sqrt[a”2
+ b72 - 2%axc + c"2])]*ArcTan[(b"2 + (a - c)*(a - ¢ - Sqrt[a™2 + b2 - 2*a
xc + ¢c72]) - b*Sqrt[a™2 + b72 - 2xaxc + c”2]*Tan[d + ex*xx])/(Sqrt[2]*(a”2 +
b~2 - 2%axc + c¢72)7(1/4)*Sqrt[a”2 + b2 + c*(c + Sqrt[a™2 + b72 - 2%a*xc + ¢
~2]) - ax(2*%c + Sqrt[a”2 + b™2 - 2*axc + c”2])]*Sqrt[a + b*Tan[d + exx] + ¢
*Tan[d + exx]"2]1)]1)/(Sqrt[2]1*(a”2 + b~2 - 2xaxc + c~2)"(1/4)*e) + (Sqrtl[al*
ArcTanh[(2*a + b*Tan[d + ex*x])/(2xSqrt[a]*Sqrt[a + b*Tan[d + exx] + c*Tanl[d
+ exx]"2])])/e + ((b™2 - 4xaxc)*ArcTanh[(2*a + b*Tan[d + ex*xx])/(2*Sqrt[a]x*
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(8%a~(3/2)*e) - (Sqrt[a”"2 +
b~2 + c*x(c - Sqrt[a”™2 + b72 - 2xa*xc + c”2]) - ax(2%c - Sqrt[a”2 + b"2 - 2xa
*c + c¢”2])]*ArcTanh[(b™2 + (a - c)*x(a - ¢ + Sqrt[a™2 + b™2 - 2*a*xc + c~2])
+ b*xSqrt[a”2 + b™2 - 2%axc + c”2]*Tan[d + exx])/(Sqrt[2]*(a”2 + b~2 - 2*a*c
+ ¢c72)7(1/4)*Sqrt[a”™2 + b™2 + cx(c - Sqrt[a™2 + b™2 - 2*axc + c72]) - ax(2
xc - Sqrt[a™2 + b72 - 2xaxc + c”2])]x*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + ex
x]1721)1)/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)"(1/4)*e) - (Cot[d + e*xx] 2x(2xa
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+ b*Tan[d + e*xx])*Sqrt[a + b*Tan[d + exx] + c*Tan[d + ex*x]~2])/(4*axe)

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 720

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> -Simp[((d + e*x)~(m + 1)x(d*b - 2%a*xe + (2*cxd - bxe)*x)*(a + bxx
+ c*xx”2)7p)/(2x(m + 1)*(c*d”2 - bxd*e + a*e”2)), x] + Dist[(p*(b~2 - 4xaxc
))/(2%(m + 1)*(c*d™2 - bkxd*e + a*xe”2)), Int[(d + e*x) " (m + 2)*(a + bxx + c*
x"2)7(p - 1), x], x] /; FreeQ[{a, b, c, d, e}, x] & NeQ[b~2 - 4xa*xc, 0] &&
NeQ[c*d~2 - b*d*xe + axe”2, 0] && NeQ[2*c*d - bxe, 0] && EqQ[m + 2*p + 2, 0
1 && GtQ[p, O]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*xaxe™2 - x72), x], x, (2
xaxe - bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4x*a*xc, 0] && NeQ[2*c*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 734

Int[((d_.) + (e_)*(x D))" (m )*x((a_.) + (b_)*(x) + (c_)*x)D)"2)"(p_), x_8S
ymbol] :> Simp[((d + exx) " (m + 1)*(a + b*x + c*x72)7p)/(ex(m + 2*%p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + ex*x) m*Simp[b*d - 2%axe + (2%c*d - b
xe)xx, x]*(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] && NeQ[2*cxd - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] &% ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2*p, 0] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*x((a_.) + (b_)*(x_) + (c
_)*x(x_)72)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*(a + b*x +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x"2)7p,
x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621
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Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xc*xx)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4*axc, 0]

Rule 1021

Int[((g_.) + (h_)*(x_D)*x((a) + (b_)*(x_) + (c_)*(x_)"2)"(p)*((d_) + (f
_D)*(x_)"2)7(q ), x_Symbol] :> Simp[(h*(a + b*x + c*x72)7p*x(d + £*x72)7(q +
D)/ (2xfx(p + q + 1)), x] - Dist[1/(2*f*x(p + q + 1)), Int[(a + b*xx + c*x72
)7 (p - Dx*(d + £xx72)"g*Simp [h*px(b*xd) + ax(-2xg*xf)*(p + q + 1) + (2xh*px(c
*d - axf) + bx(-2xg*xf)*(p + q + 1))*x + (h*p*x(-(b*f)) + c*x(-2xgxf)*(p + q +
1))*x72, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, q}, x] && NeQ[b~2 - 4x*a
*xc, 0] && GtQ[p, 0] && NeQ[p + q + 1, 0]

Rule 1078

Int[(CA_.) + (B_.)*(x_) + (C_)*(x_)"2)/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) +

(e_)*(x_) + (f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + exx + f
*x~2], x], x] + Dist[1/c, Int[(A*c - a*C + Bkcxx)/((a + c*x"2)*Sqrt[d + ex*xx
+ £*x72]), x], x] /; FreeQ[{a, c, d, e, £, A, B, C}, x] && NeQ[e™2 - 4xdx*f
, 0]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*c*xe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
*xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4xd*xf, 0] && NegQ[-(ax*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)xSqrt[(d_.) + (e_.)*x(x_) + (f
_)*x(x_)72]), x_Symbol] :> Dist[-2xa*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx”2, x], x], x, Simpl[a*h - gkc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQlaxh™2%e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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Subst f [:Ef—frf)cz dx, x, tan(d + ex))
X X
fcots(d + ex)\/a + btan(d + ex) + ctanz(d +ex)dx = .
Va+bx+cx? Va+bx+cx? xVa+bx+cx2
Subst f( +x3+c - a+x+ + 1++x2+C ) dx, x, tan(d + e
- e
Subst f %ﬂxz dx, x, tan(d + ex)) Subst (f %ﬂ,{z d
- e - e

cot?(d + ex)(2a + b tan(d + ex))\/a + btan(d + ex) + ¢ tan(

4ae

cot?(d + ex)(2a + b tan(d + ex))\/a + btan(d + ex) + ¢ tan(

4ae
(b2 _ 4uc) tanh_l 2a+b tan(d+ex) ,
2\/5\/%19 tan(d+ex)+c tan?(d+ex) cot™(d + ex;
B 8a32¢ -
Vatanh™ 2atb tan(@+e) (bz - 4ac) tanh ™
2\/5\/a+b tan(d+ex)+c tanz(d+ex)

e

\/a2+b2+c(c+\/a2+b2—2ac+c2)—a(2c+\/a2+b2—2

Mathematica [C] time = 1.81619, size = 289, normalized size = 0.42

(8a2 _dac + bz) tanh_l 2a+b tan(d+ex) ) _ 2\/5 (Zamtanh_l ( 2a+(b-2ic) tan(d+ex)—ib ) +

2\/5\/a+b tan(d+ex)+c tanz(d+ex) ZVa—ib—c\/a+b tan(d+ex)+c tanz(d+ex)

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]~3*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]~2],x]

[Out] ((8*a"2 + b~2 - 4xaxc)*ArcTanh[(2*a + b*Tan[d + ex*xx])/(2*Sqrt[al*Sqrt[a + b
xTan[d + exx] + c*xTan[d + exx]~2])] - 2xSqrt[al*(2*axSqrt[a - I*b - c]*ArcT
anh[(2*%a - Ixb + (b - (2%I)*c)*Tan[d + e*xx])/(2*Sqrt[a - I*b - cl*Sqrtla +
bxTan[d + exx] + cxTan[d + exx]~2])] + 2xaxSqrt[a + I*b - cl*ArcTanh[(2*a +

I¥b + (b + (2%I)*c)*Tan[d + exx])/(2*Sqrt[a + I*b - c]*Sqrt[a + b*Tan[d +

exx] + c*Tan[d + e*x]~2])] + Cot[d + e*x]*(b + 2*a*xCot[d + e*xx])*Sqrt[a + b
*Tan[d + exx] + cxTan[d + exx]~2]))/(8*a”(3/2)*e)

Maple [B] time = 140.041, size = 2856003, normalized size = 4139.1

output too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cot(e*x+d) " 3*(at+b*tan(e*x+d)+c*tan(e*xx+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + (Jl)2 + btan (ex + d) + a cot (ex + cl)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3% (at+tbxtan(exx+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="

maxima")

[Out] integrate(sqrt(c*tan(exx + d)~2 + b*tan(exx + d) + a)*cot(e*xx + d)73, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3x(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a +btan (d + ex) + ¢ tan? (d + ex) cot? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3*(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(sqrt(a + bxtan(d + exx) + cxtan(d + exx)**2)*cot(d + e*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex +d)? + btan (ex +d) + a cot (ex + d)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) " 3*(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~2 + bxtan(exx + d) + a)*cot(e*xx + d)~3, x)
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tan®(d+ex)

3.10 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=548

~Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—VuZ—Zac+b2+cz+a—c\/a+b tan(d+ex)+c tan?(d-+ex)
V2eVa2 — 2ac + b2 + 2

Va2 —2ac+ 2 +c2 +a—c

\/—\/aZ —2ac+b?+c2+a —ctanh_l(

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a™2 + b~
2 - 2%axc + c¢”2] + b*Tan[d + e*xx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2
*xaxc + c”2]]1*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a
"2 + b72 - 2%axc + c”2]*e) - (Sqrtla - ¢ + Sqrt[a”2 + b"2 - 2xaxc + c”2]]*A
rcTanh[(a - ¢ + Sqrt[a™2 + b72 - 2%a*xc + c”2] + bxTan[d + ex*x])/(Sqrt[2]*Sq
rtla - ¢ + Sqrt[a™2 + b~2 - 2%a*xc + c"2]]*Sqrtla + b*Tan[d + e*x] + cxTanl[d
+ exx]72])]1)/(Sqrt[2]*Sqrt[a”2 + b~2 - 2xa*c + c"2]*e) + (b*ArcTanh[(b + 2
xcxTan[d + exx])/(2+Sqrt[cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])])/
(2%c™(3/2)xe) - (b*(5*b~2 - 12xa*xc)*ArcTanh[(b + 2xc*Tan[d + ex*xx])/(2%Sqrt[
c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]72])])/(16*%c~(7/2)*e) - Sqrtla +
b*Tan[d + e*x] + cxTan[d + exx]~2]/(c*e) + (Tan[d + e*x] 2xSqrt[a + b*Tan[
d + exx] + cxTan[d + e*xx]~2])/(3*c*xe) + ((15%b~2 - 16%axc - 10*b*c*Tan[d +
exx])*Sqrt[a + b*Tan[d + exx] + c*Tan[d + ex*xx]~2])/(24*c~3xe)

Rubi [A] time = 1.08542, antiderivative size = 548, normalized size of antiderivative =

1., number of steps used = 15, number of rules used = 10, integrand size = 33, number of rules

= 0.303, Rules used = {3700, 6725, 640, 621, 206, 742, 779, 1036, 1030, 208}

integrand size

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—VuZ—Zac+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa2 = 2ac + b2 + 2

\/—\/a2—2ac+b2 +2+a—ctanh! \/\/az—Zac+b2 +c24+a-ct

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~5/Sqrtl[a + b*Tan[d + e*x] + cxTan[d + exx]~2],x]

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a™2 + b~
2 - 2%axc + c”2] + bxTan[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b™2 - 2
*xaxc + c”2]]1*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a
"2 + b72 - 2%axc + c”2]*e) - (Sqrtla - ¢ + Sqrt[a”2 + b"2 - 2xaxc + c”2]]*A
rcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c~2] + b*Tan[d + ex*x])/(Sqrt[2]*Sq
rtla - ¢ + Sqrt[a”™2 + b~2 - 2%a*xc + c"2]]1*Sqrt[a + b*Tan[d + e*x] + cxTanl[d
+ exx]72]1)1)/(Sqrt[2]1*Sqrt[a”2 + b™2 - 2xaxc + c~2]*e) + (b*ArcTanh[(b + 2
xcxTan[d + exx])/(2+Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/
(2%c™(3/2)xe) - (b*x(5*b~2 - 12xa*xc)*xArcTanh[(b + 2xc*Tan[d + ex*xx])/(2%Sqrt[
c]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]72])])/(16*%c~(7/2)*e) - Sqrtla +
b*Tan[d + e*x] + cxTan[d + exx]~2]/(c*e) + (Tan[d + e*x] 2xSqrt[a + b*Tan[
d + exx] + cxTan[d + exx]~2])/(3*c*xe) + ((15%b~2 - 16%axc - 10%b*c*Tan[d +
exx])*Sqrt[a + b*Tan[d + exx] + c*Tan[d + exx]~2])/(24*c~3xe)

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, x, fxTan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
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, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 640

Int[((d_.) + (e_)*(x_))*x((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] > Simp[(ex(a + b*x + c*x"2)"(p + 1))/ (2xcx(p + 1)), x] + Dist[(2%c*d - b
xe)/(2xc), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, 4, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 742

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[(e*x(d + e*x)~(m - 1)*(a + b*x + c*xx"2)7(p + 1))/(cx(m + 2xp

+ 1)), x] + Dist[1/(cx(m + 2*p + 1)), Int[(d + e*x)"(m - 2)*Simp[c*d™2x(m +
2xp + 1) - ex(axex(m - 1) + b*xdx(p + 1)) + e*x(2xc*d - b*xe)*(m + p)*x, x]*(
a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, p}, x] && NeQ[b~2 -
dxaxc, 0] && NeQ[c*d"2 - bxdxe + axe™2, 0] && NeQ[2*c*xd - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2%p + 1, 0] &% IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_.)*x(x_))*((f_.) + (g_)*x(x_))*x((a_.) + (b_.)*(x_) + (c_.)*(
x )72)"(p_), x_Symbol] :> -Simp[((b¥exg*x(p + 2) - c*x(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + cxx"2)"(p + 1))/(2*%c™2*(p + 1)*(2*xp + 3)), x
] + Dist[(b™2%exgx(p + 2) - 2%akxcxexg + ckx(2xckxd*f - bx(exf + dxg))*(2xp +
3))/(2%c™2x(2%p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d
, e, T, g, p}, x] && NeQ[b~2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*x + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - g*(ckd - axf + q) + (hx(cxd - a*xf - q) - gkc*xe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030
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Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx~2, x], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

x5
Subst ( f W dx, x, tan(d + ex))

e

tan®(d + ex)
dx =

\/a + btan(d + ex) + ctan?(d + ex)

x S x
Subst (f (_ Va+bx+cx? - Va+bx+ex? - (1+x2)m) ax, %, tan(d + ex))

e
x 3
_ _SU_bSt (f m dx, X, tan(d + E.X')) .\ Subst (f m dx, X, tan(d
e e

\/a +btan(d + ex) + ctan®(d + ex)  tan®(d + ex)\/a + btan(d + ex) 4
= - +
ce 3ce

\/a +btan(d + ex) + ctan®(d + ex)  tan?(d + ex)\/u + btan(d + ex) 4
+

ce 3ce

a—c—Va2+b2-2ac+c2+b tan(d+ex)

\/E\/a—c—\/a2+b2—2ac+c2\ [a+btan(d+ex)+ct

\V2Va2 + b2 - 2ac + c2e
a—c—Va2+b2-2ac+c2+b tan(d+ex)

\/E\/a—c—\/a2+b2—2ac+c2w [a+D tan(d+ex)+ct

\V2Va2 + b2 = 2ac + c2e

\/a —c—Va2 + b2 —2ac+ 2tanh ™

\/a —c—Va2 + b2 —2ac+ 2tanh ™

Mathematica [C] time = 6.12031, size = 456, normalized size = 0.83

(%bc 15h3)tanh_l b+2c tan(d+ex) 52 s
T4 _ 2 2 -
2\/5\/a+btan(d+ex)+c tan(d-+ex) (4:15 7 +2bctan(d+ex))\/ﬂ+htan(d+2x)+ctan (d+ex) btanh~! b+2c tan(d+ex) |
5/2 - 2 2\/5\/u+btan(d+ex)+c tan2(d-+ex) tan’
4¢ 2c + +
3c 2c3/2

Antiderivative was successfully verified.

[In] Integrate[Tan[d + e*x]~5/Sqrtl[a + bxTan[d + exx] + c*Tan[d + ex*xx]~2],x]

[Out] ((-2xSqgrtl[a + I*b - cl*ArcTanh[(2*a + I*b - (-b - (2*I)*c)*Tan[d + ex*x])/(2
xSqrt[a + I*b - cl*Sqrtla + bxTan[d + exx] + cxTan[d + exx]"2])])/(4*xa + (4
xI)*xb - 4%c) - (2xSqrtla - I*b - c]*ArcTanh[(2*a - I*b - (-b + (2%I)*c)*Tan
[d + exx])/(2%Sqrt[a - Ixb - cl*Sqrtla + b*Tan[d + e*x] + c*Tan[d + ex*x]~2]
)1)/(4*xa - (4*I)*b - 4*c) + (b*ArcTanh[(b + 2*c*Tan[d + ex*x])/(2*Sqrt[c]*Sq
rt[a + b*Tan[d + exx] + c*Tan[d + e*x]72])])/(2%xc~(3/2)) - Sqrt[a + bxTanl[d
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+ exx] + cxTan[d + exx]”2]/c + (Tan[d + exx]~2xSqrt[a + bxTan[d + exx] + c
xTan[d + exx]~2])/(3*c) + ((((-15%b~3)/4 + 9*axb*c)*ArcTanh[(b + 2*cx*Tan[d
+ exx])/(2xSqrt [c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(4*c~(5/2
)) - (((-15%b~2) /4 + 4xaxc + (bxbkxcxTan[d + exx])/2)*Sqrtl[a + b*Tan[d + e*x
1 + c*xTan[d + e*x]72])/(2*%c™2))/(3%c))/e

Maple [B] time = 0.35, size = 9581348, normalized size = 17484.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) 5/ (a+b*tan(e*x+d)+cxtan(exx+d)~2)~(1/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~5/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) "5/ (atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

dx
f \/a +btan (d + ex) + ctan® (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**5/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + exx)**5/sqrt(a + bxtan(d + e*xx) + c*tan(d + e*x)**2), x)
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Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~5/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(1/2),x, algorithm="
giac")

[Out] Exception raised: TypeError
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4
311 tan™(d+ex) dx

\/ a+b tan(d+ex)+c tanz(d+ex)

Optimal. Leaf size=495

b—(—\/ u2—2ac+b2+c2+u—c) tan(d+ex)

\/E\/—\/az—Zac+b2+c2+a—c\/a+b tan(d+ex)+c tan®(d+ex)
\V2evVa? - 2ac + b2 + 2

\/\/a2—2a0+b2+cz+a—<

\/—\/a2—2ac+b2 + 2 +a—ctan_1[

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTan[(b - (a - ¢ - Sqrt[a~2
+ b72 - 2%a*xc + c¢”2])*Tan[d + ex*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b~2 -
2*%axc + c”2]]1*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]1*Sqrt[
a”2 + b72 - 2xa*xc + c"2]*e) - (Sqrtl[a - ¢ + Sqrt[a”2 + b72 - 2%a*xc + c"2]]%
ArcTan[(b - (a - ¢ + Sqrt[a™2 + b™2 - 2*axc + c~2])*Tan[d + exx])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a”2 + b2 - 2*axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + c*Tan
[d + e*x]72])1)/(Sqrt[2]1*Sqrt[a”2 + b~2 - 2%axc + c”2]*e) - ArcTanh[(b + 2%
cxTan[d + exx])/(2*Sqrtlc]l*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]"2])]/(S
grt[cl*e) + ((3*%b"2 - 4xaxc)*ArcTanh[(b + 2xc*Tan[d + ex*xx])/(2+Sqrt[c]*Sqrt
[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(8*c~(5/2)*e) - (3*bxSqrt[a + bx
Tan[d + exx] + c*Tan[d + e*x]~2])/(4*c"2%e) + (Tan[d + e*x]*Sqrt[a + b*Tan[
d + exx] + cxTan[d + exx]~2])/(2xcxe)

Rubi [A] time = 0.820011, antiderivative size = 495, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 9, integrand size = 33, number of rules

= 0.273, Rules used = {3700, 6725, 621, 206, 742, 640, 987, 1030, 205}
b—(—v u2—2uc+b2+c2+a—c) tan(d+ex)

integrand size

\/\/a2—2110+b2+cz+a—<

\/—\/a2 —2ac+ b +c2+a—ctan’!
\/E\/— a2—2ac+h2+c2+a—c\/a+btan(d+ex)+ctanz(d+ex)

\2eVa? - 2ac + b2 + 2

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]~4/Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + exx]~2],x]

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTan[(b - (a - ¢ - Sqrt[a~2
+ b2 - 2*axc + c”2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b~2 -
2%¥axc + c¢2]]xSqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqrt[
a"2 + b72 - 2xa*xc + c"2]*e) - (Sqrtl[a - ¢ + Sqrt[a”2 + b72 - 2%akxc + c72]]x
ArcTan[(b - (a - ¢ + Sqrt[a™2 + b~2 - 2*a*xc + c~2])*Tan[d + ex*xx])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2*axc + c~2]]*Sqrt[a + b*Tan[d + e*xx] + c*Tan
[d + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2xa*c + c"2]*e) - ArcTanh[(b + 2%
cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]/(S
qrtlcl*e) + ((3*b~2 - 4xaxc)*ArcTanh[(b + 2*c*Tan[d + ex*xx])/(2xSqrt[c]*Sqrt
[a + b*Tan[d + e*xx] + cxTan[d + e*xx]~2])]1)/(8xc~(5/2)*e) - (3*b*Sqrtla + bx
Tan[d + exx] + c*Tan[d + e*xx]~2])/(4*c"2%e) + (Tan[d + e*x]*Sqrt[a + b*Tan[
d + exx] + cxTan[d + exx]~2])/(2xcxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] "(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*x((f_D)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]
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Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%c*x)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xa*xc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtl[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 742

Int[((d_.) + (e_)*(x D))" (m )*x((a_.) + (b_)*(x) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[(e*x(d + exx)”(m - 1)*(a + b*x + c*xx"2)"(p + 1))/(cx(m + 2*p

+ 1)), x] + Dist[1/(c*x(m + 2*p + 1)), Int[(d + exx)”"(m - 2)*Simp[c*d~2*(m +
2xp + 1) - ex(axex(m - 1) + b*xdx(p + 1)) + ex(2xcxd - b*xe)*(m + p)*x, x]*(
a + bxx + c*x72)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b~2 -
dxaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && NeQ[2*c*xd - bxe, 0] && If[Rat
ionalQ[m], GtQ[m, 1], SumSimplerQ[m, -2]] && NeQ[m + 2*p + 1, 0] &% IntQuad
raticQla, b, ¢, d, e, m, p, x]

Rule 640

Int[((d_.) + (e_)*(x_))*x((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
] > Simp[(ex(a + b*x + c*x72) " (p + 1))/ (2xcx(p + 1)), x] + Dist[(2%c*d - b
xe)/(2xc), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, 4, e, p}, x]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 987

Int[1/(((a_.) + (c_.)*(x_)72)*Sqrt[(d_.) + (e_.)*(x_) + (£_.)*(x_)"2]), x_8
ymbol] :> With[{q = Rt[(cxd - a*xf)~2 + axc*e”2, 2]}, Dist[1/(2*q), Int[(cxd
- axf + q + cxexx)/((a + c*x”"2)*Sqrt[d + e*xx + f*x~2]), x], x] - Dist[1/(2
*q), Int[(c*d - axf - q + cxexx)/((a + c*xx"2)*Sqrt[d + exx + f*x~2]), x], x
11 /; FreeQl[{a, c, 4, e, f}, x] && NeQ[e™2 - 4xd*xf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*(x_)72]), x_Symbol] :> Dist[-2xa*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx”2, x], x], x, Simp[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - axf) - g~ 2xc*e, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps



tan*(d + ex)

\/a + btan(d + ex) + ctan®(d + ex)

dx
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x4
Subst ( f W dx, x, tan(d + ex))

e

A

1 x? 1
Subst - + + dx, x, tan(d + ex
(f ( Vatbx+ex2  Vatbxtcx? (1+x2)\/a+bx+cx2 ) ( )

/

e
1 x2
_ _Subst (f W dx, x, tan(d + ex)) . Subst (f W dx, x, ta;
e e

2 Subst | [ —
tan(d + ex)\/a + btan(d + ex) + ctan?(d + ex) oe (f de-x?

2ce

dx,

b+2c tan(d+ex)

2\/5\/a+b tan(d+ex)+ctan2(d+ex)) 3byJa+b tan(d + ex) +c tanj

\ce 4c%e
b—(u—c—\/ a2+b2—2ac+c2) tan(d+e

\/ﬁ\/u—c—\/u2+b2—2ac+c2w |a+b tan(d+ex)+

V2Va2 + b2 - 2ac + c2e
b—(a—c—\/ a2+b2—2ac+cz) tan(d+e

ﬁ\/u—c—\/a2+b2—2ac+c2\ |a+b tan(d+ex)+

V2Va2 + b2 = 2ac + c2e

tanh™ [

\/a—c—\/az + b2 —2ac + 2 tan”!

\/a—c—\/a2 + b2 -2ac+ 2 tan™

Mathematica [C] time = 2.52434, size = 283, normalized size = 0.57

(36%-4c(a+2c)) tanh ™" b2c tan(d+ex) - titanh~! 2a+(b-2ic) tan(d-+ex)—ib
2e \/a +btan(d+ex)+c tan(d+ex) N 2(2c tan(d+ex)—3b)+/a+b tan(d+ex)+c tan®(d+ex) 2\/a—ib—cm
¢ c Va—ib—c

8e

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~4/Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] (((-4*I)*ArcTanh[(2*a - Ixb + (b - (2xI)*c)*Tan[d + exx])/(2xSqrt[a - I*b -
cl*Sqrtla + b*Tan[d + e*x] + cxTan[d + e*x]~2]1)])/Sqrtla - I*b - c] + ((4%
D xArcTanh[(2*a + Ixb + (b + (2xI)*c)*Tan[d + e*x])/(2*Sqrt[a + I*b - c]*Sq
rt[a + bxTan[d + e*xx] + cxTan[d + exx]~2])])/Sqrtla + I*b - c] + ((3*b~2 -
4xck(a + 2%c))*ArcTanh[(b + 2*cxTan[d + exx])/(2xSqrt[c]*Sqrt[a + bxTan[d +
exx] + cxTan[d + e*xx]~2])])/c”(5/2) + (2x(-3*%b + 2*xc*Tan[d + exx])*Sqrt[a
+ b*Tan[d + e*x] + c*Tan[d + e*x]~2])/c"2)/(8%*e)

Maple [B] time = 0.305, size = 7491919, normalized size = 15135.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "4/ (a+b*tan(e*x+d)+c*tan(exx+d)~2)"(1/2),x)
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[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~4/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="

maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~4/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan* (d + ex)

dx
f \/a +btan (d + ex) + ctan® (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**4/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + exx)**4/sqrt(a + bxtan(d + exx) + ckxtan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~4/(at+b*tan(e*xx+d)+c*tan(e*xx+d)~2)~(1/2),x, algorithm="
giac")

[Out] Exception raised: TypeError
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tan®(d+ex)

3.12 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=383

~Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/5\/—Va2—2ac+b2+cz+u—c\/a+b tan(d+ex)+c tan?(d-+ex)
+
V2eVa2 - 2ac + b2 + 2

\/\/az—Zac+b2+c2+a

\/—\/a2 —2ac+b2+c2+a —ctanh_l(

[Out] -((Sgrtla - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 +

b~2 - 2%axc + c¢”2] + b*Tan[d + e*xx])/(Sqrt[2]*Sqrtl[a - ¢ - Sqrt[a”2 + b~2 -
2%axc + c¢"2]]xSqrt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])])/(Sqrt[2]*Sqrt

[a”2 + b72 - 2%axc + c"2]*e)) + (Sqgrtla - ¢ + Sqrt[a”™2 + b™2 - 2*a*c + c~2]
I*ArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2xa*c + c¢”2] + b*Tan[d + ex*x])/(Sqrt([2]
xSqrt[a - ¢ + Sqrt[a™2 + b~2 - 2%axc + c”2]]*Sqrtla + b*Tan[d + e*x] + cxTa

nld + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2xa*c + c"2]*e) - (b*ArcTanh[(b

+ 2xcxTan[d + exx])/(2+Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])
1)/(2%c™(3/2)*e) + Sqrtla + b*Tan[d + e*x] + c*Tan[d + exx]~2]/(c*e)

Rubi [A] time = 0.730736, antiderivative size = 383, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 8, integrand size = 33, number of rules

= 0.242, Rules used = {3700, 6725, 640, 621, 206, 1036, 1030, 208}

integrand size

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
ﬁ\/—VqZ—Zac+b2+c2+a—c\/u+b tan(d+ex)+c tan?(d+ex)
+
V2evVa? = 2ac + b2 + 2

\/—\/aZ—Zac+b2+c2+a—ctanh_1 \/\/az—Zac+b2+c2+a

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~3/Sqrtl[a + b*Tan[d + exx] + c*Tan[d + exx]~2],x]

[Out] -((Sgrtl[a - ¢ - Sqrt[a”2 + b~2 - 2*a*c + c"2]]*ArcTanh[(a - ¢ - Sqrt[a™2 +

b~2 - 2%axc + c”2] + b*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b~2 -
2xaxc + c”2]1*Sqrt[a + bxTan[d + e*x] + c*Tan[d + ex*x]~2])])/(Sqrt[2]*Sqrt

[a”2 + D72 - 2xa*xc + c"2]*e)) + (Sqrtla - c + Sqrt[a”™2 + b™2 - 2%axc + c~2]
IxArcTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2xa*c + c~2] + b*Tan[d + ex*x])/(Sqrt([2]
xSqrtfa - ¢ + Sqrt[a™2 + b2 - 2*xaxc + c"2]]*Sqrt[a + b*Tan[d + e*x] + c*Ta

n[d + exx]~2]1)]1)/(Sqrt[2]1*Sqrt[a~2 + b~2 - 2xaxc + c"2]*e) - (b*ArcTanh[(b

+ 2xcxTan[d + exx])/(2xSqrt[c]*Sqrt[a + bxTan[d + exx] + c*Tan[d + exx]"2])
1)/(2%c~(3/2)*e) + Sqrtla + b*Tan[d + e*x] + c*Tan[d + exx]~2]/(cx*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n))"p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]



80

Rule 640

Int[((d_.) + (e_.)*(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + c*x"2)"(p + 1))/ (2*cx(p + 1)), x] + Dist[(2*c*d - b
xe)/(2%c), Int[(a + b¥x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, p}, xI]
&& NeQ[2xc*d - bxe, 0] && NeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*(x_)72]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*e”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g) + (h_)*(x ))/(((a_) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2%axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx~2, x], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps



81

Subst ( f (L dx, x, tan(d + ex))

tan®(d + ex) p 1+x2) Va+bx-+cx?
X =
\/a + btan(d + ex) + ctan®(d + ex) ¢
X X
Subst (f (m - (1+xz)m) ax, x, tan(d + ex))

e

X

N . x
B Subst (f Waem dx,x,tan(d + ex)) Subst (f (1+x2)m dx, x

e e

1
\/a +btan(d + ex) + ctan®(d + ex) bSubst (f N dx, x, tan(

ce 2ce
1 b+2¢
b Subst dx, x,
\/a + btan(d + ex) + ctan®(d + ex) (f do-x? Ja+btan(d

ce ce

a—c—Va?2+b%2-2ac+c2+b tan(c
ﬁ\/a—c—\/u2+b2—2ac+c2\la+b tan(d+e
\V2Va2 + b2 = 2ac + c2e

\/a—c—\/az +b2—2ac+cztanh_l[

Mathematica [C] time = 0.842272, size = 252, normalized size = 0.66

-1 b+2c tan(d+ex) -1 2a+(b-2ic) tan(d+ex)—ib -1 2a+(b
btanh 2 tanh tanh | —————
Z\E\/[Hh tan(d+ex)+c tanz(d+ex) 2\/ﬂ+b tan(d+ex)+c tan”(d+ex) 2\/11—ib—u/a+b tan(d+ex)+c tanz(d+ex) 2\/a+ib—C\/;
32 + + =
c c Va-ib—c Ve
2e

Antiderivative was successfully verified.

[In] Integrate[Tan[d + e*x]~3/Sqrtl[a + b*Tan[d + exx] + cxTan[d + exx]~2],x]

[Out] (ArcTanh[(2*xa - I*b + (b - (2*%I)*c)*Tan[d + e*xx])/(2*Sqrtla - I*b - c]*Sqrt
[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])]/Sqrtla - I*b - c] + ArcTanh[(2*a

+ Ixb + (b + (2%I)*c)*Tan[d + e*xx])/(2*Sqrtla + I*b - c]*Sqrtl[a + bxTan[d +

exx] + cxTan[d + exx]"2])]/Sqrt[a + I*b - c] - (b*ArcTanh[(b + 2*c*Tan[d +
exx])/(2xSqrt [c]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]72])]1)/c”(3/2) +
(2xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2])/c)/(2xe)

Maple [B] time = 0.329, size = 9581048, normalized size = 25015.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "3/ (at+b*tan(e*x+d)+c*xtan(exx+d)~2)~(1/2),x)

[Out] result too large to display
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Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3 i

\/ctan(ex+d)2 +btan(ex+d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

maxima"

[Out] integrate(tan(e*x + d)~3/sqrt(c*tan(e*x + d)~2 + bxtan(exx + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

dx
f Va +btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(a+b*tan(e*x+d)+cktan(exx+d)**2)**x(1/2),x)

[Out] Integral(tan(d + exx)**3/sqrt(a + b*xtan(d + e*xx) + c*tan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
giac")

[Out] Exception raised: TypeError
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tan?(d+ex)

3.13 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=352

b—(—\/az—Zuc+b2+cz+u—c) tan(d+ex)

\/\/a2—2a0+b2+c2+a-

\/—\/az —2ac+ b +c2+a—ctan’!
\/E\/— az—Zac+b2+c2+a—c\/u+b tan(d+ex)+c tan?(d+ex)

\V2eVa? - 2ac + b2 + 2

[Out] -((Sqrtla - ¢ - Sqrt[a™2 + b~2 - 2xaxc + c"2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b72 - 2%axc + c72])*Tan[d + ex*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b™2
- 2xa*xc + c”2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqr
t[a™2 + b72 - 2%axc + c"2]*e)) + (Sqrtla - c + Sqrt[a”2 + b2 - 2%axc + c~2
11*ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b~2 - 2*a*c + c”2])*Tan[d + e*x])/(Sqrt[
2]xSqrtla - ¢ + Sqrt[a™2 + b2 - 2xaxc + c"2]]*Sqrt[a + b*Tan[d + e*x] + cx
Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a”2 + b2 - 2%a*c + c~2]xe) + ArcTanh[(b +
2xc*Tan[d + exx])/(2xSqrt[c]l*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2])]
/(Sqrt [c]*e)

Rubi [A] time = 0.372933, antiderivative size = 352, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 33, e

0.212, Rules used = {3700, 1079, 621, 206, 987, 1030, 205}

integrand size

b—(—\/az—Zac+b2+cz+a—c) tan(d+ex)

\/—\/a2—2ac+bz+cz+a—ctan_1 \/\/az—Zac+b2+cz+a-

\/E\/— az—Zac+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d+ex)
\V2evVa? - 2ac + b2 + 2

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx]~2/Sqrtl[a + b*Tan[d + exx] + c*xTan[d + exx]~2],x]

[Out] -((Sgrtl[a - ¢ - Sqrt[a”2 + b~2 - 2xa*c + c"2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b"2 - 2%axc + c”2])*Tan[d + ex*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b~2
- 2%axc + c”2]]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqr
t[a™2 + b72 - 2%axc + c"2]*e)) + (Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2%axc + c~2
11*ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b2 - 2*axc + c”2])*Tan[d + ex*xx])/(Sqrt[
2]*Sqrtla - ¢ + Sqrt[a”2 + b™2 - 2*axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + cx
Tan[d + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2*a*c + c"2]*e) + ArcTanh[(b +
2xc*xTan[d + ex*xx])/(2xSqrt[cl*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])]
/(Sqrt [c]*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (@_.) + (c_)*x((f_.)*xtanl[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1079

Int[(CA_.) + (C_.)*(x_)"2)/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)x(x_) +
(f_.)*(x_)"2]), x_Symbol] :> Dist[C/c, Int[1/Sqrtl[d + e*x + fxx~2], x], x]
+ Dist[(Axc - a*C)/c, Int[1/((a + c*x"2)*Sqrt[d + e*x + f*x~2]1), x], x] /;
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FreeQ[{a, c, d, e, £, A, C}, x] && NeQ[e"2 - 4xdxf, 0]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 987

Int[1/(((a_.) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (£_.)*(x_)"2]), x_8
ymbol] :> With[{q = Rt[(cxd - a*xf)~2 + axc*xe”2, 2]}, Dist[1/(2*q), Int[(cxd
- axf + q + cxexx)/((a + c*x”2)*Sqrt[d + e*xx + f*x72]), x], x] - Dist[1/(2
xq), Int[(cxd - axf - q + c*xexx)/((a + c*xx"2)*Sqrt[d + exx + £*xx72]), x], x
11 /; FreeQ[{a, c, 4, e, £}, x] && NeQ[e™2 - 4xd*xf, 0] && NegQ[-(axc)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*x(x_)72]), x_Symbol] :> Dist[-2xa*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx~2, x], x], x, Simp[a*h - gkc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQla*h™2%e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]1)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps

xz
Subst (f W dx, X, tan(d + CX))

e

tan?(d + ex)
dx =

\/a + btan(d + ex) + ctan?(d + ex)

1

1 Subst | | ————=dx, x, ta
) Subst (f — dx, x, tan(d + ex)) f (1+22)Vatbrre?
= . .
1 b+2c tan(d+ex) —e—\a2+p2-24¢
2 Subst dx, x, Subst | [ Yartr e
[f do-x? \/u+btan(d+ex)+ctanz(d+ex)] s f (1+x2)\/a+bx
e 2Va? + b2
tanh ™! bi2ctan(dte) (b (a —c— Va2 + b2 -2ac+ cz)) S
2\/5\/11+b tan(d+ex)+c tanz(d+ex)

+Jce

h—(u—c—\/ a2+b2—2ac+c2) tan(d+ex)

\/a—c—\/a2+b2—2ac+cztan_l[

\/E\/a—c—\/u2+b2—2ac+c2w/a+b tan(d+ex)+ct

V2Va2 + b2 = 2ac + c2e
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Mathematica [C] time = 0.182759, size = 228, normalized size = 0.65

. -1 2a+(b-2ic) tan(d+ex)—ib . -1 2a+(b+2ic) tan(d+ex)+ib -1 b+2c tan(d+ex)
itanh itanh tanh
2\/u—ih—c\/u+b tan(d+ex)+c tanz(d+ex) 2\/a+ib—c\/rz+b tan(d+ex)+c tanz(d+ex) 2\ﬁ\/ﬂ+b tan(d+ex)+c tanz(d+ex)
2Va—-ib—c 2Va+ib—c Ve
e

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~2/Sqrtl[a + bxTan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] (((I/2)*ArcTanh[(2*a - Ixb + (b - (2*I)*c)*Tan[d + e*x])/(2%Sqrt[a - Ixb -
cl*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2])]1)/Sqrtla - I*b - c] - ((I/2
)*¥ArcTanh[(2*a + I*b + (b + (2*I)*c)*Tan[d + exx])/(2+Sqrt[a + I*b - c]l*Sqr

tla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/Sqrtla + Ixb - c] + ArcTanh[(b

+ 2%c*xTan[d + e*xx])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])
1/8qrtlcl)/e

Maple [B] time = 0.336, size = 7491708, normalized size = 21283.3

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "2/ (a+b*tan(e*x+d)+c*tan(e*xx+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)2 i

\/ctan(ex+d)2 +btan(ex+d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~2/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
maxima"

[Out] integrate(tan(exx + d)~2/sqrt(cxtan(exx + d)72 + bxtan(e*x + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~2/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

tan? (d + ex)

dx
f \/a + btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**2/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + exx)**2/sqrt(a + bxtan(d + e*xx) + c*tan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 2/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

giac")

[Out] Exception raised: TypeError
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3 14 f tan(d+ex) dx

\/a+b tan(d+ex)+c tanz(d+ex)

Optimal. Leaf size=294

~Va2-2ac+b?+c2+a+b tan(d+ex)—c
\/5\/—Va2—2uc+b2+cz+u—c\/a+b tan(d+ex)+c tanz(d+ex)
V2eVa? = 2ac + b2 + 2

\/\/a2—2a0+b2+cz+a—

\/—\/az —2ac+b2+c2+a —ctanh_l(

[Out] (Sqrtla - ¢ - Sqrt[a™2 + b~2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~
2 - 2%axc + c¢”2] + b*Tan[d + e*x])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2

xaxc + c¢"2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqrt[a

2 + b72 - 2%axc + c"2]xe) - (Sqrtla - ¢ + Sqrt[a”2 + b72 - 2*axc + c”2]]*A
rcTanh[(a - ¢ + Sqrt[a”™2 + b™2 - 2%a*xc + c~2] + bxTan[d + ex*x])/(Sqrt[2]*Sq

rtla - ¢ + Sqrt[a”2 + b™2 - 2%a*xc + c~2]]*Sqrt[a + bxTan[d + exx] + cxTan[d

+ exx]72])])/(Sqrt[2]*Sqrt[a”2 + b™2 - 2%axc + c”~2]xe)

Rubi [A] time = 0.285837, antiderivative size = 294, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 31, e e -

0.129, Rules used = {3700, 1036, 1030, 208}

integrand size

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—Vuz—Zuc+b2+c2+u—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa? = 2ac + b2 + 2

\/—\/512—2L1c+bz+cz+a—ctanh_1 \/\/az—Zac+b2+c2+a—

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]/Sqrtl[a + bxTan[d + exx] + c*Tan[d + exx]~2],x]

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTanh[(a - ¢ - Sqrt[a™2 + b~
2 - 2%axc + c¢”2] + b*Tan[d + e*xx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2

xaxc + c”2]]1*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a

T2 + b72 - 2%axc + c"2]*xe) - (Sqrtla - ¢ + Sqrt[a”2 + b2 - 2%axc + c”2]]*A
rcTanh[(a - ¢ + Sqrt[a”2 + b™2 - 2%a*c + c~2] + bxTan[d + e*x])/(Sqrt[2]*Sq

rtla - ¢ + Sqrt[a™2 + b~2 - 2%axc + c”2]]*Sqrtla + b*Tan[d + e*x] + cxTanl[d

+ exx]72])]1)/(Sqrt[2]*Sqrt[a”2 + b~2 - 2xa*c + c~2]*e)

Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)*(x_)"2]), x_Symbol] :> With[{q = Rt[(c*d - axf)~2 + a*xc*xe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]
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Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simplaxh - gkxc*x, x]/Sqrtld + exx + f*xx~2]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQ[axh™2*e + 2xgxh*(c*d - axf) - g~ 2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

tan(d + ex) e Subst (f (— dx, x, tan(d + ex))

\/a + btan(d + ex) + c tan®(d + ex)

1+x2)\/u+bx+cx2
e
Sub —b+(a—c—m)x p i Sub —b+(a—c+‘
ubst f RGN ewvec x, x, tan(d + ex) ubst f e
= - +
2Va2 + b2 — 2ac + c2e 2Vs
(b (a—c—\/az +b2—2ac+c2)) Subst [f ! dx, x

—Zb(u—c—\/ a2+b2—2ac+c2)+bx2

Va2 + b2 - 2ac + c2e

a—c—Va2+b2-2ac+c2+b tan(d+ex)

\/a—c—\/a2 +b2—2ac+cztanh_1[

ﬁ\/a—c—\/u2+b2—2ac+czyla+b tan(d+ex)+ct

\V2Va2 + b2 - 2ac + c2e

Mathematica [C] time = 0.0930891, size = 173, normalized size = 0.59

tanh_l 2a+(b-2ic) tan(d+ex)—ib tanh_l 2a+(b+2ic) tan(d+ex)+ib
ZVa—ib—c\/tHb tan(d+ex)+c tanz(d+ex) 2\/u+ib—c\/a+b tan(d+ex)+c tanz(d+ex)
2vVa-ib—c 2Va+ib—c

e
Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]/Sqrt[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] (-ArcTanh[(2*a - Ixb + (b - (2*I)*c)*Tan[d + e*x])/(2%Sqrt[a - Ixb - c]*Sqr
tla + bxTan[d + exx] + c*Tan[d + exx]~2])]/(2*Sqrt[a - I*b - c]) - ArcTanh[

(2%a + I*b + (b + (2%xI)*c)*Tan[d + exx])/(2xSqrtla + I*b - c]*Sqrtl[a + b*Ta

nld + exx] + cxTan[d + exx]~2])]/(2xSqrtla + I*b - c]))/e

Maple [B] time = 0.326, size = 9338488, normalized size = 31763.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(a+bxtan(exx+d)+cxtan(exx+d)~2)~(1/2),x)
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[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d)+c*xtan(e*x+d)~2)~(1/2),x, algorithm="ma
xima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex)

dx
f \/a +btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*xx+d)+ckxtan(e*xx+d)**2)**(1/2),x)

[Out] Integral(tan(d + exx)/sqrt(a + b*tan(d + e*x) + c*tan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(a+b*tan(e*x+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="gi
ac n)

[Out] Exception raised: TypeError
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315 [ : dx

\/a+b tan(d+ex)+c tanz(d+ex)

Optimal. Leaf size=298

b—(—\/ a2—2ac+b2+c2+a—c) tan(d+ex)

\/E\/—Vaz—Zac+h2+c2+a—c\/a+b tan(d+ex)+c tan®(d+ex)
\V2eVa? - 2ac + b2 + 2 3

\/—\/a2—2ac+b2 + 2 +a—ctan_1[ \/\/az —2ac+ b2 +c2+a—cte

[Out] (Sgrtla - ¢ - Sqrt[a”™2 + b™2 - 2*a*c + c~2]]*ArcTan[(b - (a - ¢ - Sqrt[a”2
+ b72 - 2%axc + c¢”2])*Tan[d + exx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a”2 + b2 -
2xaxc + c”2]]xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[

a”2 + b72 - 2xa*xc + c"2]*e) - (Sqrtla - ¢ + Sqrt[a™2 + b~2 - 2%a*xc + c"2]]*
ArcTan[(b - (a - ¢ + Sqrt[a™2 + b~2 - 2*a*c + c~2])*Tan[d + ex*x])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2*axc + c”2]]*Sqrt[a + b*Tan[d + e*xx] + c*Tan

[d + exx]~2])]1)/(Sqrt[2]*Sqrt[a™2 + b~2 - 2*a*xc + c~2]*e)

Rubi [A] time = 0.311157, antiderivative size = 298, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 3, integrand size = 24, e -

0.125, Rules used = {987, 1030, 205}

integrand size

b—(—\/ a2—2uc+b2+c2+a—c) tan(d+ex)

\/E\/—Vu2—2a6+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa? — 2ac + b2 + 2 Ve

\/—\/az—Zac+b2 +2+a-ctan”! Va2 —2ac+ b2 +c2 +a—-cte

Antiderivative was successfully verified.

[In] Int[1/Sqrtla + b*Tan[d + e*x] + c*Tan[d + e*xx]~2],x]

[Out] (Sqrtla - ¢ - Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTan[(b - (a - ¢ - Sqrt[a~2
+ b2 - 2%axc + c”2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b~2 -

2%¥axc + c¢2]]xSqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqrt[

a"2 + b72 - 2xa*xc + c"2]*e) - (Sqrtl[a - ¢ + Sqrt[a”2 + b72 - 2%akxc + c"2]]x
ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b~2 - 2*a*xc + c~2])*Tan[d + ex*x])/(Sqrt[2]*
Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2*axc + c~2]]x*Sqrt[a + b*Tan[d + e*xx] + c*Tan

[d + exx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2xa*xc + c~2]*e)

Rule 987

Int[1/(((a_.) + (c_.)*x(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (f_.)*x(x_)"2]), x_S
ymbol] :> With[{q = Rt[(cxd - a*xf)~2 + axc*xe”2, 2]}, Dist[1/(2*q), Int[(cxd
- axf + q + cxexx)/((a + c*x"2)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2
xq), Int[(cxd - a*xf - q + c*xexx)/((a + c*xx"2)*Sqrt[d + exx + £*x72]), x], x
11 /; FreeQ{a, c, d, e, £}, x] && NeQ[e™2 - 4xd*f, 0] && NegQ[-(a*xc)]

Rule 1030

Int[((g) + (h_)*(x))/(((a_) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, x], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, f, g, h}, x] && EqQlaxh™2*e + 2%gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 205



91

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

1

1 Subst (f (1+x2)\/11+bx+cx2

dx, x, tan(d + ex))
dx =

\/a + btan(d + ex) + ctan®(d + ex) ¢

a—c—Va?2+b%2-2ac+c?+bx a—c+ Va2

) Subst (f (e Vst dx, x, tan(d + ex)) ) Subst (f ()

2va? + b2 — 2ac + c2e 2Va

(b (a —c—Va2 + b2 -2ac + cz)) Subst f ! dx,.
Zb(a—c—Vu2+b2—2ac+c2)+bx2

Va2 + b2 - 2ac + c2e

b—(a—c— vV a2+b2—2ac+c2) tan(d+e

\/E\/a—c—\/u2+b2—2ac+czy [a+b tan(d+ex)+

V2Va2 + b2 - 2ac + c2e

\/a—c—\/a2+b2—2ac+cztan_1[

Mathematica [C] time = 0.12303, size = 173, normalized size = 0.58

-1 2a+(b—2ic) tan(d+ex)—ib -1 2a+(b+2ic) tan(d+ex)+ib
tanh tanh
. ZVa—ib—c\/uH; tan(d+ex)+c tanz(d+ex) 2\/a+ib—c\/a+b tan(d+ex)+c tan2(d+ex)
Z —-—
Va-ib—c Va+ib—c
2e

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + bxTan[d + exx] + c*Tan[d + ex*xx]~2],x]

[Out] ((-I/2)*(ArcTanh[(2*a - Ixb + (b - (2%I)*c)*Tan[d + exx])/(2xSqrt[a - I*b -
cl*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]"2])]/Sqrtla - I*b - c] - ArcTa
nh[(2*%a + Ixb + (b + (2xI)*c)*Tan[d + e*x])/(2*Sqrt[a + I*b - c]*Sqrtla + b
*Tan[d + exx] + cxTan[d + exx]~"2])]/Sqrtl[a + I*b - cl))/e

Maple [B] time = 0.368, size = 7300213, normalized size = 24497 .4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+bx*tan(e*xx+d)+cxtan(e*xx+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError



Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(a+b*tan(exx+d)+cxtan(exx+d)~2)~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*tan(exx+d)+cxtan(exx+d)~2)7(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

1

dx
f Va +btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*tan(exx+d)+c*tan(exx+d)**2)**(1/2),x)

[Out] Integral(l/sqrt(a + bxtan(d + exx) + cxtan(d + e*xx)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

1
dx

\/ctan (ex +d)* + btan (ex + d) + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*tan(exx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="giac")

[Out] integrate(l/sqrt(cxtan(exx + d)~2 + bxtan(e*x + d) + a), x)
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316 f cot(d+ex) dx

\/a+b tan(d+ex)+c tanz(d+ex)

Optimal. Leaf size=350

~Va2-2ac+b?+c%+a+b tan(d+ex)—c
\/E\/—Va2—2a6+b2+cz+a—c\/a+b tan(d+ex)+c tan? (d+ex)
+
V2evVa? = 2ac + b2 + 2

\/\/a2—2a0+b2+c2+a

\/—\/az —2ac+b2+c2+a —ctanh_l(

[Out] -(ArcTanh[(2*a + b*Tan[d + ex*x])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*x] + c*Tan
[d + exx]"2])]1/(Sqrtlal*e)) - (Sgrtla - ¢ - Sqrt[a™2 + b~2 - 2*a*xc + c¢~2]]x
ArcTanh[(a - ¢ - Sqrt[a”™2 + b™2 - 2%a*xc + c”2] + b*Tan[d + ex*x])/(Sqrt[2]*S

grtla - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c"2]]*Sqrt[a + bxTan[d + exx] + c*xTan[

d + exx]72])]1)/(Sqrt[2]*Sqrt[a”2 + b™2 - 2xa*xc + c”2]*e) + (Sqrtla - ¢ + Sq
rt[a”2 + b"2 - 2*axc + c”2]]*ArcTanh[(a - ¢ + Sqrt[a”™2 + b2 - 2xaxc + c~2]

+ b*Tan[d + exx])/(Sqrt[2]*Sqrt[a - ¢ + Sqrt[a”2 + b2 - 2%a*c + c~2]]*Sqr

tla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqrt[a™2 + b™2 - 2*axc

+ c"2]x*e)

Rubi [A] time = 0.701057, antiderivative size = 350, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 7, integrand size = 31, e e e

= 0.226, Rules used = {3700, 6725, 724, 206, 1036, 1030, 208}

integrand size

~Va2-2ac+b?+c%+a+b tan(d+ex)—c
\/E\/—Va2—2a0+b2+cz+a—c\/a+b tan(d+ex)+c tan? (d+ex)
+
V2eVa? — 2ac + b2 + 2

\/—\/a2—2ac+b2+cz+a—ctanh_1 \/\/az—Zac+b2+c2+a

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]/Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + ex*x]~2],x]

[Out] -(ArcTanh[(2*a + b*Tan[d + ex*x])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*x] + c*Tan
[d + exx]"2])]1/(Sqrt[al*e)) - (Sqrt[a - ¢ - Sqrtl[a™2 + b™2 - 2*xaxc + c"2]]x*
ArcTanh[(a - ¢ - Sqrt[a”2 + b2 - 2xa*c + c¢”2] + bxTan[d + exx])/(Sqrt[2]*S

grtla - ¢ - Sqrt[a™2 + b™2 - 2xa*xc + c~2]]*Sqrt[a + bxTan[d + exx] + c*xTan[

d + exx]72])]1)/(Sqrt[2]*Sqrt[a”2 + b2 - 2*a*xc + c”2]xe) + (Sqrtla - ¢ + Sq
rt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(a - ¢ + Sqrt[a™2 + b2 - 2%xaxc + c~2]

+ bxTan[d + e*xx])/(Sqrt[2]*Sqrtla - ¢ + Sqrt[a”2 + b~2 - 2*a*xc + c~2]]1*Sqr
t[la + b*Tan[d + e*x] + c*Tan[d + e*xx]~2])])/(Sqrt[2]*Sqrt[a”2 + b™2 - 2*ax*c

+ c72] *e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n))"p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]
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Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
*x"2)*3Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*x(x_)72]), x_Symbol] :> Dist[-2xa*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax*
exx”2, x], x], x, Simp[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQla*h™2*e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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1
COt(d + ex) i Subst (f x(1+xz)\/a+bx+cx2 dx’ Y tan(d * ex))
X =
\/a + btan(d + ex) + ctan®(d + ex) ¢
1 X
Subst (f(xm - (1+x2)m) dx, x, tan(d + ex))

e

1 — L dx,
B Subst (f e dx, x, tan(d + ex)) Subst (f (1+22)Varbrrex? o,

e e

—b+{a—c—
2 Subst ( f 4;){2 dx, x, 2a+b tan(d+ex) ) Subst ( f (

\/a+b tan(d-+ex)+c tan®(d-+ex) (1+X2
+
e 2\/;

tanh™* 2+b tan(d+ex) (b (u —c—Va2 + b2 - 2ac + ¢
2\/5\/a+b tan(d+ex)+c tanz(d+ex)

+ae

tanh ™ 2a+btan(d+ex) \/ a—c—Va2 + b —2ac + ¢
2\/5\/a+b tan(d+ex)+c tan?(d+ex)

Vae )

Mathematica [C] time = 0.244513, size = 223, normalized size = 0.64

2 tanh_l 2a+b tan(d+ex) tanh_l 2a+(b-2ic) tan(d+ex)—ib tanh_l 2a+(b+2ic) tan(d+ex)+ib
Zﬁ\/tﬁh tan(d+ex)+c tanz(d+ex) ZVa—ib—C\/a+b tan(d+ex)+c tanz(d+ex) 2Vﬂ+ib—C\/ﬂ+b tan(d+ex)+c tanz(d+ex)
\/Z Va—ib—c Va+ib—c
2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]/Sqrt[a + b*Tan[d + e*xx] + cxTan[d + exx]~2],x]

[Out] ((-2%ArcTanh[(2*a + bxTan[d + exx])/(2xSqrt[al*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + exx]~2])])/Sqrtl[al + ArcTanh[(2*a - I*b + (b - (2xI)*c)*Tan[d + ex*x
1)/(2*xSqrtla - I*b - c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])]/Sqrt[

a - Ixb - c] + ArcTanh[(2*a + Ixb + (b + (2*I)*c)*Tan[d + exx])/(2+Sqrt[a +

I¥b - c]*Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]/Sqrtl[a + I*b - c])/

(2xe)

Maple [C] time = 1.877, size = 28513, normalized size = 81.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(a+bxtan(exx+d)+cxtan(exx+d)~2)~(1/2),x)

[Out] result too large to display
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Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d) i

\/ctan(ex+al)2 +btan(ex+d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="ma
xima")

[Out] integrate(cot(exx + d)/sqrt(c*tan(e*xx + d)~2 + bxtan(exx + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f cot (d + ex)
\/a +btan (d + ex) + ctan® (d + ex)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(cot(d + exx)/sqrt(a + bxtan(d + e*xx) + cktan(d + exx)*x2), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d)+c*xtan(e*xx+d)~2)~(1/2),x, algorithm="gi
aC"

[Out] Timed out
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cot?(d+ex)

3.17 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=395

b—(—VaZ—Zac+b2+cz+a—c) tan(d+ex)
\/E\/—VaZ—Zac+b2+cz+a—c\/a+b tan(d+ex)+c tan?(d-+ex)
+
V2eVa? — 2ac + b2 + 2

Va2 -2ac+ b +c2+a-

\/—\/aZ—Zac+b2 +c2 +a—ctan_1(

[Out] -((Sgrtla - ¢ - Sqrt[a™2 + b™2 - 2xa*c + c~2]]*ArcTan[(b - (a - ¢ - Sqrt[a”
2 + b72 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a”2 + b~2

- 2xaxc + c"2]]1*Sqrt[a + bxTan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*Sqr
t[a”™2 + b72 - 2%axc + c"2]*e)) + (Sgrtla - ¢ + Sqrt[a”™2 + b72 - 2%a*xc + c”2
]1*ArcTan[(b - (a - ¢ + Sqrt[a”™2 + b~2 - 2*axc + c”2])*Tan[d + e*xx])/(Sqrt[
2]*Sqrtla - ¢ + Sqrt[a”™2 + b™2 - 2*axc + c~2]]xSqrt[a + b*Tan[d + e*xx] + cx
Tan[d + e*xx]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2%a*xc + c"2]*e) + (b*ArcTanh[(

2*%a + bxTan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2
1)1)/(2xa~(3/2)*e) - (Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]

~21)/ (axe)

Rubi [A] time = 0.764539, antiderivative size = 395, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 8, integrand size = 33, pumber of rules

= 0.242, Rules used = {3700, 6725, 730, 724, 206, 987, 1030, 205}
b—(—\/az—Zac+b2+c2+a—c) tan(d+ex)

\/5\/—Va2—2ac+b2+cz+a—c\/a+b tan(d+ex)+c tanz(d+ex)
+
\V2eVa? = 2ac + b2 + 2

integrand size

Va2 —2ac+ b2+ +a-

\/—\/a2—2ac+b2 +2+a-ctan’!

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~2/Sqrtl[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2],x]

[Out] -((Sqrtla - ¢ - Sqrt[a”2 + b~2 - 2xaxc + c¢"2]]*ArcTan[(b - (a - ¢ - Sqgrt[a”
2 + b™2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[a - ¢ - Sqrt[a™2 + b~2

- 2xa*xc + c¢”2]]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqr
t[a™2 + b72 - 2%axc + c"2]*e)) + (Sqrtla - c + Sqrt[a”™2 + b2 - 2%axc + c~2
11*ArcTan[(b - (a - ¢ + Sqrt[a™2 + b~2 - 2*a*xc + c~2])*Tan[d + exx])/(Sqrt[
2]*Sqrtfa - ¢ + Sqrt[a™2 + b™2 - 2%axc + c"2]]*Sqrt[a + b*Tan[d + exx] + cx
Tan[d + e*x]~2])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2%a*c + c~2]xe) + (b*ArcTanh[(

2%a + bxTan[d + exx])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2

11/ (2xa~(3/2)*e) - (Cot[d + exx]*Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + ex*x]

~21)/ (axe)

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*x((f_D)*tan[(d_.) + (e_)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f)"m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
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[n, 0]

Rule 730

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x) + (c_)*x)D)"2)"(p_), x_8S
ymbol] :> Simp[(ex(d + exx)"(m + 1)*(a + b*x + cxx"2)7(p + 1))/((m + 1)*(cx*
d"2 - bxd*e + axe”2)), x] + Dist[(2*c*d - bxe)/(2*x(c*xd"2 - bxd*e + a*e”2)),
Int[(d + exx)"(m + 1)*(a + b*x + cxx~2)7p, x], x] /; FreeQ[{a, b, c, d, e,
m, p}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[cxd™2 - b*xdxe + axe”2, 0] && NeQ[2
xcxd - bxe, 0] && EqQ[m + 2xp + 3, 0]

Rule 724

Int[1/(C(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
*akxe - b¥d - (2%cxd - bke)*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bx*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 987

Int[1/(((a_.) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f_.)*(x_)"2]), x_S
ymbol] :> With[{q = Rt[(cxd - axf)~2 + axc*e”2, 2]}, Dist[1/(2*q), Int[(cxd
- axf + q + cxexx)/((a + c*x72)*Sqrt[d + e*xx + f*x~2]), x], x] - Dist[1/(2
xq), Int[(cxd - axf - q + c*xexx)/((a + cxx"2)*Sqrt[d + exx + f*xx72]), x], x
11 /; FreeQl[{a, c, 4, e, £}, x] && NeQ[e”2 - 4xd*xf, 0] && NegQ[-(axc)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)xSqrt[(d_.) + (e_.)*x(x_) + (f
_)*x(x_)72]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx”2, x], x], x, Simp[a*h - gkc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQla*h™2%e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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\/a + btan(d + ex) + ctan®(d + ex)

dx
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1
Subst (f x2(1+x2)\/u+bx+cx2

e

dx, x, tan(d + ex))

1

1
Subst (f(xzm + (-1-22)Va+bx+cx?

) dx, x, tan(d + ex))

e

1 Subst [ [ ————d

_ Subst (f N dx, x, tan(d+ex)) X ubs (f R e 3
e e

1
cot(d + ex)+/a + btan(d + ex) + c tan®(d + ex) bSubst (f Notber

P

ae y

4q—x2

5 b Subst f L
cot(d + ex)+/a + btan(d + ex) + c tan“(d + ex)

ae

b—(a—C—V a2+b2—2ac+c2) tan(d-

\/E\/a—c—\/a2+b2—2ac+c2‘la+h tan(d+ex)
V2Va2 + b2 - 2ac + c2e

\/a—c—\/a2+b2—2ac+c2tan_1[

Mathematica [C] time = 1.40212, size = 264, normalized size = 0.67

-1 2a+b tan(d+ex) . -1 2a+(b-2ic) tan(d+ex)—ib . -1 2a+(b+2ic) tan(d+ex)+ib
btanh itanh itanh
2\/5\/51+b tan(d+ex)+c tanz(dJrex) 2\/a—ib—c\/a+b tan(d+ex)+c tanz(dJrex) 2\/a+ib—c\/a+b tan(d+ex)+c tanz(d+ex) 2 cot(d
o Vaibc Vi<
2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]~2/Sqrtl[a + bxTan[d + exx] + c*Tan[d + exx]~2],x]

[Out] ((b*ArcTanh[(2*a + b*Tan[d + e*x])/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*xx] + c*T
an[d + e*xx]~2])])/a~(3/2) + (I*ArcTanh[(2%a - I*b + (b - (2*I)*c)*Tan[d + e
*x])/(2xSqrt[a - Ixb - cl*Sqrtla + b*Tan[d + exx] + cxTan[d + exx]~2])])/Sq
rtla - Ixb - c] - (Ix*ArcTanh[(2*a + Ixb + (b + (2*I)*c)*Tan[d + ex*x])/(2%Sq
rt[a + Ixb - c]*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/Sqrt[a + Ixb
- c] - (2%Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2])/a)/ (2%

e)

Maple [B] time = 18.206, size = 675102, normalized size = 1709.1

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) 2/ (at+b*tan(e*x+d)+c*tan(exx+d)~2)"(1/2),x)

[Out] result too large to display
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Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)2 i

\/ctan(ex+d)2 +btan(ex+d) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(1/2),x, algorithm="

maxima"

[Out] integrate(cot(e*x + d)~2/sqrt(c*tan(e*x + d)~2 + bxtan(exx + d) + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (at+bxtan(exx+d)+c*tan(e*x+d)~2)~(1/2),x, algorithm="

fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (d + ex)

dx
f Va +btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**2/(a+b*tan(e*x+d)+cktan(exx+d)**2)**x(1/2),x)

[Out] Integral(cot(d + exx)**2/sqrt(a + b*xtan(d + e*xx) + c*tan(d + e*x)**2), x)

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
giac")

[Out] Exception raised: TypeError
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cot3(d+ex)

3.18 dx

\/a+b tan(d+ex)+c tanZ(d+ex)

Optimal. Leaf size=500

~Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/5\/—Va2—2ac+b2+c2+a—c\/a+b tan(d+ex)+c tan?(d-+ex)
V2eVa2 — 2ac + b2 + 2

Va2 -2ac+ b2 +c2 +a-

\/—\/az —2ac+b2+c2+a —ctanh_l(

[Out] ArcTanh[(2*a + b*Tan[d + ex*x])/(2%Sqrt[al*Sqrt[a + b*Tan[d + e*x] + cx*Tan[d
+ exx]~2])]1/(Sqrtlal*e) - ((3*%b~2 - 4xaxc)*ArcTanh[(2%a + b*Tan[d + exx])/
(2#Sqrt[a]l*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(8xa~(5/2)%e) + (
Sqrtla - ¢ - Sqrt[a™2 + b2 - 2xa*xc + c”2]]*ArcTanh[(a - ¢ - Sqrt[a”2 + b~2
- 2%axc + c¢72] + b*Tan[d + e*xx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b72 - 2%
axc + c”2]]1*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*Sqrt[a”
2 + b™2 - 2%axc + c”2]*e) - (Sqrtla - c + Sqrt[a”2 + b2 - 2*axc + c”2]]*Ar
cTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2*a*c + c”2] + b*Tan[d + e*x])/(Sqrt[2]*Sqr
tla - ¢ + Sqrt[a™2 + b™2 - 2xa*xc + c"2]]*Sqrt[a + bxTan[d + exx] + c*Tan[d
+ exx]72])])/(Sqrt[2]*Sqrt[a”2 + b~2 - 2*xaxc + c"2]*e) + (3*bxCot[d + exx]*
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(4xa"2*xe) - (Cot[d + exx] ~2x%Sq
rt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(2*axe)

Rubi [A] time = 0.799917, antiderivative size = 500, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 9, integrand size = 33, e o e

= 0.273, Rules used = {3700, 6725, 744, 806, 724, 206, 1036, 1030, 208}

integrand size

—Va2-2ac+b2+c2+a+b tan(d+ex)—c
\/E\/—Vuz—Zac+b2+c2+u—c\/a+b tan(d+ex)+c tan?(d+ex)
V2eVa2 — 2ac + b2 + 2

\/—\/112—2ac+b2+c2+a—ctanh_1 Va2 -2ac+ b2 +c2 +a-

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~3/Sqrtl[a + b*Tan[d + e*x] + c*Tan[d + exx]~2],x]

[Out] ArcTanh[(2*a + b*Tan[d + ex*x])/(2%Sqrt[al*Sqrt[a + b*Tan[d + e*x] + cx*Tan[d
+ exx]~2])]1/(Sqrtlal*e) - ((3*b"2 - 4xaxc)*ArcTanh[(2%a + b*Tan[d + exx])/
(2#Sqrt[al*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(8xa~(5/2)%e) + (
Sqrtla - ¢ - Sqrt[a™2 + b™2 - 2*axc + c”2]]*ArcTanh[(a - ¢ - Sqrt[a™2 + b~2
- 2%axc + ¢72] + b*Tan[d + ex*xx])/(Sqrt[2]*Sqrtla - ¢ - Sqrt[a™2 + b72 - 2%
axc + c”2]]1*Sqrtla + b*Tan[d + e*x] + c*Tan[d + exx]~2])])/(Sqrt[2]*Sqrt[a”
2 + b72 - 2%axc + c”2]*e) - (Sqrtla - c + Sqrt[a”2 + b2 - 2%axc + c”2]]*Ar
cTanh[(a - ¢ + Sqrt[a™2 + b™2 - 2*a*c + c”2] + b*Tan[d + e*x])/(Sqrt[2]*Sqr
tla - ¢ + Sqrt[a™2 + b™2 - 2xaxc + c~2]]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d
+ exx]72]1)])/(Sqrt[2]1*Sqrt[a”2 + b~2 - 2*xaxc + c"2]*e) + (3*b*xCot[d + exx]*
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(4xa"2*xe) - (Cot[d + exx] 2x%Sq
rt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(2*axe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] "(m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*x((f_D)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]
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Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 744

Int[((d_.) + (e_)*(x_)) " (m )*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[(ex(d + exx)~(m + 1)*(a + b*x + c*xx"2)"(p + 1))/((m + 1)*(cx
d"2 - bkxdxe + axe”2)), x] + Dist[1/((m + 1)*(c*d"2 - bxd*e + a*xe~2)), Int[(
d + exx)"(m + 1)*Simp[ckd*(m + 1) - bxex(m + p + 2) - ckxex(m + 2*p + 3)*x,
x]x(a + b*xx + cxx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, m, p}, x] && NeQ[b~
2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*xd - bxe, 0] && Ne
Qlm, -1] && ((LtQ[m, -1] && IntQuadraticQ[a, b, c, d, e, m, p, x]) || (SumS
implerQ[m, 1] && IntegerQ[pl) || ILtQ[Simplify[m + 2*p + 3], 0])

Rule 806

Int[((d_.) + (e_.)*(x_)) " (m_)*x((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_O*(x_)72) (p_.), x_Symbol] :> -Simp[((e*f - d*g)*(d + exx)"(m + 1)*(a + b
*x + c*xx”2) " (p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*e”2)), x] - Dist[(b*(exf
+ d*g) - 2x(ckxd*f + axexg))/(2x(c*d”2 - bkxdxe + a*e”2)), Int[(d + exx) " (m
+ 1)*x(a + b*x + c*xx"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] &
& NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify([m +

2xp + 3], 0]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe — bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g) + (h_)*(x ))/(((a_) + (c_)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (£
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx~2, xJ], x], x, Simplaxh - gxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*h™2*e + 2*gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
1
Cots(d + ex) ] Subst (f W dx, x, tan(d + €X))
x =
\/a + btan(d + ex) + ctan®(d + ex) ¢

1 1 X |
3 Subst (f (x3\/u+bx+cx2  Vatbrtcr? * (1+x2)m) ax, %, tan(d + ex
B e

1 1
_ Subst (f m dx, X, tan(d + EX)) B Subst (f m dx, X, té
e e

2Subst| [ —a
cot?(d + ex)\/a + btan(d + ex) + ctan?®(d + ex) s [f 2
B +

2ae

tanh_l 2a+b tan(d+ex)
2\/5\/a+b tan(d-+ex)+c tan®(d-+ex) 3b COt(d + ex)‘\/ a+b tan(d T
= +

- \ae 4a2e

tanh ™ 20+btan(den) \/ a—c—Va? + b2 -2ac+ 2t
Zﬁ\/a+b tan(d+ex)+c tan? (d+ex)

= +
Vae \
tanh_l 2a+b tan(d+ex) (sz _ 4[1C) tanh_l 2a+
Zﬁ\/a+b tan(d+ex)+c tanz(d+ex) 2+/arja+btar

ae 8a%2¢

Mathematica [C] time = 5.38261, size = 315, normalized size = 0.63

(8a2+4ac—3b2) tanh ™! 2a+btan(d+er) 5 2 tanh"1 2a+(b—2ic) tan(d+ex)—ib
2\/5\/514—17 tan(d-+ex)+c tan?(d-+ex) + 3b COt(d+ex)\/‘1+b tan(d+ex)+c tan®(d+ex) 2 va—ib—c\/a+b tan(d-+ex)+c tan®(d-+ex)
2% 2 Ve

4e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]~3/Sqrtl[a + b*Tan[d + e*xx] + c*Tan[d + exx]~2],x]

[Out] (((8%a"2 - 3*%b~2 + 4*axc)*ArcTanh[(2*a + b*Tan[d + ex*xx])/(2*Sqrt[a]*Sqrt[a
+ bxTan[d + exx] + cxTan[d + exx]"2])]1)/(2*a~(5/2)) - (2xArcTanh[(2*a - Ixb

+ (b - (2%I)*c)*Tan[d + exx])/(2+Sqrtla - I*b - cl*Sqrt[a + b*Tan[d + ex*x]

+ c*Tan[d + e*x]72])])/Sqrtla - I*b - c] - (2xArcTanh[(2*a + I*b + (b + (2
xI)*c)*Tan[d + exx])/(2*Sqrt[a + I*b - cl*Sqrt[a + b*Tan[d + exx] + c*Tanl[d

+ exx]72])])/Sqrtla + I*¥b - c] + (3*%bxCot[d + exx]*Sqrtl[a + b*Tan[d + ex*x]

+ c*Tan[d + e*x]"2])/a"2 - (2%Cot[d + exx] 2*Sqrt[a + b*Tan[d + e*x] + cxT
anld + exx]~2])/a)/(4xe)

Maple [B] time = 45.891, size = 1981914, normalized size = 3963.8

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "3/ (a+b*tan(e*x+d)+c*tan(exx+d)~2)"(1/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="

maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(1/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (d + ex)

dx
f \/a + btan (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(1/2),x)

[Out] Integral(cot(d + e*x)**3/sqrt(a + b*tan(d + e*x) + ckxtan(d + e*x)**2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + al)3

dx

\/ctan (ex + (Jl)2 +btan(ex+d) +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(1/2),x, algorithm="
giac")

[Out] integrate(cot(e*xx + d)~3/sqrt(cxtan(e*xx + d)~2 + bxtan(exx + d) + a), x)
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tan”’ (d+ex)

3.19 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=1190

result too large to display

[Out] (3*b*ArcTanh[(b + 2*cxTan[d + exx])/(2*Sqrt[c]*Sqrt[a + bxTan[d + exx] + cx*
Tan[d + exx]72])])/(2xc™(5/2)*%e) - (Bxb*(7*b~2 - 12%a*c)*ArcTanh[(b + 2%cxT
an[d + ex*xx])/(2*Sqrt[c]l*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])])/(16%
c~(9/2)*%e) - (Sqrt[2*a - 2*c - Sqrt[a”2 + b™2 - 2*xaxc + c~2]]*Sqrt[a”2 - b~
2 - 2xaxc + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2xaxc + c"2]]*ArcTanh[(b"2 - (a
- c)x(a - ¢ + Sgrt[a™2 + b™2 - 2%axc + ¢72]) - b*(2*%a - 2%c - Sqrt[a™2 + b~
2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*xc - Sqrt[a™2 + b™2 -
2%axc + c”2]]xSqrt[a”2 - b72 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b”2 - 2*axc
+ c"2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a~2 + b~2
- 2xaxc + c72)7(3/2)*xe) + (Sqrt[2*a - 2%c + Sqrt[a™2 + b~2 - 2*axc + c~2]]
*Sqrt[a”2 - b72 - 2%a*xc + ¢”2 - (a - c)*Sqrt[a”2 + b72 - 2*a*xc + c”2]]*ArcT
anh[(b™2 - (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2xa*xc + c”2]) - bx(2%a - 2xc +
Sqrt[a”2 + b™2 - 2*axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqr
t[a™2 + b72 - 2%axc + c”2]]*Sqrt[a”2 - b"2 - 2*axc + ¢c”2 - (a - c)*Sqrt[a”2
+ b2 - 2*%a*xc + c”2]]1*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(Sqrt
[2]1*(a”2 + b™2 - 2xaxc + c72)7(3/2)*e) + (2%(2*a + b*Tan[d + e*xx]))/((b"2 -
4xaxc)*exSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2]) - (2xTan[d + exx] 2%
(2%a + b*Tan[d + e*x]))/((b™2 - 4xaxc)*exSqrtla + b*Tan[d + e*x] + cxTanl[d
+ exx]"2]) + (2*%Tan[d + e*xx]~4x(2%a + b*Tan[d + e*x]))/((b™2 - 4xaxc)*e*xSqr
tla + b*Tan[d + exx] + cxTan[d + exx]"2]) - (2*(a*x(b™2 - 2x(a - c)*c) + bx*c
x(a + c)*Tan[d + e*xx]))/((b72 + (a - c)72)*(b"2 - 4xaxc)*exSqrt[a + b*Tan[d
+ exx] + cxTan[d + exx]72]) + ((7*b~2 - 16%a*xc)*Tan[d + exx] ~2xSqrt[a + bx*
Tan[d + exx] + c*Tan[d + e*x]~2])/(3*%c™2%(b"2 - 4*axc)*e) - (2*¥bxTan[d + ex
x]73xSqrt[a + b*Tan[d + exx] + c*xTan[d + e*xx]~2])/(cx(b™2 - 4xaxc)*e) - ((3
*b~2 - 8*axc - 2xb*cxTan[d + exx])*Sqrt[a + b*Tan[d + exx] + cxTan[d + exx]
72])/(c™2%(b"2 - 4xaxc)*e) + ((105%b~4 - 460*axb”~2%c + 256%a~2%c™2 - 2*b*cx
(35%b72 - 116*axc)*Tan[d + e*x])*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]"2
1)/ (24%c™4%(b~2 - 4x*axc)x*e)

Rubi [A] time = 6.50745, antiderivative size = 1190, normalized size of antiderivative =

. . b f rul
1., number of steps used = 20, number of rules used = 12, integrand size = 33, e
integrand size

= 0.364, Rules used = {3700, 6725, 636, 738, 779, 621, 206, 832, 1018, 1036, 1030, 208}

2(2a + btan(d + ex)) tan*(d + ex) 2b ctan?(d—%ex)4—btan(d—+ex)4—ata1@(d—+ex)4_(7b2——16ac

(bz——4ac)e\/ctan2(d-+ex)4—btan(d-+ex)+—a c(bz—-4ac)e

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]"7/(a + bxTan[d + e*x] + c*Tan[d + exx]"2)~(3/2),x]

[Out] (3*b*ArcTanh[(b + 2*c*Tan[d + exx])/(2*Sqrt[cl*Sqrt[a + b*Tan[d + exx] + c*
Tan[d + exx]~2])])/(2xc™(5/2)*e) - (Bxb*(7*b~2 - 12%a*c)*ArcTanh[(b + 2%cxT
an[d + ex*xx])/(2*%Sqrt[c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])])/(16%
c~(9/2)*%e) - (Sqrt[2*a - 2*c - Sqrt[a”2 + b™2 - 2*%axc + c~2]]*Sqrt[a”2 - b~
2 - 2xaxc + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2xaxc + c"2]]*ArcTanh[(b"2 - (a
- c)x(a - ¢ + Sgrt[a™2 + b™2 - 2%axc + ¢72]) - b*(2*%a - 2%c - Sqrt[a™2 + b~
2 - 2¥axc + c"2])*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*a - 2xc - Sqrt[a”™2 + b"2 -
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2xa*xc + c”2]]*Sqrt[a”2 - b72 - 2*%a*xc + c”2 + (a - c)*Sqrt[a”2 + b2 - 2xaxc
+ c”2]]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2
- 2%axc + ¢72)7(3/2)*e) + (Sqrt[2*a - 2%c + Sqrt[a”™2 + b~2 - 2%axc + c"2]]
xSqrt[a”2 - b72 - 2%a*xc + ¢”2 - (a - c)*Sqrt[a”2 + b"2 - 2%axc + c”2]]*ArcT
anh[(b™2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2%a*c + c72]) - b*x(2*a - 2xc +
Sqrt[a™2 + b~2 - 2*axc + c”2])*Tan[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2xc + Sqr
t[a™2 + b72 - 2%axc + c"2]]*Sqrt[a”2 - b"2 - 2*axc + ¢c”2 - (a - c)*Sqrt[a”2
+ b2 - 2%axc + c”2]]*Sqrtla + b*Tan[d + e*x] + c*Tan[d + exx]~2])])/(Sqrt
[2]*(a™2 + b™2 - 2xaxc + c72)7(3/2)*e) + (2%(2*%a + b*Tan[d + e*xx]))/((b"2 -
4xaxc)*exSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2]) - (2*Tan[d + e*xx] 2%
(2xa + b*Tan[d + e*x]))/((b~2 - 4xaxc)*e*xSqrt[a + bxTan[d + exx] + cxTan[d
+ exx]"2]) + (2+Tan[d + e*x] 4*(2*a + b*Tan[d + e*x]))/((b™2 - 4*a*c)*e*xSqr
tla + bxTan[d + e*x] + cxTan[d + exx]"2]) - (2*%(a*(b™2 - 2x(a - c)*c) + bxc
x(a + c)*Tan[d + e*xx]))/((b"2 + (a - ¢c)"2)*(b"2 - 4*axc)*e*Sqrt[a + bxTan[d
+ exx] + cxTan[d + exx]"2]) + ((7%b~2 - 16*axc)*Tan[d + exx] 2*Sqrt[a + b*
Tan[d + exx] + c*Tan[d + e*x]"2])/(3*c™2x(b~2 - 4*axc)*e) - (2*b*Tan[d + ex
x]"3*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]72])/(cx(b"2 - 4x*a*xc)*e) - ((3
*b~2 - 8*axc - 2xbkxcxTan[d + exx])*Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]
72])/(c”2%(b72 - 4*axc)*e) + ((105%b~"4 - 460*a*b~2%c + 256%a~2%c”2 - 2*b*c*
(35%b~2 - 116%ax*xc)*Tan[d + e*x])*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2
1)/(24xc™4x(b™2 - 4*axc)xe)

Rule 3700

Int[tan[(d_.) + (e_)*(x )1 (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*x((f_D)*tanl[(d_.) + (e_)*(x_)1)"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*Tan[d + e*x]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)7(3/2), x_Symbo
1] :> Simp[(-2*%(b*d - 2xa*xe + (2%c*d - bxe)*x))/((b"2 - 4*axc)*Sqrtl[a + b*x
+ c*x72]), x] /; FreeQl{a, b, c, d, e}, x] && NeQ[2*c*d - b*xe, 0] && NeQ[b
"2 - 4xaxc, 0]

Rule 738

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[((d + e*x)"(m - 1)*(d*b - 2*axe + (2xc*d - b*e)*x)*(a + b*x
+ cxx72)"(p + 1))/((p + *(b"2 - 4*axc)), x] + Dist[1/((p + 1)*x(b"2 - 4xax
c)), Int[(d + exx)"(m - 2)*Simp[e*x(2*a*xex(m - 1) + b*d*(2*%p - m + 4)) - 2%c
*xd"2x(2xp + 3) + ex(bk*e - 2xd*c)*(m + 2%p + 2)*x, x]*(a + bxx + c*x72)7(p +

1), x], x] /; FreeQl{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*xd™
2 - b*d*e + axe”2, 0] && NeQ[2*c*d - b*e, 0] && LtQ[p, -1] && GtQ[m, 1] &&
IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 779

Int[((d_.) + (e_)*x_))*x((f_.) + (g_)*xxD)*((a_.) + (b_.)*(x_) + (c_.)*(
x )"2)"(p_), x_Symbol]l :> -Simp[((bkexgk(p + 2) - ck(exf + dkg)*(2%p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx™2)"(p + 1))/(2*%c™2*(p + 1)*(2*xp + 3)), x
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1 + Dist[(b™2%exg*(p + 2) - 2*axckexg + c*(2xckxd*f - bkx(exf + dxg))*(2*p +
3))/(2xc™2x(2xp + 3)), Int[(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c, d
, e, T, g, p}, x] && NeQ[b~™2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 832

Int[((d_.) + (e_.)*(x_)) (@ )*((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c
_)*(x_)72) (p_.), x_Symbol] :> Simp[(g*(d + exx) m*(a + b*x + c*x~2)"(p +

1)/ (cx(m + 2%p + 2)), x] + Dist[1/(c*x(m + 2%p + 2)), Int[(d + exx)"(m - 1)
x(a + bxx + cxx”2) "pxSimp [mx (cxd*f - akxexg) + dx(2xc*xf - b*xg)*x(p + 1) + (mx
(cxexf + cxd*g - bxexg) + ex(p + 1)*(2%cxf - bxg))*x, x], x], x] /; FreeQ[{
a, b, c, d, e, f, g, p}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d™2 - bxdxe + a
xe”2, 0] && GtQ[m, 0] && NeQ[m + 2*p + 2, 0] && (IntegerQ[m] || IntegerQl[p]

|| IntegersQ[2*m, 2*pl) && !'(IGtQ[m, O] && EqQ[f, 0]1)

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72) 7 (p + 1)*x(d + £xx72)~
(g + D)x((gkc)*x(-(bx(c*xd + a*xf))) + (g*b - a*xh)*(2xc™2*d + b72xf - c*(2*axf
)) + cx(gx(2%c™2xd + b72+f - c*x(2xa*xf)) - hx(bxckxd + axbxf))*x))/((b™2 - 4x
axc)*(b72xd*xf + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b72 - 4xa*xc)*(b~2*dx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*x"2)7(p + 1)*(d + £*x72) g*Si
mp[(bxh - 2%gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*x£)))*(p + 1) + (b"2*(g*f) - bx
(hxcxd + axhxf) + 2x(gxcx(cxd - axf)))*(axf*x(p + 1) - c*xdx(p + 2)) - (2xfx*(
(g*xc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2xf - cx(2xaxf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — c*xfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x72, x1, x], x] /; FreeQ[{a, b, ¢, 4, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - a*xf)~2, 0] && !( !IntegerQ[p
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
*x"2)*3qrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(axc)]

Rule 1030

Int[((g_) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)72]), x_Symbol] :> Dist[-2xaxg*h, Subst[Int[1/Simp[2*a~2*gxh*xc + ax*
exx”2, x], x], x, Simpl[axh - gkc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
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{a, ¢, d, e, f, g, h}, x] && EqQlaxh™2%e + 2%gxh*(c*d - axf) - g™2xc*e, 0]
Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
Subst ( f ul 35 4%, x, tan(d + ex))
f tan’(d + ex) i (1432) (a+br+cx2)
X =
3
(a +btan(d + ex) + ctan®(d + ex)) / €
3 5
Subst a - a + a - a
B f ( (a+bx+cx2)3/2 (u+bx+cx2)3/2 (11+bx+cxz)3/2 (1+x2)(u+bx+cx2)3/2) ‘
B e
3
Subst f ;3/2 dx, x, tan(d + ex)) Subst (f z 3 dx,x,t
B (a+bx+cx2) (a+bx+cx2)
B e e
~ 2(2a + btan(d + ex)) 2 tan?(d + ex)(
(bz - 4_ac) e\/u + btan(d + ex) + c tan®(d + ex) (b2 - 4ac) eqJa +bta
2(2a + btan(d + ex)) 2 tan?(d + ex)(
(b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 - 4ac) eqJa + bta
2(2a + btan(d + ex)) 2 tan?(d + ex)(

) (b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 -

4uc) eqJa + bta

3btanh_l( bizctaniise ]\/ZHC_m

2\/5\/a+b tan(d+ex)+c tanz(d+ex)

2c5/2¢

2+/cxJa+b tan(d-+ex)+c tan?(d-+ex)

Sbtanh_l( pistontire ]\/ZHC_m

2c52¢
3btanh™} broctan@drer) 5b (7b2 - 12ac) tanh ™
3 2\/E\/a+b tan(d+ex)+c tan?(d+ex) 2\/5\/
B 2c5/2¢ 16%/2¢

Mathematica [C] time = 23.2763, size = 884, normalized size = 0.74

—2a—ib—(b+2ic) tan(d+ex)—2\/a+ib—C\/c tanz(d+ex)+b tan(d+ex)+a

8log] —2a+ib—b tan(d+ex)+2ic tan(d+ex)-2Va—ib—cya+tan(d+ex)(b+c tan(d+ex))
8(a-ib-c)Va+ib—cck(tan(d-+ex)—i) 8 log( Sva—ib—c(a+ib—c)c A (tan(d+en)+) b(—35b2+2.
+ +
(a+ib—c)3/2 (a—ib—c)32
16e

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]~7/(a + b*Tan[d + e*x] + cxTan[d + exx]~2)7(3/2),x]
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[Out] ((8*Log[(-2*a - I*b - (b + (2xI)*c)*Tan[d + e*x] - 2*Sqrt[a + Ixb - c]x*Sqrt
[a + bxTan[d + exx] + c*Tan[d + e*x]72])/(8%(a - I*b - c)*Sqrtla + I*b - c]
xc"4x(-I + Tan[d + exx]))])/(a + I*b - ¢c)~(3/2) + (8*Log[(-2*%a + Ixb - bxTa
nld + exx] + (2xI)*c*Tan[d + exx] - 2xSqrt[a - I*b - cl*Sqrt[a + Tan[d + ex
x]*(b + cxTan[d + exx])])/(8*Sqrt[a - Ixb - cl*(a + I*b - c)*c”4*(I + Tan[d
+ exx]))])/(a - Ixb - ¢c)7(3/2) + (b*(-35%b~2 + 60*a*xc + 24*c”2)*Log[b + 2%
cxTan[d + e*xx] + 2xSqrt[cl*Sqrt[a + Tan[d + exx]*(b + cxTan[d + exx])]])/c”
(9/2))/(16%e) + (Sqrtl[(a + c + axCos[2*(d + exx)] - c*Cos[2x(d + e*xx)] + bx
Sin[2*(d + exx)])/(1 + Cos[2*(d + e*x)])]I*(-(105*%a~3*b~4 + 105*a*b”™6 - 460%
a"4*xb"2%c - T27*a"2xb"4*c - 57*¥b"6kxc + 256*%a"b*c”2 + 1364*%a~3*b"2*c”2 + 407
*axb"4xcT2 - 448*%a"4*xc”3 - 740*%a"2xb72*%c”3 - 25xb74*c”3 + 96*a"3*%c"4 + 44x*a
*b"2%cT4 + 224%a”2*c”5 + 32%xb"2xc”5 - 128*axc”6)/(24x(a - c)*(a - I*b - c)*
(a + I*b - c)*c™4*x(-b"2 + 4xax*xc)) + Secl[d + exx]"2/(3*%c"2) + (2*(2*xa~3*b"4
+ 2%a*b”6 - 8*%xa~4xb"2xc - 12*xa"2xb"4*c + 4*xa”~5*xc”2 + 18*%a~3*xb"2xc”2 - 4*%a"4
*c73 + a”4*xb”3*Sin[2*(d + exx)] + 2*a”2+%b"5xSin[2*(d + exx)] + b~ 7*Sin[2*(d
+ exx)] - 3*a”5*bxcxSin[2+(d + e*x)] - 10*a”3*b~3*cxSin[2*(d + exx)] - T*a
*b~5*c*3in[2%(d + e*xx)] + 10*a~4*b*c”2+Sin[2*(d + e*xx)] + 14*a~2%b~3*c”2*Si
n[2+x(d + exx)] - 7xa"3*b*c”3*Sin[2*(d + exx)]))/((a - c)*x(a - I*¥b - c)*(a +

I¥b - c)*c”3*x(-b"2 + 4xaxc)*x(a + ¢ + a*xCos[2*(d + exx)] - c*xCos[2*x(d + ex*xx
)] + b*Sin[2+(d + e*x)])) - (11xb*Tan[d + ex*x])/(12*%c"3)))/e

Maple [B] time = 0.326, size = 13067596, normalized size = 10981.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*xx+d)"~7/(at+b*tan(e*x+d)+c*tan(e*x+d)~2)"(3/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(atbxtan(exx+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out



110

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**7/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)7 i

w»

(c tan (ex + cl)2 + btan (ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="

giac")

[Out] integrate(tan(exx + d)~7/(c*tan(e*x + d)~2 + bxtan(e*xx + d) + a)~(3/2), x)
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tan® (d+ex)

3.20 dx

2 3
(a+b tan(d+ex)+c tan (d+ex))

Optimal. Leaf size=864

3btanh™} [ b2c tan(d-+ex) J \/ 2a—2c— Va2 -2ca

2\/2\/0 tan2(d+ex)+b tan(d+ex)+a
2c52¢

2(2a + btan(d + ex)) tan®(d + ex)

(b2 - 4uc) e\/c tan?(d + ex) + btan(d + ex) + a

[Out] (-3*b*ArcTanh[(b + 2*c*Tan[d + ex*xx])/(2xSqrt[c]l*Sqrt[a + bxTan[d + exx] + c
xTan[d + exx]~2])])/(2xc”(5/2)*e) + (Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2xax
c + c"2]]xSqrt[a”2 - b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 - 2%axc + ¢
~2]1*ArcTanh[(b"2 - (a - c)*(a - ¢ + Sqrt[a”™2 + b~2 - 2%a*xc + c72]) - b*(2x
a - 2%c - Sqrt[a”2 + b2 - 2*axc + c”2])*Tan[d + e*xx])/(Sqrt[2]*Sqrt[2*a -
2%c - Sqrt[a”2 + b™2 - 2xa*xc + c”2]]*Sqrt[a™2 - b"2 - 2*axc + c”2 + (a - c)
xSqrt[a”2 + b72 - 2%axc + c72]]*Sqrtla + b*Tan[d + e*x] + cxTan[d + exx]~2]
)1)/(Sqrt[2]*(a”2 + b™2 - 2xaxc + c~2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”
2 + b72 - 2%axc + c”2]]*Sqrt[a”2 - b72 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b
72 - 2%axc + c¢"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xa*c +
c”2]) - b*(2*a - 2%c + Sqrt[a™2 + D72 - 2%a*c + c¢"2])*Tan[d + exx])/(Sqrt[
2]*Sqrt[2*a - 2*c + Sqrt[a”™2 + b~2 - 2*axc + c”2]]*Sqrt[a”2 - b2 - 2%axc +
c”2 - (a - c)*Sqrt[a”2 + b™2 - 2*a*xc + c~2]]*Sqrt[a + b*Tan[d + e*xx] + cxT
an[d + e*xx]72])])/(Sqrt[2]*(a”2 + b2 - 2*axc + c~2)7(3/2)*e) - (2x(2*xa + b
xTan[d + exx]))/((b~2 - 4xaxc)*exSqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2
1) + (2«Tan[d + exx]"2x(2%a + b*Tan[d + ex*x]))/((b"2 - 4xa*xc)*e*xSqrt[a + bx
Tan[d + exx] + cxTan[d + exx]"2]) + (2x(a*x(b”2 - 2x(a - c)*c) + bxc*x(a + c)
xTan[d + exx]))/((b”2 + (a - ¢)”"2)*(b"2 - 4xaxc)*exSqrt[a + b*Tan[d + e*x]
+ cxTan[d + exx]~2]) + ((3%b72 - 8*axc - 2*bxcxTan[d + exx])*Sqrt[a + b*Tan
[d + exx] + cxTan[d + exx]~2])/(c”2%(b"2 - 4xaxc)*e)

Rubi [A] time = 4.79034, antiderivative size = 864, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 11, integrand size = 33, o o TR
integrand size

= 0.333, Rules used = {3700, 6725, 636, 738, 779, 621, 206, 1018, 1036, 1030, 208}

3btanh ™ br2ctan(d+er) ) \/ 2a —2c—Va? -2ca

2(2a + btan(d + ex)) tan®(d + ex) 2\/2\/c tan?(d+ex)+b tan(d+ex)+a
- 2c52¢

(b2 - 4ac) e\/c tan?(d + ex) + btan(d + ex) + a

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]"5/(a + bxTan[d + e*x] + c*Tan[d + exx]"2)~(3/2),x]

[Out] (-3*b*ArcTanh[(b + 2*c*Tan[d + e*x])/(2*Sqrt[c]*Sqrt[a + b*Tan[d + e*x] + ¢
xTan[d + exx]~2])]1)/(2%c™(5/2)*e) + (Sqrt[2*a - 2*c - Sqrt[a™2 + b~2 - 2xax
c + c"2]]xSqrt[a”2 - b"2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2*axc + ¢
~2]1*ArcTanh[(b"2 - (a - c)*(a - ¢ + Sqrt[a”™2 + b~2 - 2%a*xc + c72]) - b*(2x
a - 2%c - Sqrtl[a™2 + b™2 - 2*xaxc + ¢"2])*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*a -
2xc - Sqrt[a™2 + b2 - 2%axc + c¢"2]]*Sqrt[a™2 - b"2 - 2%axc + ¢c”2 + (a - ¢)
xSqrt[a”2 + b72 - 2%axc + c¢"2]]*Sqrtla + b*Tan[d + exx] + cxTan[d + exx]~2]
)1)/(Sqrt[2]*(a”2 + b2 - 2*axc + ¢c~2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrtl[a”
2 + b™2 - 2%axc + c”2]]xSqrt[a”2 - b72 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b
~2 - 2%axc + c”2]]*ArcTanh[(b"2 - (a - c)*(a - ¢ - Sqrt[a™2 + b2 - 2%axc +
c"2]) - bx(2xa - 2*c + Sqrt[a”2 + b™2 - 2%axc + c¢~2])*Tan[d + e*x])/(Sqrt[
2] *Sqrt[2*%a - 2%c + Sqrt[a”™2 + b~2 - 2*axc + c”2]]*Sqrt[a”2 - b72 - 2xaxc +
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c”2 - (a - c)*Sqrt[a”2 + b™2 - 2*a*xc + c~2]]*Sqrt[a + b*Tan[d + e*xx] + cxT
an[d + exx]~2])]1)/(Sqrt[2]*(a”2 + ™2 - 2%a*c + c~2)7(3/2)*e) - (2x(2*xa + b
xTan[d + exx]))/((b~2 - 4xaxc)*exSqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2
1) + (2xTan[d + exx]~2*(2*a + b*Tan[d + e*xx]))/((b~2 - 4xa*c)*exSqrt[a + bx
Tan[d + exx] + c*Tan[d + e*x]~2]) + (2x(ax(b”2 - 2%(a - c)*c) + b*xcx(a + c)
xTan[d + exx]))/((b”2 + (a - ¢c)72)*(b72 - 4xaxc)*exSqrt[a + b*Tan[d + e*x]
+ c*xTan[d + exx]~2]) + ((3%b72 - 8*a*xc - 2xbkxc*Tan[d + e*x])*Sqrt[a + b*Tan
[d + exx] + cxTan[d + exx]~2])/(c™2%(b"2 - 4xaxc)*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] "(m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_)*(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2)7(3/2), x_Symbo
1] :> Simp[(-2%(b*d - 2*xa*xe + (2%c*kd - bxe)*x))/((b"2 - 4*axc)*Sqrtla + b*x
+ cxx~2]), x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bxe, 0] && NeQ[b
~2 - 4xaxc, 0]

Rule 738

Int[((d_.) + (e_)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_)*x(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m - 1)*(d*b - 2%axe + (2xc*d - b*e)*x)*(a + b*x
+ cxx”2)"(p + 1))/((p + D*(b"2 - 4*axc)), x] + Dist[1/((p + D *x(b"2 - 4xax
c)), Int[(d + e*xx)"(m - 2)*Simp[ex(2xaxex(m - 1) + b*d*(2*p - m + 4)) - 2%c
*d"2%(2xp + 3) + ex(b*xe - 2xd*xc)*(m + 2%p + 2)*x, x]*(a + bxx + c*x"2) " (p +

1), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[cxd~
2 - b*dxe + axe”2, 0] && NeQ[2xc*d - bxe, 0] && LtQ[p, -1] && GtQ[m, 1] &&
IntQuadraticQ[a, b, ¢, d, e, m, p, xIJ

Rule 779

Int[((d_.) + (e_)*x_D)*x((f_.) + (g_)*x&x))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)72)"(p_), x_Symbol] :> -Simp[((bxexg*x(p + 2) - cx(exf + dxg)*(2*p + 3) -
2xckexgk(p + 1)xx)*(a + b¥x + c*xx"2)7(p + 1))/(2%c™2x(p + 1)*(2%p + 3)), x
] + Dist[(b™2%exgx(p + 2) - 2%akxcxe*xg + cx(2kxckxd*f - bk (exf + dxg))*(2xp +
3))/(2xc™2x(2*p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, £, g, p}, x] && NeQ[b™2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2xc*x)/Sqrt[a + bxx + c*x"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
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Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 1018

Int[((g_.) + (h_)*(x_))*x((a) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (£
_D)*(x_)72)7(q ), x_Symbol] :> Simp[((a + bxx + c*x72) 7 (p + 1)*(d + £*x72)~
(g + D*x((gkc)*(—(b*x(c*xd + a*f))) + (g*b - axh)*(2xc™2*xd + b™2xf - c*x(2*axf
)) + cx(gx(2%xc™2xd + b72*f - cx(2*xaxf)) - hx(bxcxd + axbxf))*x))/((b~2 - 4%
axc)*(b72+d*xf + (c*d - axf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4xax*xc)* (b~ 2*dx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d + £*x~2) g*Si
mp [(b*h - 2xgkc)*((c*xd - axf)"2 - (bkd)*x(-(bxf)))*x(p + 1) + (b™2x(gxf) - bx
(h*c*xd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(gxc)*(=(bx(cxd + a*xf))) + (g*b - a*h)*(2xc™2*d + b 2xf - c*x(2*a*xf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — cxfx(b™2x(g*f) - bx(h*ckd + axh*xf) + 2x(gkc*x(cxd - a*xf)))*(2%p + 2%q
+ 65)*x72, x], x], x] /; FreeQ[{a, b, ¢, d, £, g, h, g}, x] && NeQ[b™2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2%d+f + (cxd - axf)~2, 0] && !( !IntegerQlp
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a)) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)*x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*c*xe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + cxx"2)*Sqrt[d + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [- (axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gkxc*x, x]/Sqrtld + exx + fxx~2]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQlaxh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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5
Subst il dx, x, tan(d + ex
f tan>(d + ex) J (f (142) (a+brren2) 2 ( )]
X =
(a + btan(d + ex) + ctan®(d + ex))a/ ¢
3

Subst - il + il + al ) dx, x, tan(d -

B (f ( (a+bx+cx2)3/2 (u+bx+cx2)3/2 (1+x2)(a+bx+cx2)3/2 (
e
Subst (f ﬁ dx, x, tan(d + ex)J Subst (f ° dx, x,

_ a+bx+cx ) N (a+bx+cx2)
B e e
_ 2(2a + btan(d + ex)) N 2 tan?(d + ex

(b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 - 4uc) erJa + bt

_ 2(2a + btan(d + ex)) N 2 tan?(d + ex

(b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 - 4ac) erJa + bt

2(2a + btan(d + ex)) N 2 tan®(d + ex
(bz - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 - 4ac) erJa + bt

3 tanh~! ( b+2c tan(d+ex) ] \/Zu e N1 2ac

2\/5\/a+b tan(d+ex)+c tanz(d+ex)
2c52¢

Mathematica [C] time = 20.0157, size = 611, normalized size = 0.71

a cos(2(d+ex))+a+b sin(2(d+ex))—c cos(2(d+ex))+c [ 15a262c-3a3b?~16a3c?+12a%c3+8atc~7ab?c?—3ab*~4act+b2c3+bc Z(SﬂzbZC—ZHZbS sin(2(d-+ex))-
cos(2(d+ex))+1 c(a—c)(a—ib-c)(a+ibc)(4ac-b2)

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]~5/(a + b*Tan[d + exx] + cxTan[d + exx]~2)~(3/2),x]

[Out] (-(ArcTanh[(2*a - Ixb + (b - (2%I)*c)*Tan[d + e*xx])/(2xSqrt[a - I*b - c]*Sq
rt[a + Tan[d + exx]*(b + cxTan[d + ex*x])])]/(a - I*b - ¢)~(3/2)) - ArcTanhl[
(2%a + I*¥b + (b + (2xI)*c)*Tan[d + exx])/(2xSqrt[a + I*b - c]*Sqrt[a + Tan[
d + exx]*(b + cxTan[d + exx])])]/(a + I*b - ¢)~(3/2) - (3*b*ArcTanh[(b + 2%
cxTan[d + exx])/(2%Sqrt[cl*Sqrtla + Tan[d + exx]*(b + cxTan[d + exx])])])/c
~(5/2))/(2xe) + (Sqrtl[(a + c + a*Cos[2*(d + e*x)] - c*Cos[2x(d + exx)] + Dbx
Sin[2x(d + e*x)])/(1 + Cos[2*x(d + e*x)])]*((-3*a~3*xb~2 - 3*a*xb~4 + 8*a~4xc
+ 15%a”2xb72%c + bT4*xc - 16*%a"3*%c”"2 - T*xaxb"2*%c”2 + 12%a"2%c”3 + b"2*%c”3 -
4xaxc”4)/((a - c)*x(a - I*b - c)*x(a + I*¥b - c)*c™2*%(-b~2 + 4x*axc)) - (2*%(-2%
a"3%xb~2 - 2*xaxb”4 + 4*xa”4dxc + 8*xa~2%b"2%c - 4xa"3*c”2 - a~4*b*Sin[2*%(d + ex
x)] - 2*xa”2xb"3*3in[2*x(d + e*x)] - b75*xSin[2*(d + e*x)] + 6*a”3*b*cxSin[2x*(
d + exx)] + bxaxb"3xc*xSin[2*%(d + e*x)] - 5*a”2xbxc”2xSin[2*%(d + ex*x)]))/((a
- c)x(a - I*¥b - c)*(a + I*b - c)*c*(-b~2 + 4*axc)*(a + ¢ + a*xCos[2*(d + ex
x)] - cxCos[2*x(d + e*x)] + b*Sin[2*(d + exx)]))))/e
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Maple [B] time = 0.303, size = 13066795, normalized size = 15123.6

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "5/ (at+b*tan(e*x+d)+c*tan(e*x+d)~2)"(3/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 5/ (atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) "5/ (atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)
dx

»

(a +btan (d + ex) + ctan® (d + ex))E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**5/(a+tb*tan(e*xx+d)+ckxtan(exx+d)**2)**x(3/2),x)

[Out] Integral(tan(d + exx)**5/(a + bxtan(d + exx) + cxtan(d + e*xx)**2)**x(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)5 P
X

w

(ctan (ex + d)* + btan (ex + d) + a)*
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 5/ (atb*tan(e*xx+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(tan(e*x + d)75/(c*tan(e*x + d)~2 + bxtan(exx + d) + a)~(3/2), x)
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tan®(d+ex)

3.21 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=686

—b(—Vuz—Zac+b2
\/E\/—Va2—200+b2+02+2a—2c~
3/2
V2e (a2 —2ac+ b? + cz)

\/—\/az —2ac+b%+c%+2a- 2c\/(a —o)Va2 —2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

[Out] -((Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*xa*xc + c~2]]*Sqrt[a”2 - b2 - 2*a*xc +
c”2 + (a - c)*Sqrt[a™2 + b™2 - 2xa*xc + c¢"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
+ Sqrt[a™2 + b72 - 2%axc + c¢72]) - b*(2*%a - 2*%c - Sqrt[a”2 + b2 - 2*axc +
c"2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*a*xc + c72
11*Sqrt[a™2 - b™2 - 2*axc + c”2 + (a - c)*Sqrt[a™2 + b~2 - 2*xaxc + c~2]]*Sq
rt[a + bxTan[d + exx] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2xa*xc +
c"2)7(3/2)*e)) + (Sqrt[2xa - 2xc + Sqrt[a™2 + b~™2 - 2%axc + c~2]]*Sqrt[a”2
- b72 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcTanh[(b"2 -
(a - c)x(a - ¢ - Sqgrt[a™2 + b™2 - 2xa*c + c~2]) - b*x(2%a - 2*c + Sqrt[a”2
+ b72 - 2%axc + c¢"2])*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2%c + Sqrt[a™2 + b~
2 - 2xaxc + c¢"2]]xSqrt[a”2 - b72 - 2%a*c + ¢c”2 - (a - c)*Sqrt[a”2 + b"2 - 2
xaxc + c"2]]1*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]*(a~2 +
b™2 - 2xaxc + ¢c72)7(3/2)*e) + (2%(2*%a + b*Tan[d + e*x]))/((b72 - 4xaxc)*ex
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]"2]) - (2x(a*x(b”2 - 2*(a - c)*c) +
bxc*x(a + c)*Tan[d + exx]))/((b”™2 + (a - ¢c)”"2)*(b"2 - 4xaxc)*exSqrt[a + b*Ta
nld + e*xx] + cxTan[d + exx]"2])

Rubi [A] time = 4.51363, antiderivative size = 686, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 33, number of rules

= 0.212, Rules used = {3700, 6725, 636, 1018, 1036, 1030, 208}

integrand size

—b(—\/az—Zac+b2

\/E\/—Vaz—2a6+b2+c2+2a—2c~
3/2

\/—\/az —2ac+b%2+c%+2a- 20\/(a —o)Va2 —2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

V2e (a2 —2ac + b? + cz)

Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]~3/(a + bxTan[d + e*xx] + cx*Tan[d + exx]~2)~(3/2),x]

[Out] -((Sqrt[2*a - 2*c - Sqrt[a”2 + b"2 - 2*a*xc + c"2]]*Sqrt[a”2 - b~2 - 2xaxc +
c™2 + (a - c)*Sqrt[a™2 + b™2 - 2*xaxc + c¢"2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
+ Sqrt[a”™2 + b2 - 2%axc + c72]) - bx(2*a - 2%c - Sqrt[a”2 + b72 - 2*axc +
c"2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*a*xc + c72
11*%Sqrt[a”™2 - b™2 - 2%a*xc + c”2 + (a - c)*Sqrt[a”™2 + b™2 - 2xa*xc + c~2]]%*Sq
rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2*a*xc +
c"2)7(3/2)*e)) + (Sqrt[2*a - 2%c + Sqrt[a™2 + b~2 - 2*axc + c~2]]*Sqrt[a™2
- b™2 - 2%xaxc + ¢72 - (a - c)*Sqrt[a”2 + b72 - 2*axc + c”2]]*ArcTanh[(b"2 -
(a - c)x(a - ¢ - Sgrt[a™2 + b™2 - 2xa*c + c72]) - b*x(2%a - 2*c + Sqrt[a”2
+ b2 - 2%axc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~
2 - 2%axc + c”2]]*Sqrt[a”2 - b72 - 2%xa*xc + c¢”2 - (a - c)*Sqrt[a”2 + b72 - 2
xaxc + c”2]]1*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]*(a"2 +
b™2 - 2%axc + c72)7(3/2)*e) + (2%(2*a + b*Tan[d + e*xx]))/((b72 - 4*axc)*ex
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]"2]) - (2%(a*x(b”™2 - 2*x(a - c)*c) +
bxck(a + c)*Tan[d + exx]))/((b”™2 + (a - ¢c)72)*(b"2 - 4xaxc)*exSqrt[a + b*Ta
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nld + exx] + cxTan[d + ex*xx]~2])

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]l] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 636

Int[((d_.) + (e_.)*x(x_))/((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(3/2), x_Symbo
1] :> Simp[(-2*%(b*d - 2xaxe + (2%c*d - bxe)*x))/((b”"2 - 4*axc)*Sqrtl[a + b*x
+ c*x72]), x] /; FreeQl[{a, b, c, d, e}, x] && NeQ[2*c*d - b*xe, 0] && NeQ[b
~2 - 4xaxc, 0]

Rule 1018

Int[((g_.) + (h_)*x(x_))*((a_) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q ), x_Symbol] :> Simp[((a + bxx + c*x72)7(p + 1)*(d + £*x72)~
(q + D)*((g*c)*(-=(bx(cxd + a*xf))) + (g*b - a*h)*(2*c™2*d + b72*f - c*(2kaxf
)) + cx(gx(2%c™2xd + b72*f - c*x(2xaxf)) - hx(bxcxd + axbxf))*x))/((b~2 - 4%
axc)*(b72xd*xf + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4xa*xc)*(b~2*dx*
f + (cxd - axf)"2)*(p + 1)), Int[(a + b*x + c*xx™2)"(p + 1)*(d + f*x"2)"g*Si
mp [(b*h - 2xg*xc)*((c*xd - axf)”"2 - (bxd)*(-(b*f)))*(p + 1) + (b~2*(g*f) - bx
(h*cxd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - ckxdx(p + 2)) - (2*fx*(
(gxc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2*xf - cx(2xaxf)))*(p +

q + 2) - (b72x(g*xf) - bx(h*ckxd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))kx — ckfx(b~2%(gkf) - bk(hxckd + axh*f) + 2% (gkck(ckd — axf)))*(2xp + 2%q
+ B)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (cxd - axf)~2, 0] && !( !IntegerQ[p
] && ILtQ[q, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &&
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)xSqrt[(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQlaxh™2*e + 2*gxh*(c*d - a*xf) - g~2xc*e, 0]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
3
Subst a dx, x, tan(d + ex
f tan3(d + €X) d (1+x2)(a+bx+cx2 3”2 ( )]
X =
312
(a + btan(d + ex) + ctan®(d + ex)) ! €
X X
) Subst f ((u+bx+cx2)3/2 - (1+x2)(a+bx+cx2)3/2) dx, x, tan(d + eX)J
B e
Subst| [ ——— dx, x, tan(d + ex Subst al
B f (a+bx+cx2)3/2 ( )) (f (1+x2)(a+bx+cx2)3/
B e e
2(2a + btan(d + ex)) 2(a (b? -

(bz - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 +(a- c)Z) (bz

2(2a + btan(d + ex)) 2(a(b? -

i (bz - 4ac) e\/a + btan(d + ex) + ctan®(d + ex) (b2 + (a— c)z) (b2

_ 2(2a + btan(d + ex)) ) 2(a(b?-
(b2 - 4ac) e\/a +btan(d + ex) + ctan’(d +ex) (b2 + (a - 0)2) (12

\/2&1—20—\/&12+b2—2ac+c2\/a2—b2—2ac+c2+(a—c)\/a2+

Mathematica [C] time = 15.2675, size = 286, normalized size = 0.42

tanh_l 2a+(b-2ic) tan(d+ex)—ib tanh~! 2a+(

_ 4\/§(b(ﬂ2—3ﬂc+b2) tan(d+3x)+a(2a2_2ac+bz)) " 2Va—ib-cy/a+tan(d+ex)(b+c tan(d+ex)) 2Va+ib—cy/:

(a—ibc)(a+ib—c)(4ac-b2)y/sec?(d-+ex)((a—c) cos(2(d-+ex))+a-+b sin(2(d+ex))+c) (a=ib—c)*? (a-
2e

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]~3/(a + b*Tan[d + exx] + c*Tan[d + ex*x]~2)~(3/2),x]

[Out] (ArcTanh[(2%a - Ixb + (b - (2%xI)*c)*Tanl[d + e*x])/(2*Sqrt[a - Ixb - c]*Sqrt
[a + Tan[d + e*xx]*(b + cxTan[d + e*xx])])]/(a - I*b - ¢c)~(3/2) + ArcTanh[(2x%

a + Ixb + (b + (2xI)*c)*Tan[d + e*x])/(2*Sqrt[a + I*b - cl*Sqrtl[a + Tan[d +
exx]*(b + cxTan[d + exx])])]/(a + I*b - ¢c)~(3/2) - (4xSqrt[2]*(ax(2*a”2 +

b~2 - 2*a*xc) + bx(a”2 + b~2 - 3*axc)*Tan[d + exx]))/((a - I*¥b - c)*(a + I*b

- c)*(-b"2 + 4*a*c)*Sqrt [Sec[d + exx] 2*x(a + ¢ + (a - c)*Cos[2*(d + ex*xx)]

+ b*3in[2x(d + exx)])]))/(2x%e)

Maple [B] time = 0.321, size = 13066412, normalized size = 19047.3

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "3/ (at+b*tan(e*x+d)+c*tan(exx+d)~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)~3/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="

maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 3/ (atbxtan(exx+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)
dx

w

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atb*tan(e*xx+d)+c*xtan(exx+d)**2)**(3/2),x)

[Out] Integral(tan(d + exx)**3/(a + bxtan(d + exx) + cxtan(d + e*xx)**2)**(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3 i

w»

(c tan (ex + d)2 + btan(ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(e*x+d) ~3/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(tan(exx + d)~3/(cxtan(e*x + d)~2 + bxtan(e*xx + d) + a)~(3/2), x)
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tan?(d+ex)

3.22 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=638

(bz—(a—c)(—\/az—ZaHb:
\/5\/\/ a2—2ac+b2+cz+2a—ZC\/—(a—cj
\2e (a2 —2ac+b? + c2)3/2

\/\/az —2ac+b2+c%2+2a —ZC\/—(a—c)\/aZ —2ac+ b2 + 2 +a? - 2ac - b? + 2 tan™!

[Out] -((Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2*xa*xc + c~2]]*Sqrt[a”2 - b2 - 2*a*xc +
c”2 - (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTan[(b*(2*a - 2*c + Sqrtla
"2 + b2 - 2%axc + ¢72]) + (b2 - (a - c)*(a - ¢ - Sqrt[a”2 + b72 - 2xaxc +
c™2]))*Tan[d + exx])/(Sqrt[2]*Sqrt[2*xa - 2xc + Sqrt[a™2 + b72 - 2xa*c + c~
2]1*%Sqrt[a”2 - b™2 - 2%xaxc + ¢”2 - (a - c)*Sqrt[a”2 + b™2 - 2xaxc + c~2]]*S
grtla + b*Tan[d + e*x] + cxTan[d + exx]72])]1)/(Sqrt[2]*(a”2 + b~2 - 2%axc +
c”2)7(3/2)xe)) + (Sqrt[2*a - 2xc - Sqrt[a™2 + b™2 - 2*axc + c~2]]*Sqrt[a”2
- b™2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b2 - 2*axc + c”2]]*xArcTan[(b* (2%
a - 2%c - Sqrt[a”™2 + b™2 - 2*axc + ¢c72]) + (b”2 - (a - ¢c)*(a - ¢ + Sqrt[a”2
+ b72 - 2%axc + c¢72]))*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a™2 +
b~2 - 2*axc + c”2]]*Sqrt[a”2 - b"2 - 2*%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 -
2*%a*xc + c¢"2]]1*Sqrt[a + b*Tan[d + e*xx] + cxTan[d + exx]~2])])/(Sqrt[2]*(a~2
+ b72 - 2%axc + c¢72)7(3/2)*xe) - (2x(axb*x(a + c) + c*(2%a”2 + 72 - 2kaxc)*
Tan[d + exx]))/((072 + (a - c)"2)*(b"2 - 4*axc)*e*Sqrt[a + bxTan[d + exx] +
cxTan[d + e*x]~2])

Rubi [A] time = 3.95026, antiderivative size = 638, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 33, e o e

0.152, Rules used = {3700, 1065, 1036, 1030, 205}

integrand size

(bz—(a—c)(—\/az—ZaHb;
\/5\/\/ a2—2ac+b2+c2+2a—2c\/—(u—c',
\2e (az —2ac+b? + 02)3/2

\/\/az —2ac+b2+c%2+2a —ZC\/—(a—c)\/a2 —2ac+ b2+ 2 +a%-2ac-b? + 2 tan™!

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]"2/(a + b*Tan[d + e*x] + c*Tan[d + ex*xx]~2)~(3/2),x]

[Out] -((Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2%a*xc + c~2]]*Sqrt[a”2 - b2 - 2*a*xc +
c™2 - (a - c)*Sqrt[a™2 + b2 - 2*xaxc + c”2]]*ArcTan[(b*(2*a - 2xc + Sqrtl[a
"2 + b72 - 2%xaxc + ¢c72]) + (b72 - (a - c)*x(a - ¢ - Sqrt[a”2 + b2 - 2%axc +
c"2]1))*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2*a*c + ¢~
2]]xSqrt[a”2 - b™2 - 2%axc + ¢”2 - (a - c)*Sqrt[a”2 + b~2 - 2%axc + c"2]]*S
grtla + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*xc +
c"2)7(3/2)*e)) + (Sqrt[2xa - 2%c - Sqrt[a”2 + b™2 - 2xa*c + c~2]]*Sqrt[a”2
- b72 - 2%axc + c”2 + (a - c)*Sqrt[a”2 + b~2 - 2*axc + c”2]]*ArcTan[ (b* (2%
a - 2xc - Sqrt[a”™2 + b72 - 2*axc + ¢c72]) + (b”2 - (a - c)*x(a - ¢ + Sqrt[a”2
+ b2 - 2%axc + ¢72]))*Tan[d + e*x])/(Sqrt[2]*Sqrt[2*a - 2*%c - Sqrt[a”2 +
b~2 - 2%axc + c72]]1*Sqrt[a”2 - b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b"2 -
2xaxc + c~2]]*Sqrt[a + b*Tan[d + exx] + c*Tan[d + e*xx]~2])])/(Sqrt[2]*(a~2
+ b72 - 2%axc + ¢72)7(3/2)*e) - (2x(axbx(a + c) + c*k(2%a”2 + b72 - 2¥axc)*
Tan[d + e*xx]))/((b72 + (a - c)"2)*(b"2 - 4*axc)*exSqrt[a + bxTan[d + exx] +
cxTan[d + exx]~2])
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Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tanl[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1065

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)7(p_)*((A_.) + (C_.)*(x_)"2)*((d_) +

(f_)*(x_)"2)7(q_), x_Symbol] :> Simp[((a + b*x + c*x72)7(p + 1)*(d + f*x72
)7(q + D*x((A*xc - axC)*(=(bx(c*d + axf))) + (Axb)*(2*c™2xd + b~2*f - c*(2xa
*xf)) + ck(Ax(2%xc™2*%d + b72xf - cx(2%axf)) + Cx(b~2xd - 2*%a*x(c*d - a*xf)))*x)
)/ ((b72 - 4xaxc)*(b~2*d*f + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b~2 - 4%
axc)*(b72+d*f + (c*d - a*xf)"2)*(p + 1)), Int[(a + b*x + c*xx"2)"(p + 1)*(d +
fxx72) “qxSimp [(-2%xA*c - 2*axC)*x((cxd - axf)"2 - (bxd)*(-(b*f)))*x(p + 1) +

(b72%(Cxd + Axf) + 2x(Axcx(c*xd - a*xf) - a*x(c*Cxd - a*xCxf)))x(axf*(p + 1) -

ckdx(p + 2)) - (2xfx((Axc - a*xC)*x(-(b*(cxd + axf))) + (Axb)*(2xc”2*xd + b~2%
f - cx(2xaxf)))*x(p + q + 2) - (b7™2%x(Cxd + Axf) + 2x(Axc*(c*d - axf) - a*x(cx
Ckxd - axC*f)))*(b*xf*x(p + 1)))*x - cxfx(b72x(Cxd + A*f) + 2% (A*xc*x(c*d - axf)
- ax(cxC*xd - a*xCxf)))*(2%p + 2%q + 5)*x~2, x], x], x] /; FreeQ[{a, b, c, d
, £, A, C, q}, x] && NeQ[b~2 - 4x*axc, 0] && LtQ[p, -1] && NeQ[b~2xd*xf + (c*
d - axf)"2, 0] & !( !IntegerQ[p] && ILtQ[q, -1]) && !'IGtQ[q, O]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4x*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax
exx”2, x], x], x, Simpl[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[a*h™2*e + 2*gxh*(c*d - axf) - g~2xc*e, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps
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2
Subst il dx, x, tan(d + ex
f tan?(d + ex) J (f (142) (a+brren2) 2 ( )]
X =
(a + btan(d + ex) + ctan®(d + (33())3/2 ¢
2 2 2 Sul
2 (ab(a +c0)+c (Za + b — 2ac) tan(d + ex))
(bz +(a- c)z) (bz - 4ac) e\/a + btan(d + ex) + ctan®(d + ex)
Subs
2 (ab(a +c)+c (2a2 + b - 2ac) tan(d + ex)) "
=- +

(b2 +(a - c)2) (bz - 4ac) e\/a + btan(d + ex) + ctan®(d + ex)

(b (¥

2 (ab(a +c)+c (2u2 +b? - 2ac) tan(d + ex))

(b2 + (a - C)Z) (bz - 4ac) e\/a + btan(d + ex) + ctan®(d + ex)

\
\/2&1—20+\/512+bz—2ac+c2\/az—bz+c(c+\/az+bz—2ac+c2
/

Mathematica [C] time = 4.81214, size = 328, normalized size = 0.51

(~4iac-+a(ib2+4bc-+4ic?)~p2(b+ic)) tanh ™! 200 20) tan(dren b i(4a2c-a(b2+4ibe+4c2) +b3(c+ib)) tanh ™" 20200 tanidren) b
2Va—ib—cx/a+b tan(d+ex)+c tanz(d+ex) " 2Va+ib—cyja+b tan(d+ex)+c tanz(
Va—ib—c Va+ib—c

2e ((a -0)? + bz) (b2 - 4ac)

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]"2/(a + b*Tan[d + exx] + cxTan[d + exx]~2)~(3/2),x]

[Out] (((-(b"2%(b + I*c)) - (4xI)*a"2%c + ax(I*b~2 + 4xb*c + (4*I)*c”2))*ArcTanhl[
(2%xa - I*¥b + (b - (2%I)*c)*Tan[d + exx])/(2*Sqrt[a - I*b - c]*Sqrt[a + b*Ta

n[d + exx] + c*xTan[d + e*x]~2])])/Sqrtla - I*b - c] + (I*x(4*a"2xc + b~ 2*(I*

b + c) - ax(b”2 + (4*I)xb*c + 4*%c”2))*ArcTanh[(2%a + I*b + (b + (2*I)*c)*Ta

nld + exx])/(2+Sqrt[a + I*b - c]*Sqrtla + b*Tan[d + e*x] + c*Tan[d + exx]"2
1)1)/Sqrtla + I*xb - c] - (4x(axb*x(a + c) + cx(2%xa”2 + b™2 - 2*axc)*Tan[d +
exx]))/Sqrt[a + bxTan[d + exx] + cxTan[d + exx]"2])/(2x(b"2 + (a - c)"2)*(b

T2 - 4xaxc)*e)

Maple [B] time = 0.291, size = 11847956, normalized size = 18570.5

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "2/ (a+b*tan(e*x+d)+cxtan(exx+d)~2)~(3/2),x)

[Out] result too large to display



125

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~2/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~2/(atb*tan(e*xx+d)+c*tan(exx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan? (d + ex)

dx

w

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**2/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Integral(tan(d + e*x)**2/(a + bxtan(d + exx) + cxtan(d + exx)**2)**x(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)2 i

w

(c tan (ex + d)2 + btan(ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~2/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(tan(exx + d)~2/(cxtan(e*x + d)~2 + bxtan(e*xx + d) + a)~(3/2), x)
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tan(d+ex)
323 > dx

2 3
(a+bmnﬁd+aw+ftan(d+aw)

Optimal. Leaf size=635

—b(—\/uz—Zac+b2+c2+2
\/E\/—Vaz—2a0+b2+cz+2a—2cwl(a—c:
3/2
\2e (a2 —2ac+b? + c2)

\/—\/az -2ac+b2+c%+2a- 2c\/(a —o)Va2 —2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

[Out] (Sqrt[2*a - 2*%c - Sqrt[a”™2 + b~2 - 2%axc + c”2]]*Sqrt[a™2 - b™2 - 2%a*c + ¢
"2 + (a - c)*Sqrt[a”2 + b"2 - 2*axc + c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ +
Sqrt[a”2 + b™2 - 2%axc + c”2]) - bx(2%xa - 2xc - Sqrt[a”2 + b72 - 2%a*xc + ¢
~2])*Tan[d + e*xx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b~2 - 2*a*c + c”2]]
xSqrt[a”2 - b72 - 2%axc + ¢72 + (a - c)*Sqrt[a”2 + b2 - 2*axc + c”2]]*Sqrt
[a + b*Tan[d + e*xx] + c*Tan[d + e*xx]~2])])/(Sqrt[2]*(a”2 + ™2 - 2%a*xc + c~
2)7(3/2)*e) - (Sqrt[2*a - 2*xc + Sqrt[a”™2 + b™2 - 2*axc + c~2]]*Sqrt[a”2 - b
T2 - 2%a*xc + ¢72 - (a - c)*Sqrt[a”2 + b2 - 2%axc + c”2]]*ArcTanh[(b"2 - (a
- c)*(a - ¢ - Sqrt[a™2 + b™2 - 2xaxc + c72]) - b*(2%a - 2%c + Sqrt[a™2 + b
72 - 2%axc + c¢72])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2%c + Sqrt[a™2 + b"2 -
2xaxc + c”2]]1*Sqrt[a”™2 - b72 - 2%xa*xc + c”2 - (a - c)*Sqrt[a”2 + b2 - 2xax
c + c"2]]xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b~
2 - 2xaxc + c¢72)7(3/2)xe) + (2x(a*x(b”2 - 2x(a - c)*c) + bxcx(a + c)*Tan[d +
exx]))/((b72 + (a - ¢)72)*(b"2 - 4xaxc)*exSqrtla + b*Tan[d + e*x] + cxTanl[
d + exx]"2])

Rubi [A] time = 3.79147, antiderivative size = 635, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 31, e e =

0.161, Rules used = {3700, 1018, 1036, 1030, 208}

integrand size

—b(—\/uz—2ac+b2+c2+2
\/E\/—Va2—200+b2+02+2a—2c\l (a—c
3/2
\2e (a2 —2ac + b? + c2)

\/—\/az -2ac+b2+c%+2a- ZC\/(a —o)Va2 —2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]/(a + bx*Tan[d + ex*x] + cx*Tan[d + exx]~2)"(3/2),x]

[Out] (Sqrt[2*a - 2*c - Sqrtl[a”2 + b2 - 2xa*xc + c¢"2]]*Sqrt[a”2 - b~2 - 2*a*c + c
"2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ +
Sqrt[a”2 + b™2 - 2%axc + c”2]) - bx(2%xa - 2xc - Sqrt[a”2 + b72 - 2%a*xc + ¢
~2])*Tan[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 + b2 - 2*axc + c~2]]
*Sqrt[a”2 - b72 - 2%a*xc + ¢”2 + (a - c)*Sqrt[a”2 + b™2 - 2%axc + c~2]]*Sqrt
[a + b*Tan[d + e*x] + c*Tan[d + exx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*c + c~
2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”™2 + b~2 - 2%a*xc + c"2]]*Sqrt[a™2 - b
T2 - 2%axc + ¢72 - (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcTanh[(b"2 - (a
- c)x(a - ¢ - Sgrt[a”™2 + b™2 - 2%a*xc + ¢c72]) - b*(2*%a - 2*c + Sqrt[a™2 + b
72 - 2%axc + c¢72])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2%c + Sqrt[a™2 + b"2 -
2xaxc + c”2]]*Sqrt[a”2 - b2 - 2%axc + ¢c”2 - (a - c)*Sqrt[a”2 + b2 - 2*ax
c + ¢”2]]1xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a"2 + b~
2 - 2%axc + ¢c72)7(3/2)*e) + (2x(ax(b”2 - 2%(a - c)*c) + bkxcx(a + c)*Tan[d +
exx]))/((b~2 + (a - ¢)72)*(b™2 - 4xaxc)*exSqrtla + b*Tan[d + e*x] + cx*Tan[
d + exx]"2])

Rule 3700
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Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )1 (@m_.) + (c_)*x((f_.)*xtanl[(d_.) + (e_.)*(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72)7(p + 1)*(d + £*xx72)~
(g + D)*x((gxc)*x(—(bx(c*xd + a*xf))) + (g*b - a*xh)*(2xc™2*d + b72xf - c*(2*axf
)) + cx(g*x(2%c™2xd + b72%f - c*x(2xa*xf)) - hx(bxckxd + axbxf))*x))/((b™2 - 4x
axc)*x(b72xd*xf + (cxd - axf)"2)x(p + 1)), x] + Dist[1/((b72 - 4xa*xc)*(b~2*dx*
f + (cxd - a*xf)"2)x(p + 1)), Int[(a + b*x + c*x"2)7(p + 1)*(d + £*x72) g*Si
mp[(bxh - 2%gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*x£)))*(p + 1) + (b"2*(g*f) - bx
(h*c*d + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - cxdx(p + 2)) - (2*fx*(
(g*xc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2xd + b~2xf - cx(2xaxf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*cxd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — c*xfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x72, x1, x], x] /; FreeQ[{a, b, ¢, 4, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - axf)~2, 0] && !( !IntegerQ[p
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_)x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_)x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*xcxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*xx"2)*Sqrtld + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
*x"2)*3Sqrt[d + exx + fxx72]), x], x]] /; FreeQ[{a, c, d, e, f, g, h}, x] &&
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*x(x_)72]), x_Symbol] :> Dist[-2xa*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx”2, x], x], x, Simp[a*h - gkxc*x, x]/Sqrt[d + exx + f*x72]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQ[a*h™2%e + 2*gxh*(c*d - a*xf) - g~ 2xc*e, 0]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]1)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps
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Subst al dx, x, tan(d + ex
J* tan(d + ex) = ([@+%mwm+w§m ( ﬂ
(a + btan(d + ex) + ctan®(d + (33())3/2 ¢

2 (a (bz —2(a - c)c) + be(a + c) tan(d + ex)) 2 Subs

(bz +(a- c)z) (bz - 4ac) e\/a + btan(d + ex) + ctan®(d + ex)

Subst
2 (a (bz —2(a - c)c) + be(a + c) tan(d + ex))
= +

(bz +(a - c)z) (b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex)

(b (bz .
2 (a (b2 —2(a - c)c) + be(a + c) tan(d + ex))

(bz + (a - c)2) (b2 - 4ac) e\/a + btan(d + ex) + ctan®(d + ex)

\/Za—Zc—\/az+b2—2ac+c2\/a2—b2—2ac+c2+(a—c)\/a2+b2—
V.

Mathematica [C] time = 4.60159, size = 318, normalized size = 0.5

(4azc—a(b2—4ibc+4cz)+b2(c—ib)) tanh ™! 20+(b-2ic) tan(d+ex)-ib (4uzc—u(b2 +4ibc+4cz)+b2 (c+ib)) tanh™! 20+(b+2ic) tan@ren)+ib
ZVa—ib—C\/a+b tan(d+ex)+c tanz(d+ex) " 2\/a+ib—0\/a+b tan(d+ex)+c tanz(d+ez
Va-ib—c Va+ib—c

2e ((a -0)? + bz) (b2 - 4ac)

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]/(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)7(3/2),x]

[Out] (((4%a~2*c + b™2+x((-I)*b + c) - a*x(b”2 - (4*I)xbxc + 4%xc”2))*ArcTanh[(2*a -
I¥b + (b - (2*I)*c)*Tan[d + exx])/(2xSqrt[a - I*b - c]l*Sqrt[a + bxTan[d +

exx] + cxTan[d + exx]~2])])/Sqrtla - Ixb - c] + ((4xa"2*c + b~ 2x(Ixb + c) -
ax(b”2 + (4xI)*xb*c + 4*c”2))*ArcTanh[(2%a + I*b + (b + (2xI)*c)*Tan[d + ex
x])/(2*%Sqrt[a + I*b - c]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/Sqr

tla + I*¥b - c] + (4x(ax(b”2 + 2xc*(-a + c)) + bxckx(a + c)*Tan[d + exx]))/Sq

rt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])/(2*(b"2 + (a - c)"2)*x(b"2 - 4xax

c)x*e)

Maple [B] time = 0.288, size = 13066372, normalized size = 20577.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(a+bxtan(exx+d)+cxtan(exx+d)~2)~(3/2),x)

[Out] result too large to display
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d)+ckxtan(e*xx+d)~2)~(3/2),x, algorithm="ma

xima")

[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(a+bxtan(e*x+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="fr
icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex) P
X

w

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Integral(tan(d + exx)/(a + bxtan(d + e*xx) + cxtan(d + e*x)**2)*x(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

sage,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*tan(e*x+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="gi
ac n

[Out] sage2
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3 94 cot(d+ex) dx

2 3
(a+b tan(d+ex)+c tan (d+ex))

Optimal. Leaf size=750

—b(—\/a2—2uc+b2+c2—
\/z\/—VaZ—Zuc+b2+c2+2u—Zc\/a
3/2
\2e (a2 —2ac+b% + c2)

\/—\/az —2ac+b%+c%+2a- ZC\/(a —o)Va2 = 2ac+ b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

[Out] -(ArcTanh[(2*a + b*Tan[d + exx])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*xx] + c*Tan
[d + exx]~2])]1/(a~(3/2)*e)) - (Sqrt[2*a - 2xc - Sqrt[a™2 + b™2 - 2xa*c + c~
2]]xSqrt[a”2 - b™2 - 2%a*c + ¢c”2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c”2]]*A
rcTanh[(b™2 - (a - c)*(a - ¢ + Sqrt[a”™2 + b™2 - 2xa*xc + c72]) - b*(2*a - 2%
c - Sqrt[a”™2 + b"2 - 2xaxc + c~2])*Tan[d + ex*x])/(Sqrt[2]*Sqrt[2*a - 2*c -
Sqrt[a”2 + b™2 - 2%axc + c”2]]*Sqrt[a”2 - b"2 - 2%axc + ¢c”2 + (a - c)*Sqrtl
a”2 + b72 - 2xaxc + c”2]]*Sqrt[a + bxTan[d + exx] + c*xTan[d + exx]~2])])/(S
grt[2]*(a”™2 + b™2 - 2*%axc + c”2)7(3/2)*e) + (Sqrt[2*a - 2*c + Sqrt[a”2 + b~
2 - 2xaxc + c"2]]xSqrt[a”2 - b72 - 2%a*c + ¢c”2 - (a - c)*Sqrt[a”2 + b"2 - 2
xaxc + c¢"2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2%axc + c~2])
- bx(2*a - 2%c + Sqrt[a”2 + b~2 - 2*xaxc + c”2])*Tan[d + e*xx])/(Sqrt[2]*Sqr
t[2*%a - 2%c + Sqrt[a”™2 + b™2 - 2%axc + c”2]]*Sqrt[a”2 - b"2 - 2%axc + c72 -
(a - c)*Sqrt[a”2 + b™2 - 2*xaxc + c~2]]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d +
exx]721)1)/(Sqrt[2]1*(a”2 + b~2 - 2*axc + c72)7(3/2)*e) + (2%(b"2 - 2xa*xc +
bxc*Tan[d + exx]))/(ax(b"2 - 4xa*c)*e*xSqrt[a + bxTan[d + exx] + cxTan[d +
exx]72]) - (2x(ax(b™2 - 2x(a - c)*c) + bxckx(a + c)*Tan[d + e*xx]))/((b"2 + (
a - c)”2)*%(b"2 - 4xaxc)*exSqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])

Rubi [A] time = 4.5775, antiderivative size = 750, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 10, integrand size = 31, number of rules

= 0.323, Rules used = {3700, 6725, 740, 12, 724, 206, 1018, 1036, 1030, 208}

integrand size

—b(—VuZ—Zuc+b2+c2-
\/E\/—Va2—2a6+b2+62+2[l—2C\/a
3/2
V2e (az —2ac + b? + c2)

\/—\/a2 —2ac+b2+c%+2a- ZC\/(a —o)Va2 = 2ac + b2 + 2 + a2 — 2ac — b2 + 2 tanh ™"

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]/(a + bxTan[d + exx] + c*Tan[d + e*x]~2)~(3/2),x]

[Out] -(ArcTanh[(2*a + b*Tan[d + exx])/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*xx] + c*Tan
[d + exx]"2])]/(a"(3/2)*e)) - (Sqrt[2*a - 2*c - Sqrt[a™2 + b"2 - 2*a*c + ¢~
2]1*Sqrt[a”2 - b™2 - 2xaxc + ¢c”2 + (a - c)*Sqrt[a”2 + b™2 - 2xa*xc + c”2]]*A
rcTanh[(b™2 - (a - c)*(a - ¢ + Sqrt[a™2 + b™2 - 2%a*xc + c72]) - bx(2xa - 2%
c - Sqrt[a™2 + b72 - 2xaxc + c”2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*a - 2*c -
Sqrt[a”2 + b™2 - 2%axc + c”2]]*Sqrt[a”2 - b"2 - 2%axc + ¢c”2 + (a - c)*Sqrt[
a"2 + b72 - 2xaxc + c”2]]*Sqrtla + bxTan[d + exx] + c*Tan[d + e*xx]~2])])/(S
qrt[2]*(a™2 + b™2 - 2*axc + c~2)7(3/2)*e) + (Sqrt[2*a - 2xc + Sqrt[a”™2 + b~
2 - 2xaxc + c"2]]1*Sqrt[a™2 - b"2 - 2%xaxc + c”2 - (a - c)*Sqrt[a”2 + b72 - 2
xaxc + c¢"2]]*ArcTanh[(b™2 - (a - c)*(a - ¢ - Sqrt[a”™2 + b™2 - 2*axc + c~2])
- bx(2%a - 2%c + Sqrt[a”2 + b2 - 2*axc + c”2])*Tan[d + ex*xx])/(Sqrt[2]*Sqr
t[2*%a - 2%c + Sqrt[a”2 + b2 - 2*axc + c”2]]*Sqrt[a”2 - b"2 - 2%a*xc + c72 -
(a - c)*Sqrt[a”2 + b™2 - 2xa*xc + c"2]]*Sqrt[a + b*Tan[d + e*x] + c*Tan[d +
exx]72])1)/(Sqrt[2]*(a”2 + b™2 - 2%a*xc + c72)7(3/2)*e) + (2x (b2 - 2%a*c +
b*xc*Tan[d + e*xx]))/(a*x(b”2 - 4*axc)*exSqrt[a + b*Tan[d + exx] + c*Tan[d +
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exx]72]) - (2x(a*x(b”2 - 2%x(a - c)*c) + bkck(a + c)*Tan[d + e*xx]))/((b72 + (
a - c)”2)*%(b"2 - 4xaxc)*exSqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[vl] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 740

Int[((d_.) + (e_)*(x)) " (m )*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[((d + e*x)"(m + 1)*(b*cxd - b~2%e + 2%axc*e + c*x(2xcxd - bxe
Yxx)x(a + bxx + c*xx72)7(p + 1))/ ((p + 1)*x(b"2 - 4xaxc)*(c*d”2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*(b"2 - 4*axc)*(cxd"2 - b*dxe + axe”2)), Int[(d +
exx) “m*Simp [bxckd*e*x(2*%p - m + 2) + b72%e”2x(m + p + 2) - 2%xc”2xd"2*%(2*p +
3) - 2%axcxe”2x(m + 2*%p + 3) - ckex(2xcxd - b*e)*(m + 2*p + 4)*x, x]*(a +

bxx + c*x"2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*xe + a*xe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/C((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)"2)7(q ), x_Symbol] :> Simp[((a + bxx + c*xx72)7(p + 1)*(d + £*xx72)~
(g + D*((gxc)*(~(bx(c*xd + a*xf))) + (g*xb - a*h)*(2xc™2*d + b~2xf - c*(2*axf
)) + cx(gx(2%c™2xd + b72*f - c*x(2*%axf)) - hx(bkxckxd + axbxf))*x))/((b~2 - 4%
axc)*(b~2+d*f + (c*d - a*f)"2)*(p + 1)), x] + Dist[1/((b~2 - 4xa*xc)* (b~ 2*dx*
f+ (cxd - axf)"2)*(p + 1)), Int[(a + b*x + cxx™2)"(p + 1)*(d + £*x72)"g*Si
mp[(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*f)))*(p + 1) + (b"2*(g*f) - bx
(h*cxd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - cxdx(p + 2)) - (2*fx*(
(gxc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2%d + b™2xf - cx(2xaxf)))*(p +
q + 2) - (b72%(g*xf) - bx(h*ckxd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
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))*x — ckxfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(2*p + 2%q
+ 5)*x72, x], x], x] /; FreeQ[{a, b, ¢, d, f, g, h, q}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - axf)~2, 0] && !( !IntegerQlp
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*c*xe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - gk(c*xd - axf - q) + (hx(cxd - axf + q) - gkcx
e)*x, x]/((a + c*xx"2)*Sqrt[d + e*xx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - g*(c*xd - axf + q) + (hx(cxd - a*xf - q) - gxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*x(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx”2, x], x], x, Simpl[axh - gxc*x, x]/Sqrtld + exx + fxx72]], x] /; FreeQ[
{a, c, d, e, £, g, h}, x] && EqQ[axh™2*e + 2*gxh*(c*d - a*f) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

7

Rubi steps
Subst ! dx, x, tan(d + ex
f cot(d + ex) J (f x(1+x2)(a+bx+cx2)3/2 ( )]
X =
(a + btan(d + ex) + ctan®(d + ex))a/2 €
Subst ! - il ) dx, x, tan(d + ex ]
B (f (x(a+bx+cx2)3/2 (1+x2)(u+bx+cx2)3/2 ( )
- e
1 X
Subst dx, x, tan(d + ex Subst
_ (f x(a+bx+cx2)3/2 ( )) (f 1+x2)(a+bx+cx2)3/2
B e - e
2 (bz —2ac + betan(d + ex)) 2 (a (bz -~

~

£

2 (bz — 2ac + betan(d + ex))

2 (a (b2 —~

a (b2 - 4ac) e\/a + btan(d + ex) + ctan®(d + ex) i (b2 +(a- c)2) (b2 -

~

p-

2 (bz — 2ac + betan(d + ex))

2 (a (b2 —~

a (bz - 4ac) e\/a + btan(d + ex) + ctan®(d + ex) i (bz +(a- c)z) (bz -

~

£

a (bz - 4ac) e\/a + btan(d + ex) + c tan®(d + ex) i (b2 +(a - c)2) (bz -

tanh ™! [ 20+btan(d+er) ] \/ 2a-2c— Va2 + b2 - 2ac + c

2\/3\/a+b tan(d+ex)+c tan?(d+ex)

a3/2e
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Mathematica [C] time = 4.34847, size = 450, normalized size = 0.6

2a+(b-2ic) tan(d+ex)—ib
2\/a—ib—0\/u+b tan(d+ex)+c tanz(d+ex)

—ab?—bc(a+c) tan(d+ex)+2ac(a—c) " - 4va—-ib—c

(4azc—a(b2 —4ibc+4cz)+b2(c—ib)) tanh ™!

] (4a%c-a(b?+4ibc+4c2) +5%(

2

)2 4h2
(a2—2ac+b2+c2)\/a+btan(d+ex)+ctanz(d+ex) (a=c)*+b

e (b2 —4ac

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]/(a + b*Tan[d + exx] + c*Tan[d + e*x]~2)7(3/2),x]

[Out] (2x(((-b~2/2 + 2xa*xc)*ArcTanh[(2*a + b*Tan[d + exx])/(2*Sqrt[a]l*Sqrt[a + bx
Tan[d + exx] + cxTan[d + exx]72])])/a~(3/2) + (-((4*a~2*c + b™2*x((-I)*b + c
) — ax(b72 - (4xI)*b*c + 4*c”2))*ArcTanh[(2*xa - Ixb + (b - (2xI)*c)*Tan[d +
exx])/(2xSqrtla - I*b - c]*Sqrtla + bxTan[d + exx] + c*xTan[d + exx]~2])])/
(4xSqgrtfla - Ixb - c]) - ((4*%a”2*c + b™2x(Ixb + c) - ax(b™2 + (4*I)*bxc + 4%
c”2))*ArcTanh[(2%a + I*b + (b + (2*I)*c)*Tan[d + ex*x])/(2*Sqrt[a + I*b - c]
xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(4*Sqrt[a + Ixb - c]))/(b~2
+ (a - ¢)72) + (b”2 - 2*axc + bxc*Tan[d + e*x])/(a*Sqrt[a + bxTan[d + exx]
+ c*xTan[d + e*x]72]) + (-(a*b”2) + 2*a*x(a - c)*c - bkxck(a + c)*Tan[d + e*x
1)/((@”2 + b™2 - 2*%axc + c”2)*Sqrt[a + bxTan[d + exx] + cxTan[d + e*xx]~2]))
)/ ((b™2 - 4xaxc)x*e)

Maple [B] time = 122.368, size = 15825630, normalized size = 21100.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(at+b*tan(e*x+d)+c*xtan(e*xx+d)~2)~(3/2),x)

[Out] result too large to display

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d)+cktan(e*xx+d)~2)~(3/2),x, algorithm="ma
xima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(exx+d)/(atbxtan(e*x+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="fr

icas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex) i

w»

(a+btan (d + ex) + c tan® (d + ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*xx+d)+ckxtan(e*xx+d)**2)**(3/2),x)

[Out] Integral(cot(d + exx)/(a + bxtan(d + exx) + cxtan(d + exx)**2)**(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d) i

w

(c tan (ex + (Jl)2 + btan (ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d)+c*xtan(e*xx+d)~2)~(3/2),x, algorithm="gi

a.C”)

[Out] integrate(cot(exx + d)/(c*xtan(exx + d)~2 + bxtan(exx + d) + a)~(3/2), x)
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cot?(d+ex)

3.25 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=829

b(Za—2c+V a2—2ca+b?
\/5\/Za—2c+\/a2—20a+b2+c2\/aZ—I
3/2
\/E(az—an+b2+cz) e

\/Za—2c+ Va2 = 2ca + b2 +c2\/a2 —20a-b2+ - (a—-c)Va2 - 2ca + b2 + 2 tan~!

[Out] -((Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2*a*xc + c"2]]*Sqrt[a”2 - b~2 - 2xaxc +
c”2 - (a - c)*Sgrt[a™2 + b™2 - 2xa*xc + c"2]]*ArcTan[(b*(2*%a - 2%c + Sqrtla
"2 + b72 - 2*%axc + ¢c72]) + (b72 - (a - c)x(a - ¢ - Sqrt[a”2 + bT2 - 2%axc +
c™2]))*Tan[d + exx])/(Sqrt[2]*Sqrt[2*xa - 2xc + Sqrt[a™2 + b72 - 2xa*c + ¢~
2]]xSqrt[a”2 - b™2 - 2%a*xc + ¢c”2 - (a - c)*Sqrt[a”2 + b~2 - 2%axc + c"2]]1*S
grt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2]1)]1)/(Sqrt[2]1*(a”2 + b~2 - 2%a*c +
c"2)7(3/2)*e)) + (Sqrt[2*a - 2*%c - Sqrt[a”2 + b~2 - 2xaxc + c”2]]*Sqrt[a”2
- b72 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b72 - 2*axc + c~2]]*ArcTan[(b* (2%
a - 2%c - Sqrt[a”2 + b™2 - 2%axc + ¢c72]) + (b”2 - (a - ¢c)*(a - ¢ + Sqrt[a”2
+ b"2 - 2%axc + c”2]))*Tan[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 +
b~2 - 2*axc + c”2]]*Sqrt[a”2 - b"2 - 2*%axc + ¢”2 + (a - c)*Sqrtl[a”2 + b2 -
2%axc + c¢"2]]xSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]"2])])/(Sqrt[2]*(a~2
+ b72 - 2%axc + ¢72)7(3/2)xe) + (3*bxArcTanh[(2*a + b*Tan[d + ex*xx])/(2*Sqr
t[a]*Sqrt[a + b*Tan[d + exx] + c*xTan[d + exx]~2])])/(2%xa~(5/2)*e) + (2xCot[
d + exx]*(b72 - 2xa*xc + bkxcxTan[d + exx]))/(a*x(b™2 - 4*axc)*exSqrt[a + bxTa
nld + exx] + c*xTan[d + e*xx]72]) + (2*%(b*(b”2 - (3*a - c)*c) + c*x(b™2 - 2%(a
- c)*c)*Tan[d + exx]))/((b"2 + (a - ¢c)"2)*(b"2 - 4*axc)*exSqrt[a + b*Tan[d
+ exx] + cxTan[d + exx]"2]) - ((3*b™2 - 8xaxc)*Cot[d + e*x]*Sqrt[a + b*Tan
[d + exx] + cxTan[d + exx]72])/(a™2x(b"2 - 4*axc)*e)

Rubi [A] time = 4.93876, antiderivative size = 829, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 10, integrand size = 33, number of rules

= 0.303, Rules used = {3700, 6725, 740, 806, 724, 206, 975, 1036, 1030, 205}

integrand size

b(Za—2c+\/ a2-2ca+b?

\/5\/ 2a-2c+Va2-2ca+b2+c2+/a?-!

\2 (aZ —2ca+b? + c2)3/2 e

\/2ﬂ—2c+ Va2 - 2ca + b2 +c2\/a2 —2ca—b2+c2—(a—-c)Va® —2ca+ b2 + 2 tan™!

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]"2/(a + bxTan[d + exx] + cx*Tan[d + exx]~2)~(3/2),x]

[Out] -((Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2%a*c + c~2]]*Sqrt[a™2 - b™2 - 2*axc +
c”2 - (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]*ArcTan[(b*(2*a - 2*c + Sqrtla
"2 + b2 - 2%axc + ¢72]) + (b”2 - (a - c)*(a - ¢ - Sqrt[a”2 + b72 - 2xaxc +
c"2]))*Tan[d + exx])/(Sqrt[2]*Sqrt[2*xa - 2xc + Sqrt[a™2 + b™2 - 2xa*c + c~
2]]1xSqrt[a”2 - b™2 - 2%a*xc + ¢c”2 - (a - c)*Sqrt[a”2 + b~2 - 2%a*xc + c~2]]1*S
grt[a + b*Tan[d + e*x] + c*Tan[d + exx]~2]1)]1)/(Sqrt[2]1*(a”2 + b~2 - 2*a*c +
c”2)7(3/2)xe)) + (Sqrt[2*a - 2xc - Sqrt[a™2 + b™2 - 2*axc + c~2]]*Sqrt[a”2
- b2 - 2%axc + ¢c”2 + (a - c)*Sqrt[a”2 + b"2 - 2*axc + c”2]]*xArcTan[(b* (2%
a - 2%c - Sqrt[a”2 + b™2 - 2%axc + ¢c72]) + (b”2 - (a - c)*(a - ¢ + Sqrt[a”2
+ b"2 - 2%axc + c”2]))*Tan[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2*c - Sqrt[a”2 +
b~2 - 2*axc + c”2]]*Sqrt[a”2 - b"2 - 2*%axc + ¢”2 + (a - c)*Sqrt[a”2 + b2 -
2%axc + c¢"2]]*Sqrt[a + b*Tan[d + e*x] + c*Tanl[d + e*x]~2])]1)/(Sqrt[2]*(a~2
+ b72 - 2%axc + ¢72)7(3/2)*e) + (3*%bxArcTanh[(2*a + bxTan[d + exx])/(2*Sqr
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t[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])])/(2%¥a"(5/2)*e) + (2*xCot[
d + exx]*(b"2 - 2%a*xc + b*c*Tan[d + ex*x]))/(a*x(b™2 - 4*axc)*exSqrt[a + b*Ta
nld + exx] + cxTan[d + exx]"2]) + (2*%(b*(b™2 - (3*%a - c)*c) + c*x(b”"2 - 2*(a
- c)*c)xTan[d + exx]))/((b”2 + (a - ¢c)”2)*(b"2 - 4xaxc)*exSqrt[a + b*Tan([d
+ exx] + cxTan[d + exx]~2]) - ((3%b~2 - 8*axc)*Cot[d + exx]*Sqrt[a + b*Tan
[d + exx] + cxTan[d + exx]72])/(a™2x(b"2 - 4*axc)*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*((f_)*tan[(d_.) + (e_)*x(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, 4, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + bxx"n), x]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 740

Int[((d_.) + (e_)*(x_)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*xx)"(m + 1)*(b*cxd - b~2%e + 2%axc*e + c*x(2xcxd - bxe
Y*¥x)*k(a + b*xx + c*xx”2) " (p + 1))/ ((p + 1)*(b"2 - 4xaxc)*(c*d”2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*(b"2 - 4xa*xc)*(c*d”2 - bxd*e + a*e”2)), Int[(d +
exx) “mxSimp [bkckxd*e* (2*xp — m + 2) + b7 2*e”2x(m + p + 2) - 2%c”2xd"2x(2*p +
3) - 2%akxcxe”2x(m + 2%p + 3) - ckex(2xcxd - b*e)*(m + 2*p + 4)*x, x]*(a +
b*x + c*x72)7(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 806

Int[((d_.) + (e_)*x(x_))"m_)*((£f_.) + (g_)*xx_N*((a_.) + (b_.)*(x_) + (c
_)x(x_)72)"(p_.), x_Symbol] :> -Simp[((exf - d*xg)*(d + exx)"(m + 1)*(a + b
xx + cxx”2)7(p + 1))/ (2%(p + 1)*(c*d”2 - bxd*e + axe”2)), x] - Dist[(bx(exf
+ dxg) - 2x(cxd*f + axexg))/(2x(c*d"2 - bxd*e + a*xe”2)), Int[(d + exx) " (m
+ Dx(a + bxx + c*xx"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] &
& NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify[m +
2%p + 3], 0]

Rule 724

Int[1/CC(d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*c*xd - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 975
Int[((a_.) + (b_D)*(x_) + (c_)*xx_)"2)"(p)*((d_.) + (f_)*(x_)"2)"(q), x
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_Symbol] :> Simp[((b73*f + bkcx(cxd - 3*a*xf) + c*k(2%c™2*d + b™2xf - cx(2%ax
f))*x)*(a + b*xx + c*x72)7(p + 1)*(d + £*x72)7(q + 1))/ ((b72 - 4xaxc)*(b~2xd
xf + (cxd - axf)"2)*x(p + 1)), x] - Dist[1/((b"2 - 4*axc)*(b~2*d*f + (c*xd -
axf)"2)x(p + 1)), Int[(a + b*x + c*x"2)7(p + 1)*(d + £*x72) q*Simp[2*c*(b~2
xd*xf + (c*xd - a*xf)"2)*(p + 1) - (2%c™2*d + b7™2xf - cx(2%axf))*(a*xfx(p + 1)
- cxdx(p + 2)) + (2%f*x(b"3*f + bkck(cxd - 3xa*xf))*(p + q + 2) - (2%xc™2*xd +
b~2xf - cx(2xaxf))x(b*xfx(p + 1)))*x + cxf*x(2xc™2xd + b72*f - c*x(2*xaxf))* (2%
p + 2%q + 5)*x"2, x], x], x] /; FreeQ[{a, b, ¢, 4, £, q}, x] && NeQ[b~"2 - 4
xaxc, 0] && LtQlp, -1] && NeQ[b~2xd*f + (cxd - axf)~2, 0] && !'( !IntegerQ[
pl && ILtQ[g, -11) && !'IGtQlq, O]

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*x(x_)"2)*Sqrt[(d_.) + (e_.)*(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - axf)~2 + a*xcxe”2, 2]}, Dist
[1/(2%q), Int[Simp[-(axh*e) - g*(c*xd - axf - q) + (hx(cxd - a*xf + q) - gkcx
e)*x, x]/((a + c*x72)*Sqrt[d + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si

mp [-(axh*e) - gx(c*xd - a*f + q) + (hx(cxd - axf - q) - gkxcxe)*x, x]/((a + ¢
*x"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, 4, e, f, g, h}, x] &&
NeQ[e™2 - 4xdxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_.)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrtl(d_.) + (e_.)*(x_) + (f
_)*(x_)"2]), x_Symbol] :> Dist[-2*axg*h, Subst[Int[1/Simp[2*a~2*gxh*c + ax*
exx"2, x], x], x, Simp[axh - gkxc*x, x]/Sqrtld + exx + f*x72]], x] /; FreeQ[
{a, ¢, d, e, f, g, h}, x] && EqQlaxh™2%e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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Subst ! 35 A%, x, tan(d + ex))
f cot?(d + ex) p 12(1+22)(a+bx+c?)
X =
312
(a + btan(d + ex) + ctan®(d + ex)) ! €

Subst ! + ! ] dx, x, tan(d + ex )

B f (xZ(a+bx+cx2)3/2 (—1—x2)(a+bx+cx2)3/2 ( )

B e
Subst | [—2— dx, x, tan(d + ex Subst ! :

B f xz(a+bx+cx2)3/2 ( )) N (f (—1—x2)(a+bx+cx2)3/‘

e e

2 cot(d + ex) (b — 2ac + b tan(d + ex)) 2(b(b? - (3a-
+

a (b2 - 4_ac) e\/a + btan(d + ex) + c tan®(d + ex) (bZ + (a - c)z) (b2 -

2 cot(d + ex) (b2 — 2ac + betan(d + ex)) 2 (b (b2 —(3a -
+

a (12— 4ac) ey + btan(d + ex) + ctan?(@d +ex) (82 + (a — c?) (12 -

2 cot(d + ex) (b2 —2ac + betan(d + ex)) 2 (b (bz —(3a -
+

a (b2 - 4ac) e\/a + btan(d + ex) + ctan?(d + ex) (b2 +(a - c)2) (bz -

\
\/211—2c+\/a2+b2—2ac+c2\/a2—b2+c(c+\/a2+b2—2ac+c2
]

Mathematica [C] time = 6.16579, size = 583, normalized size = 0.7

2a+b tan(d+ex)

( %b(Sac—3b2)+2abc) tanh™!
Z\ﬁ\/lﬁb tan(d+ex)+c tanz(d+ex) (8{1673172) cot(d+ex)\/a+b tan(d+ex)+c tanz(d+ex)

2 243/2 - 24

2(c(2ac—b2—2c2) tan(d+ex)+bc(3a—c)-b

a(b2—4ac) ((a—c)2+b2) (b2—4uc)\/a+b tan(d+ex)+c tan?

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]"2/(a + b*Tan[d + e*x] + cxTan[d + e*x]"2)~(3/2),x]

[Out] ((2*%((-4xSqrtla - I*b - cl*(-(b*x(b~2 - 4xa*xc))/4 + (I/4)*(a - c)*(b"2 - 4xa
xc))*ArcTanh[(-2*a + Ixb - (b - (2%I)*c)*Tan[d + e*xx])/(2xSqrtla - I*b - cl
xSqrt[a + b*Tan[d + e*xx] + c*Tanl[d + e*xx]~2])])/(4*a - (4*I)*b - 4xc) - (4%
Sqrtla + Ixb - cl*(-(b*(b™2 - 4xaxc))/4 - (I/4)x(a - c)*(b"2 - 4xaxc))*ArcT
anh[(-2%a - Ixb - (b + (2*I)*c)*Tan[d + e*x])/(2*%Sqrt[a + Ixb - c]*Sqrt[a +
b*Tan[d + exx] + cxTan[d + exx]~2])])/(4*a + (4*xI)*b - 4*c)))/((b"2 + (a -
c)"2)*(b"2 - 4xaxc)) - (2+Cot[d + exx]*(-b~"2 + 2*a*xc - b*c*Tan[d + e*x]))/
(ax(b"2 - 4xaxc)*Sqrtla + b*Tan[d + e*xx] + cxTan[d + exx]~2]) - (2x(-b~3 +
b*(3xa - c)*c + cx(~-b”"2 + 2xaxc - 2*c"2)*Tan[d + e*x]))/((b"2 + (a - c)"2)*
(b™2 - 4xaxc)*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2]) - (2x(((2*a*xbxc
+ (bx(-3%b~2 + 8%axc))/2)*ArcTanh[(2%a + b*Tan[d + e*x])/(2%Sqrt[al*Sqrt[a
+ b*Tan[d + e*xx] + cxTan[d + exx]~2])])/(2%xa~(3/2)) - ((-3*b~2 + 8*axc)*Cot
[d + exx]*Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(2%xa)))/(ax(b”2 - 4x
axc)))/e
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Maple [F] time = 180., size = 0, normalized size = 0.

3

f(cot (ex + d))2 (a + btan (ex + d) + c (tan (ex + cl))z)_E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "2/ (a+b*tan(e*x+d)+c*tan(exx+d)~2)~(3/2),x)

[Out] int(cot(exx+d) "2/ (at+b*tan(e*x+d)+c*tan(exx+d)~2)~(3/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atbxtan(exx+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="
maxima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~2/(atb*tan(e*xx+d)+cxtan(e*xx+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

t2(d
cot” (d + ex) i

w

(a +btan (d + ex) + ctan® (d + ex))E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**2/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Integral(cot(d + exx)**2/(a + bxtan(d + exx) + cxtan(d + ex*xx)**2)**x(3/2), x
)
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Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)2

dx

w

(c tan (ex + al)2 + btan(ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
giac")

[Out] integrate(cot(e*x + d)~2/(c*tan(e*x + d)~2 + bxtan(exx + d) + a)~(3/2), x)
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cot3(d+ex)

3.26 dx

2 3
(a+bmnﬂd+a0+ctan(d+&@)

Optimal. Leaf size=1007

(5172 - 12ac) \/c tan?(d + ex) + btan(d + ex) + a cot>(d + ex) 2 (b2 + ctan(d + ex)b — 2ac) cot?(d + ex)
- +

2a? (bz h 4ac) € a (b2 - 4ac) e\/c tan?(d + ex) + btan(d + ex) + a

[Out] ArcTanh[(2*a + b*Tan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d
+ exx]72])]1/(a~(3/2)*e) - (3%(5*b~2 - 4*axc)*ArcTanh[(2*a + b*Tan[d + ex*x]
)/ (2*%Sqrt[a]*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(8%a~(7/2)*e) +
(Sqrt[2*a - 2xc - Sqrt[a”™2 + b™2 - 2%a*xc + c~2]]*Sqrt[a”2 - b~2 - 2*axc +
c”2 + (a - c)*Sqrt[a™2 + b72 - 2xa*xc + c”2]]*ArcTanh[(b"2 - (a - c)*(a - ¢
+ Sqrt[a”™2 + b2 - 2xaxc + c¢72]) - b*(2%a - 2%c - Sqrt[a”2 + b72 - 2*a*c +
c2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*xa - 2*xc - Sqrt[a™2 + b™2 - 2%axc + c~2]
IxSgrt[a™2 - b™2 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]*Sqr
tla + bxTan[d + e*x] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b™2 - 2xa*c + ¢
~2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”2 + b~2 - 2*axc + c~2]]*Sqrt[a”2 -
b~2 - 2%axc + c”2 - (a - c)*Sqrt[a”2 + b~2 - 2*axc + c”2]]*ArcTanh[(b~2 - (
a - c)k(a - c - Sqrtl[a™2 + b™2 - 2%a*xc + c72]) - b*(2*a - 2xc + Sqrt[a”2 +
b~2 - 2%axc + c¢"2])*Tan[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2%c + Sqrt[a”2 + b~2
- 2xa*xc + c¢"2]]*Sqrt[a™2 - b72 - 2*%axc + c”2 - (a - c)*Sqrt[a”2 + b72 - 2*a
xc + c”2]]1*xSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(Sqrt[2]*(a”2 + b
T2 - 2xaxc + ¢72)7(3/2)*e) - (2%(b72 - 2*axc + bkxc*Tan[d + e*xx]))/(a*x(b™2 -
4xaxc)*exSqrt[a + b*Tan[d + e*x] + c*Tan[d + e*xx]~2]) + (2xCot[d + e*xx] 2%
(b2 - 2%axc + bxc*xTan[d + e*xx]))/(ax(b”2 - 4*akxc)*exSqrt[a + b*Tan[d + e*x
] + c*xTan[d + e*xx]72]) + (2*%(ax(b”2 - 2%(a - c)*c) + bxcx(a + c)*Tan[d + ex
x]1))/((072 + (a - c)72)*(b"2 - 4*axc)*e*xSqrt[a + bxTan[d + exx] + cxTan[d +
exx]72]) + (b*x(15%xb~2 - b52xa*c)*Cot[d + e*xx]*Sqrtla + b*Tan[d + exx] + cxT
an[d + e*xx]~2])/(4*a"3*(b"2 - 4xaxc)*e) - ((5¥b~2 - 12*xaxc)*Cot[d + e*xx] 2%
Sqrt[a + b*Tan[d + e*x] + cxTan[d + exx]~2])/(2%a”"2%(b"2 - 4*axc)*e)

Rubi [A] time = 4.92768, antiderivative size = 1007, normalized size of antiderivative =

. . number of rul
1., number of steps used = 18, number of rules used = 12, integrand size = 33, ——————
integrand size

= 0.364, Rules used = {3700, 6725, 740, 834, 806, 724, 206, 12, 1018, 1036, 1030, 208}

(Sb2 - 12ac) \/c tan?(d + ex) + btan(d + ex) + a cot>(d + ex) 2 (b2 + ctan(d + ex)b — 2ac) cot?(d + ex)
- +

202 (b2 a 4ac) ¢ a (bz - 4ac) e\/c tan?(d + ex) + btan(d + ex) + a

Antiderivative was successfully verified.

[In] Int[Cot[d + ex*x]"3/(a + bx*Tan[d + e*xx] + cx*Tan[d + exx]~2)~(3/2),x]

[Out] ArcTanh[(2*a + b*Tan[d + exx])/(2+Sqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d
+ exx]72])]1/(a”~(3/2)*e) - (3*x(5%b~2 - 4xaxc)*ArcTanh[(2*a + b*Tan[d + ex*x]

)/ (2+Sqrt[al*Sqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2])])/(8*a~(7/2)*e) +
(Sqrt[2*a - 2xc - Sqrt[a”™2 + b™2 - 2%a*xc + c”2]]*Sqrt[a”2 - b™2 - 2*axc +

c”2 + (a - c)*Sqrt[a™2 + b72 - 2xa*xc + c”2]]*ArcTanh[(b"2 - (a - c)*(a - ¢

+ Sqrt[a™2 + b72 - 2xa*xc + c"2]) - b*x(2%a - 2*c - Sqrt[a”2 + b2 - 2*axc +

c2])*Tan[d + exx])/(Sqrt[2]*Sqrt[2*xa - 2*xc - Sqrt[a”™2 + b™2 - 2%axc + c~2]

IxSgrt[a™2 - b™2 - 2%axc + ¢”2 + (a - c)*Sqrt[a”2 + b™2 - 2*axc + c~2]]*Sqr

tla + b*Tan[d + e*xx] + cxTan[d + exx]~2])])/(Sqrt[2]*(a”2 + b~2 - 2%a*c + c
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~2)7(3/2)*e) - (Sqrt[2*a - 2*c + Sqrt[a”™2 + b~2 - 2xa*xc + c~2]]*Sqrt[a”2 -
b~2 - 2%axc + ¢c”2 - (a - c)*Sqrt[a”2 + b2 - 2%axc + c"2]]*ArcTanh[(b"2 - (
a - c)*x(a - ¢c - Sqrtl[a™2 + b™2 - 2*axc + c”2]) - bx(2%xa - 2%c + Sqrt[a”2 +
b~2 - 2%axc + c¢"2])*Tan[d + ex*xx])/(Sqrt[2]*Sqrt[2*a - 2*c + Sqrt[a”2 + b~2

- 2%axc + c”2]]1*Sqrt[a”2 - b72 - 2xaxc + ¢c”2 - (a - c)*Sqrt[a”2 + b72 - 2xa
xc + ¢"2]1*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2])]1)/(Sqrt[2]*(a”2 + b
"2 - 2xaxc + ¢72)7(3/2)*%e) - (2*%(b"2 - 2%axc + bxc*Tan[d + e*x]))/(a*x(b"2 -
4xaxc)*exSqrt[a + b*Tan[d + e*xx] + c*Tan[d + e*x]~2]) + (2xCot[d + exx] 2%
(b”2 - 2*axc + bxc*xTan[d + ex*x]))/(ax(b”2 - 4xaxc)*exSqrt[a + b*Tan[d + e*x
] + c*xTan[d + e*xx]72]) + (2*%(ax(b”2 - 2%(a - c)*c) + bxcx(a + c)*Tan[d + ex
x1))/((072 + (a - c)72)*(b"2 - 4*axc)*e*xSqrt[a + bxTan[d + exx] + cxTan[d +
exx]"2]) + (bx(156%b~2 - 52*a*xc)*Cot[d + exx]*Sqrt[a + b*Tan[d + e*x] + cx*T
an[d + exx]~2])/(4*a"3%(b"2 - 4*axc)xe) - ((5*xb72 - 12*axc)*Cot[d + exx] 2%
Sqrt[a + bxTan[d + exx] + cxTan[d + exx]~2])/(2xa"2x(b~2 - 4xa*c)*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)x*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 6725

Int[(u)/((a_) + (b_.)*x(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x™n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 740

Int[((d_.) + (e_.)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + exx)"(m + 1)*(b*cxd - b~2%e + 2%axcke + c*x(2kcxd - bxe
)*¥x)*k(a + b*x + c*xx"2)"(p + 1))/((p + 1)*(b72 - 4xaxc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*x(b"2 - 4*a*xc)*(cxd"2 - b*d*e + axe”2)), Int[(d +
e*xx) “mxSimp [bkcxd*xex(2%p — m + 2) + b™2%e”2*x(m + p + 2) - 2%xc”2*d"2%(2*p +
3) - 2%axcxe”2*(m + 2*p + 3) - cxex(2xcxd - bkxe)*(m + 2*%p + 4)*x, x]*(a +
b*x + c*x”2)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[cxd™2 - bxd*xe + axe”2, 0] && NeQ[2*c*d - bxe, 0] && LtQ[p,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 834

Int[((d_.) + (e_.)*(x_))"(m_)*((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)72) (p_.), x_Symbol] :> Simp[((exf - dxg)*(d + exx) " (m + 1)*(a + bx

x +cxx”2)7(p + 1))/((m + 1)*x(cxd”™2 - bxdxe + axe”2)), x] + Dist[1/((m + 1)
*(cxd™2 - bxd*e + axe”2)), Int[(d + exx)"(m + 1)*(a + b*x + c*x~2) p*Simp[(
ckd*f - fxbke + akexg)*(m + 1) + bx(d*g - exf)*(p + 1) - cx(exf - d*xg)*(m +
2xp + 3)*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, p}, x] && NeQ[b~2 -

4xa*xc, 0] && NeQ[cxd~™2 - b*dxe + axe”2, 0] && LtQ[m, -1] && (IntegerQ[m] ||
IntegerQlp] || IntegersQ[2*m, 2x*p])

Rule 806

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)72) (p_.), x_Symbol] :> -Simp[((e*f - d*xg)*(d + exx)"(m + 1)*(a + b
*x + c*xx”2) 7 (p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*e”2)), x] - Dist[(b*x(exf
+ dxg) - 2x(cxd*xf + axexg))/(2x(cxd”2 - b*xdxe + a*e”2)), Int[(d + exx) " (m
+ Dx(a + b*x + c*x72)7p, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] &
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& NeQ[b~2 - 4x*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify[m +
2xp + 3], 0]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”™2 - 4xbxd*e + 4*axe”2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 1018

Int[((g_.) + (h_)*(x_))*((a_) + (b_)*(x_) + (c_)*(x_)"2)"(p_)*((d_) + (f
_)*(x_)72)7(q), x_Symbol] :> Simp[((a + bxx + c*xx72)7(p + 1)*(d + £*xx72)~
(g + D*((gxc)*(~(bx(c*xd + a*xf))) + (g*xb - a*h)*(2xc™2*d + b™2xf - c*x(2*axf
)) + cx(gx(2%c™2xd + b72*f - c*x(2%axf)) - hx(bkcxd + axbxf))*x))/((b~2 - 4%
axc)*(b~2xd*f + (cxd - a*xf)"2)*(p + 1)), x] + Dist[1/((b~2 - 4xa*xc)* (b~ 2*dx*
f + (cxd - axf)"2)x(p + 1)), Int[(a + b*x + c*x"2)7(p + 1)*(d + £*x72) g*Si
mp[(bxh - 2*gxc)*((cxd - a*xf)"2 - (bxd)*(=(b*f)))*(p + 1) + (b"2*(g*f) - bx
(h*c*xd + axh*xf) + 2x(gxckx(cxd - axf)))*(a*xfx(p + 1) - cxdx(p + 2)) - (2*fx*(
(gxc)*(-(bx(cxd + axf))) + (gxb - axh)*(2%c™2%d + b~2xf - cx(2xaxf)))*(p +

q + 2) - (b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxckx(cxd - axf)))*(b*xfx(p + 1)
))*x — ckxfx(b72%(g*xf) - bx(h*ckd + axh*xf) + 2x(gxck(cxd - axf)))*(2*p + 2%q
+ 5)*x72, x1, x], x] /; FreeQ[{a, b, ¢, d, £, g, h, g}, x] && NeQ[b~2 - 4x
axc, 0] && LtQ[p, -1] && NeQ[b~2*d*f + (c*d - axf)~2, 0] && !( !IntegerQ[p
1 && ILtQlq, -11)

Rule 1036

Int[((g_.) + (h_.)*(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (
f_ )x(x_)"2]), x_Symbol] :> With[{q = Rt[(cxd - a*xf)~2 + a*cxe”2, 2]}, Dist
[1/(2*%q), Int[Simp[-(a*h*e) - gx(cxd - axf - q) + (h*(c*d - a*xf + q) - gcx
e)*x, x]/((a + c*x"2)*Sqrtld + exx + f*x72]), x], x] - Dist[1/(2*q), Int[Si
mp [-(axh*e) - gx(cxd - a*xf + q) + (hx(cxd - axf - q) - gkcxe)x*x, x]/((a + ¢
xx"2)*Sqrt[d + exx + f*x72]), x], x]] /; FreeQ[{a, c, d, e, £, g, h}, x] &
NeQ[e™2 - 4*dxf, 0] && NegQ[-(a*c)]

Rule 1030

Int[((g_) + (h_)*x(x_))/(((a_) + (c_.)*(x_)"2)*Sqrt[(d_.) + (e_.)*x(x_) + (f
_)*x(x_)72]), x_Symbol] :> Dist[-2*a*g*h, Subst[Int[1/Simp[2*a”2*gxh*xc + ax
exx”2, x], x], x, Simp[a*h - gkc*x, x]/Sqrt[d + exx + f*x72]1], x] /; FreeQ[
{a, ¢, d, e, £, g, h}, x] && EqQla*h™2%e + 2%gxh*(c*d - axf) - g~2xc*e, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]



Rubi steps

144

1

I

3 Subst 7 dx, x, tan(d + ex))
cot’(d + ex) J x3(l+x2)(a+bx+cx2)
X =
a+ btan(d + ex) + ctan?(d + (5'3())3/2 €
Subst ! - ! + al ) dx, x, tan(d
B ( x3 (a+bx+cx2)3/2 x(a+bx+cx2)3/2 (1+x2)(a+bx+cx2)3/2 (
B e
Subst | [—2— dx, x, tan(d + ex Subst ! dx, a
B f x3(a+bx+cx2)3/2 ( )) (f x(a+bx+cx2)3/2
B e e
2 (bz —2ac + betan(d + ex)) 2 cot?(d + ex)
a (b2 - 4ac) e\/a +btan(d + ex) + ctan®(d + ex) 4 (bz - 4ac) NLE

Mathematica [C]

2 (bz — 2ac + betan(d + ex)) 2 cot?(d + ex)

+

a (b2 - 4ac) e\/a +btan(d + ex) + ctan®(d + ex) 4 (b2 - 4ac) e\/;

2 (bz — 2ac + betan(d + ex)) 2 cot?(d + ex)

+
a (b2 - 4ac) e\/a +btan(d + ex) + ctan®(d + ex) 4 (bz - 4ac) e\/;

(uc(5b2—1211c)—%b2(15b2—52ac)) tanh ™1

tanh ™ [ 2a+btan(d+ex) ] \/ 20 - 2c — Va2 + b2 - 2ac + 2
2\/5\/a+b tan(d+ex)+c tan(d+ex)
ad2e
tanh ™! [ 2a+b tan(d+ex) J 3 (5b2 - 4ac) tanh ™! [—2%
2\/5\/&+b tan(d+ex)+c tanz(d+ex) ZW\/M—T‘ca
a32e - 8a’l2¢

time = 6.17195, size = 786, normalized size = 0.78

2a+b tan(d+ex)

2| -

zﬁ\/u+h tan(d+ex)+c tanZ(d+ex) b(1562-52ac) cot(d+ex)ya+b t:
2232 * m

2a+b tan(d+ex)

b2 -1
2|2ac-~-|tanh
2 2
2\/1;\/a+btan(d+ex)+ctan (d+ex)

2a

a3/2 (bz —4ac)

a(b2—4uc)

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + e*x]~3/(a + b*Tan[d + e*x] + c*Tan[d + e*x]~2)7(3/2),x]

[Out] ((-2%(-b~2/2 + 2*axc)*ArcTanh[(2*a + b*Tan[d + exx])/(2*Sqrt[a]*Sqrt[a + bx*
Tan[d + exx] + c*Tan[d + e*x]~2])]1)/(a~(3/2)*(b~2 - 4*axc)) - (2x((-4*Sqrt[
a + Ixb - c]*((I/4)*b*(b~"2 - 4xaxc) - ((a - c)*x(b~2 - 4xax*xc))/4)*ArcTanh[(2
xa + Ixb - (-b - (2*I)*c)*Tan[d + exx])/(2xSqrt[a + I*b - c]*Sqrt[a + bxTan
[d + e*xx] + cxTan[d + exx]"2])])/(4*a + (4*I)*b - 4*xc) - (4*Sqrtla - Ixb -
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cl*((-I/4)*%bx (b2 - 4xaxc) - ((a - c)*(b"2 - 4xaxc))/4)*ArcTanh[(2*a - Ix*Db

- (b + (2xI)*c)*Tan[d + exx])/(2xSqrt[a - I*b - c]*Sqrt[a + bxTan[d + exx]
+ c*Tan[d + e*x]~2])])/(4*xa - (4*xI)*b - 4%c)))/((b~2 - 4xa*xc)*(b"2 + (-a +
c)"2)) + (2%(-b~2 + 2*axc - bxc*Tan[d + e*x]))/(ax(b~2 - 4*axc)*Sqrtla + b
*Tan[d + exx] + c*Tan[d + exx]72]) - (2+Cot[d + exx] 2%(-b"2 + 2%a*c - b*cx
Tan[d + exx]))/(a*x(b”2 - 4*axc)*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e*x]~2]
) = (2x(=(ax(b™2 - 2*%a*xc + 2*%c”2)) + c*x(-(a*b) - bxc)*Tanl[d + exx]))/((b~2

- 4xaxc)*(b"2 + (-a + c)”2)*Sqrtla + b*Tan[d + e*x] + c*Tan[d + exx]"2]) -

(2% (= ((-5%b~2 + 12*axc)*Cot[d + exx] 2xSqrt[a + b*Tan[d + exx] + c*Tan[d +

exx]~2])/(4*a) - (((-(b~2%(15%b~2 - b52*a*xc))/4 + a*xc*x(5xb~2 - 12%a*c))*ArcT
anh[(2*a + bxTan[d + exx])/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x] + c*Tan[d + e
xx]72])]1)/(2%a~(3/2)) + (bx(15%b~2 - L52*axc)*Cot[d + e*x]*Sqrt[a + b*Tanl[d

+ exx] + cxTan[d + exx]~2])/(4*a))/(2xa)))/(ax(b™2 - 4xaxc)))/e

Maple [F] time = 180., size = 0, normalized size = 0.

3

f (cot (ex + d))3 (a + btan (ex + d) + c (tan (ex + d))z)_E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "3/ (at+b*tan(e*x+d)+cxtan(e*xx+d)~2)~(3/2),x)

[Out] int(cot(exx+d) "3/ (atbxtan(exx+d)+c*xtan(exx+d)~2) " (3/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*tan(e*xx+d)+c*xtan(exx+d)~2)~(3/2),x, algorithm="
maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atbxtan(exx+d)+c*tan(e*x+d)~2)~(3/2),x, algorithm="
fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

t3 (d
cot” (d + ex) i

w

(a+btan (d + ex) + c tan® (d + ex))?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atb*tan(e*x+d)+c*tan(e*xx+d)**2)**(3/2),x)

[Out] Integral(cot(d + exx)**3/(a + bxtan(d + exx) + cxtan(d + exx)**2)**x(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)° ;
X

w

(c tan (ex + ¢7l)2 + btan (ex + d) + a)E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atbxtan(exx+d)+c*tan(e*x+d)”~2)~(3/2),x, algorithm="

giac")

[Out] integrate(cot(exx + d)~3/(cxtan(e*x + d)~2 + bxtan(exx + d) + a)~(3/2), x)



147

3.27 ftan5(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=270

b+2ctan® (d+ex)

2\/5\/u+b tanz(d+ex)+c tan4(d+ex) (ZC(b + ZC) tanz(d + ex) + (b - 26)(

(—4bc(a —2¢) = 8c(a + 2¢) + 2b%c + b3) tanh ™ [

32c5/2¢

[Out] -(Sqrtla - b + c]*ArcTanh[(2%a - b + (b - 2xc)*Tan[d + exx]~2)/(2*Sqrt[a -
b + c]*Sqrt[a + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~4])])/(2xe) + ((b~3 + 2%Db
“2xc - 4xbx(a - 2%c)*c - 8xc"2x(a + 2%c))*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/
(2#Sqrt [c]*Sqrt[a + b*Tan[d + e*x] "2 + c*Tan[d + e*x]~4])])/(32%c™(5/2)*e)

- (((b = 2xc)*(b + 4xc) + 2xc*x(b + 2*c)*Tan[d + e*x] 2)*Sqrt[a + b*Tan[d +

exx] "2 + cxTan[d + ex*x]~4])/(16*c"2xe) + (a + bxTan[d + e*x]”~2 + c*Tan[d +
exx]~4)7(3/2)/(6*cx*e)

Rubi [A] time = 0.612587, antiderivative size = 270, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35, e e =

integrand size
0.229, Rules used = {3700, 1251, 1653, 814, 843, 621, 206, 724}

b+2c tan2(d +ex)

2\/2\/a+b tan?(d+ex)+c tan*(d+ex) (2C(b + 2C) tanz(d + ex) + (b - ZC)(

(—4bc(a —2¢) - 8c?(a + 2¢) + 2b%c + b3) tanh ™

32c52¢

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx] 5xSqrt[a + b*Tan[d + e*x]”"2 + cxTan[d + exx]~4],x]

[Out] -(Sgrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a -
b + c]*Sqrtla + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4]1)]1)/(2xe) + ((b™3 + 2*b
~“2%c - 4xbx(a - 2*c)*c - 8xc”2x(a + 2*xc))xArcTanh[(b + 2*c*Tan[d + e*xx]~2)/
(2+Sqrt [c1*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + exx]"41)1)/(32%c"~(5/2)*e)

- (((b = 2xc)*(b + 4xc) + 2xcx(b + 2*c)*Tan[d + exx]~2)*Sqrt[a + bxTan[d +

e*xx] "2 + c*Tan[d + exx]~4])/(16%c"2%e) + (a + b*Tan[d + exx]"2 + cx*Tan[d +
exx]~4) " (3/2)/ (6xcxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251

Int[(x )" (m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
bxx + c*x~2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1653

Int[(Pq )*x((d_.) + (e_)*(x D))" (m_.)*x((a_.) + (b_)*(x_) + (c_)*(x_)"2)"(p
), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[(fx(d + exx)"(m + q - D*(a + b*x + c*x72)"(p + 1))/(c*xe”(q - D*(m + q
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+ 2%p + 1)), x] + Dist[1/(cxe”gx(m + q + 2*xp + 1)), Int[(d + exx)"mx(a + b

*X + c*x”2) p*ExpandToSum[c*e~q*(m + q + 2%p + 1)*xPq - c*f*(m + q + 2%p + 1
)*(d + exx)”q - f*x(d + e*xx)”"(q - 2)*(bxd*ex(p + 1) + a*xe™2x(m + q - 1) - c*
d72%(m + q + 2%xp + 1) - ex(2xcxd - bxe)*(m + q + p)*x), x], x], x] /; GtQlq
, 11 && NeQ[m + q + 2*p + 1, 01] /; FreeQ[{a, b, c, d, e, m, p}, x] && Poly
Q[Pg, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && !'(IGtQ
[m, 0] && RationalQ[a, b, c, d, e] && (IntegerQlpl || ILtQ[p + 1/2, 01))

Rule 814

Int[((d_.) + (e_.)*(x_)) " (m_)*x((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> Simp[((d + e*x)"(m + 1)*(ckexfx(m + 2%p + 2
) - g*(c*d + 2*c*d*p - b*e*p) + g*c*e*(m + 2*p + 1)*xx)*(a + bxx + c*x"2)"p)
/(cxe”™2x(m + 2*%p + 1)*(m + 2*p + 2)), x] - Dist[p/(c*xe™2x(m + 2*p + 1)*(m +
2xp + 2)), Int[(d + e*xx) m*x(a + bxx + c*x72)7(p - 1)*Simp[cxe*xfx(bxd - 2xa
xe)x(m + 2xp + 2) + gx(axex(bxe - 2kckxd*m + bkexm) + bxdx(bxexp - c*d - 2%c
*d*p)) + (ckxexf*x(2xcxd - bxe)*(m + 2xp + 2) + gx(b™2%e™2x(p + m + 1) - 2%c”
2xd72% (1 + 2%p) - cxex(bxdx(m - 2*%p) + 2*xaxex(m + 2*p + 1))))*x, x], x], x]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[cxd~2
- bxd*e + a*xe”2, 0] && GtQ[p, O] && (IntegerQlp] || !'RationalQ[m] || (GeQL
m, -1] && LtQ[m, 0])) && !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQl[p]
|| IntegersQ[2*m, 2x*p])

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*x((a_.) + (b_)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)”"(m + 1)*x(a + b*x +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*(a + b*x + c*x"2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*c*xd - bxe, 0]

Rubi steps



149

Subst (f % dx, x, tan(d + ex))

ftanS(d + ex)\/a + btan?(d + ex) + ctan*(d + ex) dx = .

Subst (f x2Va+bx+cx

2 2
. dx, x, tan“(d + ex))

2e

3
27

)yz Subst(f
+

(a + btan®(d + ex) + c tan*(d + ex)

6ce
((b —2¢)(b + 4c) + 2c(b + 2c) tan®(d + ex)) \Ja + btan?
T 16c2e
((b —2¢)(b + 4c) + 2c(b + 2c) tan®(d + ex)) \Ja + btan?
T 16c2e
((b = 20)(b + 4c) + 2c(b + 20) tan®(d + ex)) y/a + b tan’
- 16c2e

1/11 —b+c tanh_l [ 2a-b+(b-2c) tan®(d+ex) ]

2Va—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

B 2e

Mathematica [A] time = 5.8262, size = 290, normalized size = 1.07

b+2c tanZ(d +ex)

3 (—4bc(a —2¢) — 8c%(a + 2c) + 2b%c + b3) tanh ™ ] + ix/zsec‘l(d + ex) ((8ac - 3b% - 8b

2\/5\/u+b tan?(d-+ex)+c tan*(d-+ex)

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx] 5*Sqrtl[a + bxTan[d + exx]"2 + cxTan[d + exx]~4],x]

[Out] (-48xc~(5/2)*Sqrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(
2xSqrt[a - b + c]xSqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + exx]~4])] + 3*(b~3

+ 2%b~2xc - 4xbx(a - 2xc)*c - 8*c"2*(a + 2xc))*ArcTanh[(b + 2*c*xTan[d + exx

172) /(2xSqrt [c]*Sqrt[a + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~4])] + (Sqrt[clx*
(-9%b~2 + 24xa*xc - 16*bxc + 84*%c™2 - 4%(3*b”"2 + 6xb*c - 8*cx(a + 2*c))*Cos[

2x(d + e*xx)] + (-3*%b72 + 8xa*xc - 8*bxc + 44xc”2)*Cos[4*x(d + e*x)])*Sec[d +
exx]"4*Sqrt[a + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~4])/4)/(96%c~(5/2)*e)

Maple [B] time = 0.25, size = 684, normalized size = 2.5
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atbxtan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(e*x+d) ~5,x)

[Out] 1/6*(a+b*tan(exx+d) " 2+c*tan(e*xx+d) ~4)~(3/2)/c/e-1/8/exb/cx(a+b*tan(exx+d) "2
+cxtan (exx+d) ~4) ~(1/2) *tan(e*x+d) "2-1/16/e*b~2/c~2* (a+b*tan (e*xx+d) ~2+c*tan(
exx+d) ~4)~(1/2)-1/8/exb/c”(3/2) *1n((1/2*b+c*tan(exx+d) ~2)/c”~(1/2)+(a+b*tan(
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e*xx+d) "2+cxtan(exx+d) "4) "~ (1/2) )*a+1/32/exb”"3/c~(5/2) *1n((1/2*b+cxtan (exx+d)
~2)/c”(1/2)+(atbxtan(e*x+d) “2+c*tan (exx+d) "4) ~(1/2))-1/4/ex (a+b*tan (e*xx+d) "~
2+cxtan(e*xx+d) "4) " (1/2) *tan(e*x+d) "2-1/8/e/c*(a+b*tan (exx+d) "2+c*tan (e*x+d)
~4)~(1/2)*b-1/4/e/c”(1/2)*1n((1/2*b+c*tan(e*xx+d) ~2) /c~(1/2)+ (a+b*tan (e*xx+d)
~2+c*tan(exx+d) "4) " (1/2))*a+1/16/e/c”(3/2) *1n((1/2*b+cxtan(e*xx+d) ~2) /c~(1/2
)+(atb*tan (e*x+d) ~2+c*xtan(exx+d) ~4)~(1/2))*b"2+1/2/ex ((1+tan (exx+d) ~2) "2*c+
(b-2*c) * (1+tan(e*x+d) “2)+a-b+c) ~(1/2)+1/4/ex1n((1/2*b-c+c* (1+tan(e*x+d) ~2))
/c”(1/2)+((1+tan(exx+d) ~2) “2*c+ (b-2*c) * (1+tan(e*xx+d) ~2)+a-b+c) ~(1/2)) /c~(1/
2)*b-1/2/exIn((1/2*b-c+cx (1+tan(e*x+d) "2))/c”(1/2)+((1+tan(e*x+d) ~2) "2*c+(b
-2%c) * (1+tan(exx+d) "2)+a-b+c) ~(1/2))*c~(1/2)-1/2/e*x(a-b+c) ~(1/2) *1n ((2*a-2%
b+2*xc+(b-2xc)* (1+tan(e*x+d) ~2)+2* (a-b+c) ~(1/2)* ((1+tan(e*x+d) ~2) "2*c+(b-2*c
)*(1+tan(exx+d) “2)+a-b+c) ~(1/2))/(1+tan(e*x+d) ~2))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(exx+d)~5,x, algorithm
="maxima"

[Out] Timed out

Fricas [A] time = 36.87, size = 3421, normalized size = 12.67

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) "2+cxtan(exx+d)~4)~(1/2)*tan(exx+d)~5,x, algorithm
="fricas")

[Out] [1/192%(48%sqrt(a - b + c)*c”3*log(((b~2 + 4x(a - 2xb)*c + 8*c~2)*tan(exx +
d)"4 + 2x(4xaxb - 3*b"2 - 4x(a - b)*c)*tan(exx + d)72 - 4xsqrt(cxtan(exx +
d)"4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*xx + d)~2 + 2*a - b)*sqrt(a -
b + c) + 8%a”2 - 8%axb + b”2 + 4xaxc)/(tan(exx + d)"4 + 2*tan(e*x + d)72 +
1)) - 3%(b7™3 - 8*(a - b)*c™2 - 16%c™3 - 2% (2*a*xb - b~2)*c)*sqrt(c)*log(8*c
“2xtan(e*x + d)~4 + 8xbkxcxtan(exx + d)”"2 + b2 - 4xsqrt(cxtan(exx + d)~4 +
bxtan(e*x + d)72 + a)*x(2xc*tan(e*xx + d)72 + b)*sqrt(c) + 4*xaxc) + 4x(8*c” 3%
tan(e*xx + d)74 - 3%b72xc + 2x(4*a - 3*b)*xc”2 + 24%c”3 + 2% (b*xc”2 - 6%c”3)*t
an(e*xx + d)~2)*sqrt(c*xtan(exx + d)~4 + b*xtan(ex*x + d)~2 + a))/(c"3xe), 1/96
*x(24*sqrt(a - b + c)*c™3*xlog(((b72 + 4*(a - 2%b)*c + 8xc”2)*tan(e*xx + d)74
+ 2% (4xaxb - 3*%b"2 - 4x(a - b)*c)*tan(e*xx + d)~2 - 4xsqrt(c*xtan(e*xx + d)74
+ bxtan(e*xx + d)"2 + a)*((b - 2*c)*tan(exx + d)72 + 2%xa - b)*sqrt(a - b + ¢
) + 8%a”2 - 8%axb + b~2 + 4*axc)/(tan(exx + d)74 + 2xtan(exx + d)72 + 1)) -
3*x(b73 - 8x(a - b)*c™2 - 16%c™3 - 2*(2*axb - b~2)*c)*sqrt(-c)*arctan(l/2xs
grt(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)*sqrt(
-c)/(c"2xtan(exx + d)~4 + bxcxtan(exx + d)72 + a*xc)) + 2*%(8xc”3xtan(exx + d
)74 - 3xb72xc + 2x(4*a - 3*b)*xc”2 + 24%c”3 + 2% (b*c”2 - 6%c”3)*tan(e*x + d)
~2)xsqrt(cxtan(e*xx + d)~4 + bxtan(e*x + d)~2 + a))/(c"3%e), -1/192x(96%sqrt
(-a + b - c)*c”3xarctan(-1/2*sqrt(c*tan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*
((b - 2xc)*tan(exx + d)72 + 2xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*ta
n(exx + d)~4 + (a*b - b™2 + b*xc)*tan(exx + d)72 + a”2 - a*xb + axc)) + 3*(b”
3 - 8%(a - b)*c”™2 - 16%c™3 - 2x(2%a*b - b"2)*c)*sqrt(c)*log(8xc~2*tan(e*xx +
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d)~4 + 8xb*cxtan(exx + d)”2 + b2 - 4xsqrt(cxtan(e*xx + d)~4 + bxtan(exx +
d)"2 + a)*(2*xcxtan(exx + d)72 + b)*sqrt(c) + 4*akxc) - 4*(8*xc”3*tan(e*x + d)
T4 - 3xb72%c + 2% (4%a - 3*b)*cT2 + 24xc”3 + 2x(b*c”2 - 6*%c”3)*tan(exx + d)”
2)*sqrt(c*tan(e*x + d)~4 + bxtan(e*xx + d)~2 + a))/(c"3*e), -1/96*(48*sqrt(-
a + b - c)xc”3*arctan(-1/2*sqrt(c*tan(exx + d)~4 + bxtan(e*xx + d)72 + a)*((
b - 2%c)*tan(exx + d)~2 + 2%¥a - b)*sqrt(-a + b - ¢)/(((a - b)*c + c2)*tan(
exx + d)74 + (axb - b72 + b*c)*tan(exx + d)72 + a2 - a*xb + axc)) + 3*(b73
- 8x(a - b)*c™2 - 16%c™3 - 2*(2*%axb - b~2)*c)*sqrt(-c)*arctan(l/2*sqrt(c*ta
n(e*xx + d)~4 + bxtan(exx + d)~2 + a)*(2xcxtan(e*x + d)~2 + b)*sqrt(-c)/(c"2
xtan(exx + d)~4 + bxckxtan(exx + d)72 + axc)) - 2*(8*c”3xtan(e*x + d)~4 - 3%
b~2%c + 2%x(4*%a - 3xb)*c”2 + 24%c”3 + 2x(bxc”2 - 6*%c”3)*tan(e*x + d)"2)*sqrt
(cxtan(e*x + d)74 + bxtan(exx + d)"2 + a))/(c"3*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a +btan? (d + ex) + c tan? (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)**2+cktan(exx+d)**4)**x(1/2)*tan(e*xx+d)**5,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*tan(d + e*xx)**5, x

)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(e*xx+d)~5,x, algorithm
="giac")

[Out] Timed out
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3.28 ftan3(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=209

b+2¢ tanz(d+ex)
2\/5\/,”;,tanZ(d+ex)+ctan4(d+ex) (b +2c tanz(d +ex) — 4c) \/a +b tanz(d + ex) + c te
+
16¢32¢ 8ce

(—4c(a +20) + % + 4bc) tanh ™ [

[Out] (Sqrtla - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b
+ c]*Sqrtla + bxTan[d + exx]”2 + c*Tan[d + e*xx]~"4])]1)/(2%e) - ((b™2 + 4xbx

c - 4xckx(a + 2xc))*ArcTanh[(b + 2*cxTan[d + exx]~2)/(2%Sqrt[c]l*Sqrt[a + b*T

an[d + e*x]”2 + cxTan[d + exx]74])])/(16%c~(3/2)*e) + ((b - 4*c + 2*cxTanl[d

+ exx]"2)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4])/(8*cxe)

Rubi [A] time = 0.34928, antiderivative size = 209, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 35, e .

integrand size
0.2, Rules used = {3700, 1251, 814, 843, 621, 206, 724}

b+2c tanz(d+ex)
2\/5\/“;,tanz(d+ex)+ctan4(d+ex) (b +2c tanz(d +ex) — 4c) \/a +b tanz(d + ex) + cte
+
16¢32¢ 8ce

(—4c(a +20) + % + 4bc) tanh ™

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~3*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + ex*xx]~4],x]

[Out] (Sqrt[a - b + cl*ArcTanh[(2%*a - b + (b - 2*c)*Tan[d + e*xx]~2)/(2xSqrt[a - b
+ c]*Sqrt[a + bxTan[d + exx]"2 + c*Tan[d + e*x]~4])])/(2*xe) - ((b~2 + 4x*Dbx

c - 4xcx(a + 2xc))*ArcTanh[(b + 2*cxTan[d + exx]~2)/(2%Sqrt[c]l*Sqrt[a + b*T

an[d + e*xx]”2 + cxTan[d + exx]74])])/(16%c~(3/2)*e) + ((b - 4*c + 2*cxTanl[d

+ exx]"2)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4])/(8*cxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2%n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(gq_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)"gx(a +
bxx + c*¥x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 814

Int[((d_.) + (e_)*xD) (@ )*x((f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_)*(x_)72)7(p_.), x_Symbol] :> Simp[((d + e*x)~(m + 1)*(ckexf*x(m + 2%p + 2
) - g*(c*d + 2%ckxdxp - b*e*p) + g*c*e*(m + 2%p + 1)xx)*x(a + b*xx + C*XA2)Ap)
/(cxe”™2x(m + 2*%p + 1)*(m + 2*p + 2)), x] - Dist[p/(c*xe™2x(m + 2*%p + 1)*(m +
2xp + 2)), Int[(d + e*x)"m*(a + b*x + c*x”2) " (p - 1)*Simp[cxexf*(bxd - 2*a
xe)*x(m + 2xp + 2) + gk(akxex(bxe - 2%ckd*m + b¥exm) + bkxdx(bxe*xp - c*d - 2%c
xd*p)) + (ckexf*(2*kcxd - bxe)*(m + 2%p + 2) + gx(b™2%e™2x(p + m + 1) - 2x%c”
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2xd72* (1 + 2%p) - cxex(bxdx(m - 2*p) + 2*axex(m + 2*p + 1))))*x, x], x], x]

/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2
- bxd*e + axe”2, 0] && GtQ[p, 0] && (IntegerQlp] || !'RationalQ[m] || (GeQ[
m, -1] && LtQ[m, 0])) &% !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]
|| IntegersQ[2*m, 2*p])

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_)*(x_) + (c
_I)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + e*xx)"(m + 1)*x(a + b*x +
c*x”2)7p, x], x] + Dist[(exf - d*g)/e, Int[(d + e*xx) m*(a + b*x + c*x72) p,
x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xa*xc, 0] &&
NeQ[c*d"2 - bxdxe + axe™2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%cxx)/Sqrtla + bxx + cxx"2]], x] /; FreeQl{a,
b, c}, x] && NeQ[b~"2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[2*c*d - b*e, 0]

Rubi steps

142

34/
Subst (f xNavberod dx, x, tan(d + ex))

ftana(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) dx = .

Subst (f xVa+bx+cx

2 2
e dx, x, tan“(d + ex))

2e

(b —4c + 2ctan®(d + ex)) \/a + btan®(d + ex) + ctan*(d

8ce

(b —4c + 2ctan®(d + ex)) \/a + btan®(d + ex) + ctan*(d

8ce

(b —4c + 2ctan®(d + ex)) \/a + btan®(d + ex) + ctan*(d

8ce

_ _ 2
‘/61 b+ ctanh_l [ 2a—b+(b—2c) tan“(d+ex)

2\/a—b+c\/u+b tanz(d+ex)+c tan4(d+ex)

2e

bl
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Mathematica [A] time = 1.49379, size = 208, normalized size = 1.

2 _ 2 _
- (—4c(u +2¢c) + b + 4bc) tanh ™! b+2ctan’(d+ex) +8c32va-b+ctanh™! 2a+(b-20) tan"(d+en) b
2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2Va—b+c\/a+b tan? (d+ex)+c tan4(d
16c%2¢

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx] 3*Sqrtl[a + b*Tan[d + exx]~2 + c*Tan[d + exx]~4],x]

[Out] (8%c~(3/2)*Sqrtla - b + cl*ArcTanh[(2%¥a - b + (b - 2*c)*Tan[d + e*xx]~2)/(2%
Sqrtf[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])] - (b"2 + 4x

bxc - 4*ckx(a + 2xc))*ArcTanh[(b + 2*c*Tan[d + exx]~2)/(2*Sqrt[cl*Sqrtla + b
xTan[d + exx]"2 + c*Tan[d + exx]~4])] + 2*Sqrtlcl*(b - 4xc + 2*c*Tan[d + ex
x]72)*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4])/(16*xc~(3/2)*e)

Maple [B] time = 0.179, size = 467, normalized size = 2.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxtan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(e*x+d) ~3,x)

[Out] 1/4/ex(a+b*tan(exx+d) "2+c*tan(e*x+d) ~4)~ (1/2)*tan(exx+d) "2+1/8/e/c*(a+b*tan
(exx+d) "2+c*tan(e*xx+d) "4) " (1/2)*b+1/4/e/c”(1/2) *1n((1/2*b+c*tan(exx+d) ~2) /c
~(1/2)+(at+b*tan(e*xx+d) "2+c*tan(e*xx+d) ~4) ~(1/2))*a-1/16/e/c~(3/2) *1n((1/2*b+
cxtan(e*xx+d)~2)/c”(1/2)+(a+b*tan (exx+d) "2+c*tan(e*xx+d) ~4) ~(1/2))*b"2-1/2/e*
((1+tan(e*x+d) ~2) "2*xc+(b-2*xc) * (1+tan(exx+d) "2)+a-b+c) ~(1/2)-1/4/ex1n((1/2%b

—c+c*x (1+tan(exx+d) "2))/c~(1/2)+((1+tan(e*x+d) ~2) "2*xc+(b-2*c)* (1+tan (e*x+d) ~
2)+a-b+c) " (1/2))/c”(1/2)*b+1/2/e*x1n ((1/2*%b-c+cx (1+tan(exx+d) ~2) ) /c~ (1/2)+((
1+tan(exx+d) ~2) "2*c+(b-2*c) * (1+tan(exx+d) "2)+a-b+c) ~(1/2) ) *c~(1/2)+1/2/ex(a

-b+c) " (1/2) *1n((2*a-2xb+2xc+(b-2%*c) * (1+tan (e*xx+d) ~2) +2* (a-b+c) ~(1/2) *((1+ta
n(exx+d) ~2) "2xc+(b-2%c) * (1+tan (e*xx+d) ~2) +a-b+c) ~(1/2) )/ (1+tan(e*xx+d) ~2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)4 + btan (ex + d)2 + atan (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(exx+d) 3,x, algorithm
="maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bkxtan(exx + d)~2 + a)*tan(exx + d)73, x)

Fricas [A] time = 21.2282, size = 2952, normalized size = 14.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*tan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(e*xx+d)~3,x, algorithm
="fricas")

[Out] [1/32%(8*sqrt(a - b + c)*c”2xlog(((b~2 + 4*(a - 2*b)*c + 8xc~2)*tan(e*xx + d
)74 + 2x(4*xaxb - 3*%b”2 - 4x(a - b)*c)*tan(e*x + d)~2 + 4xsqrt(cxtan(exx + d
)74 + bxtan(exx + d)72 + a)*((b - 2xc)*tan(e*xx + d)72 + 2*%a - b)*sqrt(a - b
+ c) + 8%a"2 - 8%axb + b2 + 4xaxc)/(tan(e*xx + d)74 + 2xtan(exx + d)72 + 1
)) = (072 - 4x(a - b)*c - 8*c"2)xsqrt(c)*log(8xc~2*xtan(exx + d)~4 + 8xbxc*t
an(exx + d)72 + b72 + 4xsqrt(cxtan(exx + d)74 + bxtan(e*x + d)~2 + a)*(2xc*
tan(exx + d)72 + b)*sqrt(c) + 4xaxc) + 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x
+ d)72 + a)*x(2xc”2*xtan(exx + d)72 + bxc - 4%c”2))/(c"2*e), 1/16x(4xsqrt(a -
b + c)*c”2*xlog(((b~2 + 4x(a - 2%b)*c + 8*c"2)*tan(exx + d)~4 + 2x(4*a*xb -
3*b~2 - 4*x(a - b)xc)*tan(e*x + d)~2 + 4*sqrt(cxtan(e*x + d)~4 + b*tan(e*xx +
d)"2 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*a - b)*sqrt(a - b + c) + 8%¥a"2 - 8
*xaxb + b72 + 4xaxc)/(tan(exx + d)74 + 2%tan(exx + d)72 + 1)) + (b™2 - 4x(a
- b)*c - 8xc”2)*sqrt(-c)*arctan(1l/2*sqrt(c*tan(e*x + d)~4 + bxtan(e*xx + d)~
2 + a)*(2*cxtan(exx + d)72 + b)*sqrt(-c)/(c"2*tan(e*xx + d)~4 + b*cxtan(e*x
+ d)72 + axc)) + 2*xsqrt(ckxtan(exx + d)~4 + bxtan(exx + d)72 + a)*(2xc”2*tan
(exx + d)72 + b*xc - 4*c”2))/(c"2xe), 1/32*%(16*sqrt(-a + b - c)*c ™ 2*arctan(-
1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2
+ 2%a - b)*sqrt(-a + b - ¢)/(((a - b)*xc + c"2)*tan(exx + d)"4 + (a*xb - b~2
+ b*c)*tan(e*xx + d)72 + a”2 - axb + axc)) - (b”2 - 4*x(a - b)*xc - 8%c”2)*sq
rt(c)*log(8xc~2*xtan(exx + d)~4 + 8xb*ckxtan(exx + d)72 + b™2 + 4xsqrt(cxtan(
exx + d)74 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)*sqrt(c) + 4xaxc
) + 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)72 + a)*(2*c”™2xtan(e*xx + d)72 +
bxc - 4*%c”2))/(c"2xe), 1/16*(8*sqrt(-a + b - c)*c”2*arctan(-1/2*sqrt(c*tan
(exx + d)74 + bxtan(exx + d)72 + a)*x((b - 2*c)*tan(e*xx + d)~2 + 2%xa - b)*sq
rt(-a + b - ¢)/(((a - b)*c + c"2)*tan(e*x + d)"4 + (a*b - b~2 + b*c)*tan(ex
Xx +d)72 + a”2 - axb + axc)) + (b2 - 4*x(a - b)*xc - 8*c”2)*sqrt(-c)*arctan(
1/2*%sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)~2 + a)*(2kcxtan(e*xx + d)72 + b)x*
sqrt(-c)/(c"2xtan(e*x + d)~4 + b*ckxtan(exx + d)72 + axc)) + 2*sqrt(c*tan(ex
x + d)74 + bxtan(exx + d)72 + a)*x(2kc”2*tan(exx + d)~2 + bkxc - 4*c”2))/(c"2
*e) ]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan? (d + ex) + ctan* (d + ex) tan® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d)**2+cxtan(e*xx+d)**4)**(1/2)*tan (e*xx+d)**3,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*tan(d + e*x)**3, x

)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(exx+d)”3,x, algorithm
=n 3 n
="giac")
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[Out] Timed out
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3.29 ftan(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=179

_ 2 -
\/mtanh_l[ 220 e )(b—2c)tanh_l(—

\/a +b tanz(d + ex) +C tan4(d + ex) 2\/u—b+c\/a+b tanz(d+ex)+c tan4(d+ex) 2\/54
2e - 2e

[Out] -(Sqrtla - b + cl*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a -
b + c]*Sqrtla + bxTan[d + exx]~2 + c*Tan[d + e*x]"4])])/(2xe) + ((b - 2%c)x*
ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c]l*Sqrtla + bxTan[d + exx]~2 + cxT
an[d + e*x]~4])])/(4xSqrtcl*e) + Sqrt[a + b*Tan[d + e*x]”2 + c*Tan[d + ex*xx

1741/ (2xe)

Rubi [A] time = 0.224228, antiderivative size = 179, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 33, e .

integrand size
0.212, Rules used = {3700, 1247, 734, 843, 621, 206, 724}

Va-b+ctanh™ 20+(b-20) tan*(d e b (b - 2¢) tanh ™ | —
\/a +b tanz(d + ex) +c tan4(d + ex) ZW\/sz tan?(d+ex)+c tan*(d+ex) 2+/c-
2e - 2e

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]*Sqrtla + b*Tan[d + exx]~2 + cxTan[d + exx]~4],x]

[Out] -(Sqrt[a - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a -
b + cl*Sqrt[a + b*Tan[d + e*x]~2 + c*xTan[d + e*xx]~4])]1)/(2xe) + ((b - 2%c)*
ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrtla + bxTan[d + exx]~2 + cxT
an[d + e*xx]~4])])/(4xSqrtlcl*e) + Sqrt[a + b*Tan[d + e*x]”2 + c*xTan[d + ex*x

1741/ (2xe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f)"m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2%n] && NeQ[b~2 - 4xaxc, 0]

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)72)"(q_.)*((a_) + (b_.)*(x_)72 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + exx)”g*(a + bxx + c*x~2)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, qt, x]

Rule 734

Int[((d_.) + (e_)*x(x_))"(m_)*((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + exx)~(m + 1)*(a + b*x + c*x"2)7p)/(ex(m + 2*%p + 1)), x
] - Dist[p/(ex(m + 2%p + 1)), Int[(d + ex*x) m*Simp[b*d - 2%axe + (2%c*d - b
xe)xx, x]*(a + bxx + c*xx"2)"(p - 1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + a*e”2, 0] && NeQ[2xc*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] &% ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2*p, O] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]
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Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*xx)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*xx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4*a*c, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrt[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - bxe, 0]

Rubi steps

Subst ( Il x—”“f‘?”‘“ dx, x, tan(d + ex))
ftan(d + ex)\/a +btan®(d + ex) + ctan*(d + ex) dx = .
Subst ( f a+brred® dx, x, tanz(d + ex))
1+x
B 2e
~2a+b—(b—2c)
\Ja+ btan(d +ex) + ctant(d +ex)  Subst (f RN rrees
B 2¢ - 4

\/a + btan?(d + ex) + ctan*(d + ex) . (b —2c) Subst (f N

2e

\/u + btan?(d + ex) + c tan*(d + ex)
= +

(b — 2c¢) Subst (f Fix

B 2e

Ni—b+ct anh—l( 2a-b+(b—2c) tan?(d-+ex)

2Vu—b+c\/a+b tan? (d+ex)+c tan4(d+ex)

] b -
+

2e

Mathematica [A] time = 0.278924, size = 180, normalized size = 1.01

2
2\/5\/11 + btan®(d + ex) + ctan*(d + ex) - 2y/cVa—b + ¢ tanh ™" [ 2a+(b-Z) tam (d+ex) ] + (b -20) tanh™! (

2\/a—b+c\/u+b tanz(d+ex)+c tan4(d+ex)

4Jce

Antiderivative was successfully verified.
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[In] Integrate[Tan[d + exx]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4],x]

[Out] (-2*Sqrt[cl*Sqrt[a - b + c]*ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2
xSqrt[a - b + c]xSqrt[a + b*Tan[d + e*xx]”"2 + cxTan[d + exx]"4])] + (b - 2x*c
)*¥ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrtla + b*Tan[d + e*xx]"2 + ¢
xTan[d + exx]~4])] + 2*xSqrtl[cl*Sqrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]"4

1)/ (4xSqrt [c]*e)

Maple [A] time = 0.186, size = 289, normalized size = 1.6

%\/(l + (tan(ex+d))2)2c+ (b-2c¢) (1 + (tan(ex+d))2) +a-b+c+ iln((g —c+c(1 + (tan(ex+d))2))

1
;
Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*tan(exx+d) "2+cxtan(exx+d)~4)~(1/2)*tan(e*x+d),x)

[Out] 1/2/ex((1+tan(exx+d) ~2) "2*c+(b-2*c)*(1+tan(e*xx+d) ~2)+a-b+c) " (1/2)+1/4/ex1n(
(1/2%b-c+c* (1+tan(e*xx+d) ~2)) /c~(1/2)+((1+tan(e*x+d) ~2) "2*xc+(b-2*xc)* (1+tan (e

xx+d) ~2)+a-b+c) ~(1/2))/c”(1/2)*b-1/2/e*x1n((1/2xb-c+c*x (1+tan(exx+d) ~2)) /c~ (1
/2)+((1+tan(exx+d) ~2) "2*c+(b-2*c) * (1+tan(e*xx+d) “2)+a-b+c) ~(1/2) ) *xc~(1/2)-1/
2/ex(a-b+c) ~(1/2) *1n((2*a-2*xb+2*c+(b-2*xc) * (1+tan (exx+d) ~2)+2x (a-b+c) ~(1/2) *
((1+tan(e*x+d) ~2) "2*xc+(b-2*c) * (1+tan(e*x+d) "2)+a-b+c) " (1/2) )/ (1+tan(e*x+d) "~

2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + d)4 + btan (ex + d)2 +atan (ex + d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(exx+d) ,x, algorithm="
maxima")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + b*xtan(exx + d)~2 + a)*tan(exx + d), x)

Fricas [A] time = 16.1877, size = 2641, normalized size = 14.75

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(exx+d) ,x, algorithm="
fricas")

[Out] [-1/8%((b - 2*c)*sqrt(c)*log(8*c™2xtan(e*x + d)~4 + 8xbkcxtan(e*x + d)~2 +
b~2 - 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*(2*c*xtan(exx + d)72 +
b)*sqrt(c) + 4xaxc) - 2*sqrt(a - b + c)*cxlog(((b™2 + 4*x(a - 2*b)*c + 8*c~
2)*xtan(exx + d)"4 + 2*(4xaxb - 3*b~2 - 4*(a - b)*c)*tan(e*xx + d)~2 - 4x*sqrt
(cxtan(exx + d)74 + bxtan(e*xx + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2xa -
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b)xsqrt(a - b + c) + 8*a”2 - 8*a*b + b~2 + 4xaxc)/(tan(e*xx + d)~4 + 2*tan(
exx + d)72 + 1)) - 4xsqrt(cxtan(e*x + d)7"4 + bxtan(e*x + d)~2 + a)*c)/(c*e)
, —1/4x((b - 2*c)*sqrt(-c)*arctan(1l/2*sqrt(c*tan(e*xx + d)~4 + b*xtan(exx + d
)72 + a)*(2*cxtan(exx + d)"2 + b)*sqrt(-c)/(c"2*tan(e*xx + d)~4 + b*cxtan(ex
x +d)72 + axc)) - sqrt(a - b + c)*cxlog(((b™2 + 4x(a - 2%b)*c + 8*c~2)*tan
(exx + d)74 + 2% (4*axb - 3*b~2 - 4*(a - b)*c)*tan(e*x + d)~2 - 4*sqrt(c*tan
(exx + d)74 + bxtan(exx + d)72 + a)*x((b - 2*c)*tan(e*xx + d)~2 + 2xa - b)*sq
rt(a - b + c) + 8%a™2 - 8xaxb + b™2 + 4xaxc)/(tan(e*x + d)74 + 2xtan(e*x +
d)"2 + 1)) - 2xsqrt(cxtan(exx + d)"4 + bxtan(e*x + d)~2 + a)*c)/(cxe), -1/8
x(4xsqrt(-a + b - c)*c*arctan(-1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72
+ a)*((b - 2xc)*tan(e*xx + d)72 + 2%a - b)*sqrt(-a + b - ¢)/(((a - b)*c + ¢
“2)xtan(e*x + d)74 + (axb - b72 + bkc)*tan(e*xx + d)72 + a2 - a*b + axc)) +
(b - 2xc)*sqrt(c)*log(8xc~2*xtan(exx + d)~4 + 8xbxcktan(e*xx + d)72 + b™2 -
4xsqrt(cxtan(e*xx + d)~4 + bxtan(e*x + d)~2 + a)*(2*c*xtan(exx + d)"2 + b)*sq
rt(c) + 4*axc) - 4xsqrt(cxtan(exx + d)74 + bxtan(exx + d)~2 + a)*c)/(cxe),
-1/4%(2xsqrt(-a + b - c)*cxarctan(-1/2*sqrt(c*tan(e*x + d)~4 + b*tan(e*xx +
d)"2 + a)*((b - 2*c)*tan(exx + d)72 + 2*a - b)*sqrt(-a + b - ¢)/(((a - b)*c
+ c72)*tan(e*xx + d)74 + (a*b - b™2 + b*c)*tan(exx + d)72 + a”2 - axb + axc
)) + (b - 2*c)*sqrt(-c)*arctan(1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72
+ a)*(2xcxtan(exx + d)72 + b)*sqrt(-c)/(c"2+tan(e*x + d)~4 + b*cxtan(exx +
d)~"2 + axc)) - 2*sqrt(cxtan(e*x + d)~4 + b*tan(e*xx + d)~2 + a)*c)/(c*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +btan® (d + ex) + ctan* (d + ex) tan (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2)*tan(e*x+d) ,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*tan(d + e*x), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*tan(e*xx+d) "2+c*tan(exx+d)~4)~(1/2)*tan(exx+d) ,x, algorithm="
giac")

[Out] Timed out
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3.30 fcot(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=203

2 _ 2 _
\/Etanh_l ( 2a+b tan“(d+ex) ] /—El b+ ctanh_l ( 2a+(b—2c) tan“(d+ex)-b J \/Etanh_l [

2\/;1\/u+b tanz(d+ex)+c tan4(d+ex) 2\/a—b+c\/a+b tanz(d+ex)+c tan? (d+ex)

2y

2e 2e

[Out] -(Sqrtl[al*ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + b*Tan[d + ex
x]72 + cxTan[d + exx]~4])])/(2%e) + (Sqrtla - b + cl*ArcTanh[(2%¥a - b + (b

- 2xc)*Tan[d + exx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan

[d + exx]~4])])/(2*%e) + (Sqrtlcl*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c
1*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4])])/(2x*e)

Rubi [A] time = 0.292469, antiderivative size = 203, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 7, integrand size = 33, number of rules

= 0.212, Rules used = {3700, 1251, 895, 724, 206, 843, 621}

integrand size

2 _ 2 _ _
\/Etanh_l 2a+b tan“(d+ex) /—a b+ tanh_l ( 2a+(b—2c) tan“(d+ex)-b ) \/Etanh 1 [

2\/5\/u+b tanz(d+ex)+c tan4(d+ex) 2\/a—h+c\/a+b tanz(d+ex)+c tan? (d+ex)

2y

2e 2e

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]*Sqrtl[a + b*Tan[d + e*x]~2 + c*xTan[d + ex*xx]~4],x]

[Out] -(Sqrtl[al*ArcTanh[(2%a + b*Tan[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + bxTan[d + ex
x]72 + cxTan[d + exx]~4])])/(2*e) + (Sqrtl[a - b + c]*ArcTanh[(2%¥a - b + (b

- 2xc)*Tan[d + exx]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan

[d + exx]~4]1)])/(2*xe) + (Sqrtlcl*ArcTanh[(b + 2*c*Tan[d + exx]~2)/(2*Sqrtl[c
1*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])])/(2x*e)

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*x(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 895

Int[((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_)/C((d_.) + (e_.)*x(x_))*x((f_.) +
(g_.)*(x_))), x_Symbol] :> Dist[(c*d"2 - bxd*e + a*e”2)/(ex(exf - dxg)), I
nt[(a + bxx + c*xx"2)"(p - 1)/(d + exx), x], x] - Dist[1/(ex(exf - dxg)), In
t[(Simp [cxd*f - bkxexf + akxexg - ck(exf - dxg)*x, x]*(a + bxx + cxx"2) " (p -
D)/ (£ + gxx), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg,
0] && NeQ[b~™2 - 4xaxc, 0] && NeQ[cxd~2 - b*d*e + axe”2, 0] && FractionQ[p]
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&& GtQlp, O]

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxd*e + 4*a*xe™2 - x72), x], x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*xx)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, £, g, m, p}, x] && NeQ[b~2 - 4x*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe™2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrt[(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xaxc, 0]

Rubi steps

Va+bx2+cxt
SUbSt (f W

e

Subst ( f arbrrod dx, x, tan?(d + ex))

x(1+x)

dx, x, tan(d + ex))

fcot(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) dx =

2e

Sbt( 0 gxxtan(d + )
_us f(1+x)mxx an“(d + ex)

a Subst (f—

2e

2a+b tanz(d+ex)

N Y

a Subst [f ﬁ dx, x,

e

- 2a+b tan®(d+ex
Vatanh™ ey

2\/5\/a+b tan?(d+ex)+c tan?(d-+ex)
=- +

\/a+b tan?(d+ex)+c tan4(d+gx)) cSubst (
+

cSubst [ f 4;(2

2e

- 2a+b tan?(d+
\atanh ! a+htan’(d+ex)

2\/3\/a+b tan? (d+ex)+c tan4(d+ex)
= - +

Va -b+ ctanh

2e

Mathematica [A] time = 1.09965, size = 192, normalized size = 0.95

2\/13\/u+b tan®(d-+ex)+c tan4(d+ex) 2\/a—b+c\/a+b tanz(d+ex)+c tan? (d+ex)

2 A 2
\/Etanh_l 2a+b tan“(d+ex) ] " /—a b+ ctanh_l ( 2a—(b-2c) tan” (d+ex)+b ) _ \/Etanh_l [

2\/2\/;

2e
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Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]*Sqrt[a + b*Tan[d + e*x]~2 + c*xTan[d + ex*xx]~4],x]

[Out] -(Sqrtla]l*ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + ex
x]72 + cxTan[d + exx]~4])] + Sqrtla - b + cl*ArcTanh[(-2*a + b - (b - 2%c)x*
Tan[d + exx]~2)/(2xSqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + ex
x]174]1)] - Sqrtlc]*ArcTanh[(b + 2*cxTan[d + exx]~2)/(2%Sqrt[cl*Sqrt[a + b*Ta

nfd + exx]"2 + c*Tan[d + e*x]174]1)1)/(2%e)

Maple [F] time = 0.597, size = 0, normalized size = 0.

fcot (ex +d) \/a + b (tan (ex + cl))2 + c (tan (ex + d))4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)*(a+bxtan(exx+d) “2+c*tan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d)*(atb*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + cl)4 + btan (ex + al)2 + acot (ex +d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d)*(atb*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="
maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bkxtan(exx + d)72 + a)*cot(exx + d), x)

Fricas [A] time = 5.38056, size = 5280, normalized size = 26.01

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atb*tan(e*x+d) "2+c*tan(e*xx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4x(sqrt(c)*log(8*xc~2*tan(e*xx + d)~4 + 8*bxc*tan(e*xx + d)~2 + b™2 + 4xsqr
t(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)*sqrt(c)
+ 4xaxc) + sqrt(a - b + c)*log(((b~2 + 4x(a - 2xb)*c + 8*c~2)*tan(exx + d)
4 + 2x(4xaxb - 3*b"2 - 4x(a - b)*c)*tan(e*xx + d)"2 + 4xsqrt(cxtan(e*xx + d)
4 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2%xa - b)*sqrt(a - b
+ c) + 8%a”2 - 8%axb + b72 + 4xaxc)/(tan(e*xx + d)"4 + 2*tan(e*xx + d)72 + 1)
) + sqrt(a)*log(((b~2 + 4xa*xc)*tan(exx + d)~4 + 8xaxbxtan(exx + d)~2 - 4xsq
rt(cxtan(e*xx + d)~4 + bxtan(e*x + d)~2 + a)x(bxtan(e*x + d)~2 + 2%a)*sqrt(a
) + 8%a”2)/tan(exx + d)"4))/e, -1/4%(2*sqrt(-c)*arctan(2*sqrt(c*tan(e*x + d
)74 + bxtan(e*x + d)72 + a)*sqrt(-c)/(2xcxtan(e*xx + d)72 + b)) - sqrt(a - b
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+ ¢c)*log(((b~2 + 4*x(a - 2xb)*c + 8*c~2)*tan(exx + d)~4 + 2*(4*a*b - 3xb~2
- 4x(a - b)*c)*tan(exx + d)72 + 4xsqrt(cxtan(exx + d)74 + bxtan(e*x + d)~2
+ a)*x((b - 2*c)*tan(exx + d)72 + 2%a - b)*sqrt(a - b + c) + 8%a”2 - 8*axb +

b~2 + 4*axc)/(tan(exx + d)"4 + 2xtan(exx + d)72 + 1)) - sqrt(a)*log(((b~2
+ 4xaxc)*tan(e*xx + d)~4 + 8xaxbxtan(exx + d)~2 - 4xsqrt(cxtan(e*xx + d)74 +
bxtan(e*x + d)~2 + a)*x(bxtan(e*x + d)~2 + 2%a)*sqrt(a) + 8*a~2)/tan(e*x + d
)"4)) /e, 1/4x(2*xsqrt(-a)*arctan(2*sqrt(c*xtan(exx + d)~4 + bxtan(e*x + d)~2
+ a)xsqrt(-a)/(b*xtan(e*x + d)~2 + 2*a)) + sqrt(c)*log(8*c™2*tan(e*x + d)~4
+ 8*bkxcxtan(e*x + d)~2 + b2 + 4*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 +

a)*(2xcxtan(exx + d)72 + b)*sqrt(c) + 4xa*xc) + sqrt(a - b + c)*log(((b"2 +

4x(a - 2%b)*c + 8*c"2)xtan(exx + d)74 + 2*(4*xaxb - 3*b"2 - 4*(a - b)*c)*ta
n(exx + d)72 + 4xsqrt(cxtan(exx + d)~4 + bxtan(exx + d)72 + a)*((b - 2*c)*t
an(exx + d)72 + 2%a - b)*sqrt(a - b + c) + 8%a”2 - 8*a*xb + b72 + 4xaxc)/(ta
n(e*xx + d)~4 + 2*xtan(exx + d)72 + 1)))/e, 1/4%x(2xsqrt(-a)*arctan(2*sqrt(c*t
an(exx + d)~4 + bxtan(exx + d)"2 + a)*sqrt(-a)/(bxtan(e*x + d)~2 + 2%a)) -
2xsqrt (-c)*arctan(2*sqrt (cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*sqrt(-c)/

(2xc*tan(exx + d)72 + b)) + sqrt(a - b + c)*log(((b~2 + 4*(a - 2%b)*c + 8*c
“2)xtan(e*x + d)74 + 2% (4*axb - 3*b”2 - 4*x(a - b)*c)*tan(e*x + d)~2 + 4*sqr
t(cxtan(exx + d)74 + b*tan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)72 + 2%a
- b)*sqrt(a - b + c) + 8%a”2 - 8*a*xb + b~2 + 4xax*c)/(tan(e*x + d)~4 + 2*tan
(exx + d)72 + 1))) /e, 1/4x(2%sqrt(-a + b - c)*arctan(-2*sqrt(cxtan(e*x + d)
4 + bxtan(e*x + d)72 + a)*sqrt(-a + b - ¢)/((b - 2*c)*tan(exx + d)72 + 2*a

- b)) + sqrt(c)*log(8xc~2*xtan(e*xx + d)~4 + 8*bxcktan(exx + d)72 + b72 + 4x%
sqrt(c*tan(e*x + d)~4 + b*tan(e*xx + d)~2 + a)*(2*cxtan(exx + d)~2 + b)*sqrt
(c) + 4xaxc) + sqrt(a)*log(((b"2 + 4xaxc)*tan(e*x + d)~4 + 8*axb*tan(e*x +
d)"2 - 4xsqrt(c*xtan(exx + d)~4 + bxtan(exx + d)72 + a)*(b*tan(exx + d)72 +
2*xa)*sqrt(a) + 8%a”2)/tan(exx + d)74))/e, 1/4%(2%sqrt(-a + b - c)*arctan(-2
xsqrt (cxtan(e*x + d)~4 + bxtan(e*xx + d)"2 + a)*sqrt(-a + b - c)/((b - 2*c)*
tan(exx + d)72 + 2%xa - b)) - 2*sqrt(-c)*arctan(2xsqrt(cxtan(exx + d)"4 + bx
tan(exx + d)72 + a)*sqrt(-c)/(2xc*tan(e*x + d)~2 + b)) + sqrt(a)*log(((b~2
+ 4xaxc)*tan(e*xx + d)~4 + 8xaxb*tan(exx + d)~2 - 4xsqrt(cxtan(e*xx + d)74 +
bxtan(e*x + d)~2 + a)*(bxtan(e*x + d)~2 + 2%a)*sqrt(a) + 8*a~2)/tan(e*x + d
)"4)) /e, 1/4x(2*xsqrt(-a)*arctan(2*sqrt(c*xtan(exx + d)~4 + bxtan(e*x + d)~2
+ a)*sqrt(-a)/(b*xtan(e*x + d)~2 + 2*a)) + 2xsqrt(-a + b - c)*arctan(-2*sqrt
(cxtan(e*x + d)~4 + b*tan(e*xx + d)~2 + a)*sqrt(-a + b - c)/((b - 2*c)*tan(e
*x + d)72 + 2%a - b)) + sqrt(c)*log(8xc~2+tan(exx + d)~4 + 8*bkxcxtan(e*x +
d)"2 + b"2 + 4xsqrt(cxtan(exx + d)74 + bxtan(e*x + d)~2 + a)*x(2xc*tan(e*xx +

d)~"2 + b)*sqrt(c) + 4xaxc))/e, 1/2x(sqrt(-a)*arctan(2*sqrt(c*tan(e*x + d)~
4 + bxtan(exx + d)72 + a)*sqrt(-a)/(b*tan(e*x + d)~2 + 2*a)) + sqrt(-a + b
- c)*arctan(-2*sqrt(cxtan(exx + d)~4 + bxtan(exx + d)72 + a)*sqrt(-a + b -
c)/((b - 2xc)*tan(exx + d)72 + 2xa - b)) - sqrt(-c)*arctan(2*sqrt(c*tan(e*x

+ d)"4 + bxtan(e*x + d)~2 + a)*sqrt(-c)/(2*cxtan(exx + d)72 + b)))/e]

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan® (d + ex) + ctan* (d + ex) cot (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*x+d)**2+c*xtan(exx+d)**4)**(1/2) ,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*cot(d + e*x), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan (ex + d)4 + btan (ex + cl)2 + acot (ex +d) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)*(atbxtan(e*x+d) "2+cxtan(e*xx+d)~4)~(1/2),x, algorithm="
giac")

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)~2 + a)*cot(exx + d), x)
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3.31 f cot3(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=435

2 2 _
b tanh_l ( 2a+b tan“(d+ex) ] \/Etanh_l ( 2a+b tan“(d+ex) ] \/mtanh_l [ 2a+(b

2\/13\/a+b tanz(d+ex)+c tan4(d+ex) 2\/5\/11+b tanz(d+ex)+c tan4(d+ex) 2Va-b+cqja+l
4+Jae 2e 2e

[Out] (Sqrtl[al*ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2xSqrt[al*Sqrt[a + bxTan[d + e*xx
172 + cxTan[d + exx]~4])]1)/(2%e) - (bxArcTanh[(2*a + b*Tan[d + e*xx]~2)/(2xS
grt[a]l*Sqrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]~4])])/(4xSqrt[al*e) - (Sq
rtla - b + c]*ArcTanh[(2%a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b +
c]*Sqrt[a + b*Tan[d + e*xx]”"2 + cxTan[d + exx]~4])])/(2%e) - (b*ArcTanh[(b +
2xcxTan[d + exx]~2)/(2xSqrt[cl*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~
4]1)]1)/(4xSqrtlcl*e) + ((b - 2%c)*ArcTanh[(b + 2%c*Tan[d + e*x]~2)/(2*Sqrtl[c
1xSqgrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]~4])])/(4*xSqrt[c]l*e) + (Sqrtlc]
xArcTanh[(b + 2*c*Tan[d + exx]~2)/(2xSqrt[c]l*Sqrtla + b*Tan[d + e*x]~2 + cx
Tan[d + e*xx]~4])])/(2xe) - (Cot[d + exx]~2*Sqrt[a + b*Tan[d + e*xx]"2 + c*Ta
nld + exx]~4])/(2xe)

Rubi [A] time = 0.544183, antiderivative size = 435, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 22, number of rules used = 9, integrand size = 35, e o e

= 0.257, Rules used = {3700, 1251, 960, 732, 843, 621, 206, 724, 734}

2 2 i
b tanh_l 2a+b tan“(d+ex) ] \/Etanh_l ( 2a+b tan“(d+ex) ] \/mtanh_l [ 2a+(b

2\/5\/a+b tan?(d-+ex)+c tan*(d-+ex) 2\/5\/11+b tan?(d+ex)+c tan*(d-+ex) 2Va—b+crja+l
4+Jae 2e 2e

integrand size

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~3xSqrtl[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4],x]

[Out] (Sqrtlal*ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2xSqrt[al*Sqrt[a + bxTan[d + e*x
172 + cxTan[d + exx]~4])]1)/(2%e) - (bxArcTanh[(2*a + b*Tan[d + e*xx]~2)/(2xS
grt[al*Sqrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]~4])])/(4xSqrt[al*e) - (Sq
rtla - b + c]*ArcTanh[(2%xa - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b +
c]*Sqrt[a + b*Tan[d + e*xx]”"2 + cxTan[d + exx]~4])])/(2%e) - (b*ArcTanh[(b +
2xcxTan[d + exx]~2)/(2xSqrt[cl*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~
4]1)]1)/(4xSqrtlcl*e) + ((b - 2%c)*ArcTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrtl[c
1xSqgrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]~4])])/(4*xSqrt[c]l*e) + (Sqrtlc]
xArcTanh[(b + 2*c*Tan[d + exx]~2)/(2xSqrt[c]l*Sqrtla + b*Tan[d + e*x]~2 + cx
Tan[d + exx]~4])])/(2xe) - (Cot[d + exx]~2*Sqrt[a + b*Tan[d + e*x]"2 + c*Ta
nld + exx]~4])/(2xe)

Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*x((f_D)*tanl[(d_.) + (e_)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2*n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)72 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
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b*x + c*x72)7p, x], x, x~2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_)) " (m_)*x((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "nx(a + b*x + cxx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ
[exf - d*xg, 0] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d~2 - bxdxe + a*e”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !'(IGtQ[m, 0] || IGtQ[n, 01)

Rule 732

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S

ymbol] :> Simp[((d + exx)"(m + 1)*(a + b*x + c*x"2)"p)/(ex(m + 1)), x] - Di

stlp/(ex(m + 1)), Int[(d + e*x)"(m + 1)*(b + 2xc*x)*(a + b*x + c*x~2)"(p -

1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x] && NeQ[b~2 - 4*xa*xc, 0] && NeQ[c*

d"2 - bkdke + a*e~2, 0] && NeQ[2%c*d - bke, 0] &% GtQ[p, 0] && (IntegerQ[p]
|l LtQ[m, -1]) && NeQ[m, -1] && !'ILtQ[m + 2*%p + 1, 0] && IntQuadraticQla,
b, ¢, d, e, m, p, xJ

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + exx)"(m + 1)*x(a + b*x +
c*x”2)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*x)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}r, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2%c*x)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 724

Int[1/C((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 734

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8
ymbol] :> Simp[((d + e*x)"(m + 1)*(a + b*x + c*x"2)7p)/(ex(m + 2%p + 1)), x
] - Dist[p/(ex(m + 2xp + 1)), Int[(d + e*xx) m*xSimp[b*d - 2*a*xe + (2*cxd - b
xe)*x, x]*(a + b*x + cxx"2)"(p - 1), x], x] /; FreeQ[{a, b, ¢, d, e, m}, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*c*d - bxe
, 0] && GtQ[p, 0] && NeQ[m + 2%p + 1, 0] && ( !'RationalQ[m] || LtQ[m, 1]) &
& 'ILtQ[m + 2%p, O] &% IntQuadraticQ[a, b, c, d, e, m, p, x]

Rubi steps
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Subst (f %ﬁf dx, x, tan(d + ex))
X X
fcot3(d + ex)\/a + btan®(d + ex) + ctan*(d + ex) dx = .
Subst ( f Vi;rgx:;xZ dx, x, tan?(d + ex))
- 2e
Subst (f (\/a+h3;+cx2 _ Va+bx+cx? + \/a+hx+cx2) dx, x, tanz(d 4
x X 1+x
B 2e
Subst ( f a+bZ+Cx2 dx, x, tanz(d + ex)) Subst ( f a+bted®
X X
B 2¢ - :
cot?(d + ex)\/a + btan®(d + ex) + ctan*(d + ex)  Subst (
=- +

2e

COtz(d + ex)\/a + btanz(d + ex) + ctan4(d +ex) 4 Subst

2e
5 > 4 a Subsf
cot“(d + ex)\/a + btan“(d + ex) + ctan®(d + ex)
=- +
2e
2
\/Etanh_l 2a+btan”(d+ex) b tanh_l
2\/5\/u+b tan?(d+ex)+c tan*(d-+ex) 2\/5\/;
B 2e A
Mathematica [A] time = 1.15561, size = 187, normalized size = 0.43
2 _ 2 _
(2a - b) tanh_l 2a+btan®(d+ex) _ 2\/5 /—a b+ ctanh_l 2a+(b—2c) tan®(d+ex)-b + COtz(d ny
2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2\/a—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

4rJae

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]~3*Sqrtl[a + bxTan[d + exx]"2 + cxTan[d + exx]~4],x]

[Out] ((2*%a - b)*ArcTanh[(2*a + b*Tan[d + e*xx]~2)/(2xSqrt[al*Sqrt[a + b*Tan[d + e
*x] 72 + cxTan[d + ex*x]74])] - 2xSqrt[al*(Sqrtla - b + c]*ArcTanh[(2%a - b +

(b - 2xc)*Tan[d + exx]~2)/(2+Sqrtla - b + cl*Sqrtla + bxTan[d + exx]"2 + c
xTan[d + exx]"4])] + Cot[d + exx] 2+Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + e
*xx]~4]))/ (4xSqrt [a] xe)

Maple [F] time = 0.509, size = 0, normalized size = 0.

f (cot (ex + d))° \/a +b(tan (ex + d))* + c (tan (ex + d))* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "3*(at+b*tan(e*x+d) “2+cxtan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d) 3% (a+bkxtan(e*x+d) 2+cxtan(exx+d) ~4)~(1/2),x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3% (at+bxtan(exx+d) 2+c*tan(e*x+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)~2 + a)*cot(exx + d)~3, x)

Fricas [A] time = 19.0857, size = 2934, normalized size = 6.74

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~3x(atb*tan(e*xx+d) "2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/8*(2*sqrt(a - b + c)*axlog(((b~2 + 4*x(a - 2%b)*c + 8*c"2)*tan(exx + d)74
+ 2% (4*axb - 3*xb~2 - 4*x(a - b)*c)*tan(e*x + d)~2 - 4*sqrt(c*tan(e*xx + d)~4
+ bxtan(e*xx + d)72 + a)*((b - 2xc)xtan(e*x + d)~2 + 2%a - b)*sqrt(a - b +
c) + 8%a"2 - 8*axb + b2 + 4*axc)/(tan(e*x + d)74 + 2xtan(e*xx + d)72 + 1))x*
tan(e*x + d)72 - (2*%a - b)*sqrt(a)*log(((b~2 + 4xaxc)*tan(e*xx + d)~4 + 8xax
bxtan(e*x + d)~2 - 4*sqrt(c*tan(e*x + d)~4 + b*tan(exx + d)~2 + a)*(b*tan(e
xx + d)72 + 2xa)xsqrt(a) + 8*a”"2)/tan(exx + d)~4)xtan(exx + d)~2 - 4xsqrt(c
*tan(e*x + d)~4 + bxtan(exx + d)~2 + a)*a)/(axextan(exx + d)~2), -1/8*(4xax
sqrt(-a + b - c)*arctan(-1/2*sqrt(c*tan(e*x + d)~4 + b*xtan(e*x + d)72 + a)*
((b - 2xc)*tan(e*x + d)72 + 2xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + c~2)*ta
n(exx + d)74 + (a*b - b™2 + b*c)*tan(exx + d)72 + a”2 - axb + a*c))*tan(ex*x
+ d)72 + (2%xa - b)*sqrt(a)*log(((b~2 + 4xa*xc)*tan(exx + d)~4 + 8*axb*tan(e
*x + d)72 - 4xsqrt(cxtan(exx + d)74 + bxtan(e*x + d)~2 + a)*(bxtan(e*x + d)
“2 + 2*a)*sqrt(a) + 8*a”2)/tan(exx + d)~4)*tan(exx + d)~2 + 4xsqrt(cxtan(ex
X + d)74 + bxtan(exx + d)72 + a)*a)/(axextan(e*x + d)~2), -1/4*(sqrt(-a)*(2
*a - b)xarctan(1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(b*tan(e*xx
+ d)72 + 2%a)*sqrt(-a)/(axcxtan(e*x + d)~4 + a*xbxtan(exx + d)72 + a”2))x*ta
n(exx + d)~2 - sqrt(a - b + c)*axlog(((b~2 + 4x(a - 2%b)*c + 8*c~2)*tan(ex*x
+ d)"4 + 2x(4xaxb - 3*%b"2 - 4*(a - b)*c)*tan(e*xx + d)~2 - 4xsqrt(c*tan(exx
+ d)74 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(exx + d)~2 + 2*a - b)*sqrt(a
- b+ c) + 8ka”2 - 8xaxb + b72 + 4*axc)/(tan(exx + d)74 + 2*tan(e*xx + d)72
+ 1))*tan(exx + d)72 + 2xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*a)/
(axextan(exx + d)72), -1/4x(sqrt(-a)*(2*xa - b)*arctan(l/2*sqrt(c*tan(e*x +
d)"4 + bxtan(exx + d)72 + a)*(bxtan(exx + d)~2 + 2xa)*sqrt(-a)/(a*cxtan(ex*x
+ d)74 + axbxtan(e*xx + d)"2 + a”2))*tan(exx + d)72 + 2*axsqrt(-a + b - c)*
arctan(-1/2*xsqrt(c*tan(e*x + d)~4 + bxtan(e*xx + d)~2 + a)*x((b - 2*c)*tan(ex
x +d)72 + 2%xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(exx + d)74 + (a
*b - b~2 + b*c)*tan(e*xx + d)”2 + a”2 - axb + axc))*tan(exx + d)~2 + 2xsqrt(
cxtan(exx + d)~4 + bxtan(exx + d)~2 + a)*a)/(axextan(exx + d)~2)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a + btan? (d + ex) + ctan* (d + ex) cot® (d + ex) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3*(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2) ,x)

[Out] Integral(sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)*x4)*xcot(d + e*xx)*x*3, x

)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3% (atbxtan(exx+d) 2+c*tan(e*x+d)~4)~(1/2),x, algorithm

="giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)~2 + a)*cot(exx + d)73, x)
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3.32 ftanz(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx
Optimal. Leaf size=1254

result too large to display

[Out] -(Sqrt[a - b + c]*ArcTan[(Sqrtla - b + cl*Tan[d + e*x])/Sqrt[a + b*Tan[d +
exx] "2 + cxTan[d + exx]~4]])/(2%e) + (Tan[d + exx]*Sqrt[a + bxTan[d + exx]~
2 + cxTan[d + e*x]~4])/(3%e) + (bxTan[d + exx]*Sqrt[a + b*Tan[d + e*x]~2 +
cxTan[d + exx]"4])/(3xSqrt[c]*ex(Sqrt[a]l + Sqrtlcl*Tan[d + e*x]"2)) - (Sqrt
[c]*Tan[d + exx]*Sqrtl[a + b*Tan[d + e*x]"2 + c*Tanl[d + e*x]~4])/(ex(Sqrt[al
+ Sqrtlcl*Tan[d + e*x]~2)) - (a~(1/4)*b*EllipticE[2*ArcTan[(c”~(1/4)*Tan[d
+ exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]*(Sqrtlal + Sqrtlcl*Tan[d + e
*x]"2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*xTan[d + e*xx]~4)/(Sqrt[a] + Sqrt[c]l*Ta
nld + exx]~2)72])/(3*c”(3/4)*exSqrt[a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4
1) + (@~ (1/4)*c”~(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (
2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrt[a] + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + bx
Tan[d + exx]~2 + c*Tan[d + e*x]74)/(Sqrtla]l + Sqrtlcl*Tanl[d + e*x]~2)72])/(
exSqrt[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]"4]) + (a~(1/4)*(b + 2*Sqrt[a]=*
Sqrt[c])*EllipticF [2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (2 - b/(Sqrtla
1xSqrtlc]))/4]1*(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~
2 + c*Tan[d + e*x]~4)/(Sqrtl[al + Sqrtlcl*Tan[d + e*xx]~2)72])/(6%c~(3/4)*ex*S
grtla + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~4]) - ((b + Sqrtl[al*Sqrt[c] - c)*
EllipticF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[c]
))/4]1*(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cx*Tan
[d + exx]~4)/(Sqrt[a]l + Sqrtlcl*Tan[d + e*xx]~2)72])/(2xa~(1/4)*c”(1/4)*e*Sq
rt[a + bxTan[d + exx]”2 + cxTan[d + exx]"4]) + (c~(1/4)*(a - b + c)*Ellipti
cF[2*%ArcTan[(c”(1/4)*Tan[d + ex*xx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[cl))/4]*(
Sqrt[al + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*xx]~2 + cxTan[d + ex
x]174)/(Sqrt[a] + Sqrtlcl*Tan[d + e*x]~2)72])/(2%a~(1/4)*(Sqrtl[a] - Sqrtlc]l)
xexSqrt[a + bxTan[d + exx]~2 + cxTan[d + exx]~4]) - ((Sqrtl[al + Sqrtlcl)*(a
- b + c)*EllipticPi[-(Sqrtla] - Sqrtlc])~2/(4*Sqrtl[al*Sqrtlc]), 2*ArcTan[(
c”(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtl[cl))/4]1*(Sqrtl[al + Sqr
t[c]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + exx]"2 + c*Tan[d + e*x]~4)/(Sqrt[a
] + Sqrtlcl*Tan[d + exx]~2)72])/(4*a~(1/4)*(Sqrt[a] - Sqrtlc])*c”(1/4)*exSq
rt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4])

Rubi [A] time = 0.993253, antiderivative size = 1254, normalized size of antiderivative

= 1., number of steps used = 14, number of rules used =9, integrand size = 35, pumber of rules

= 0.257, Rules used = {3700, 1335, 1091, 1197, 1103, 1195, 1208, 1216, 1706}

integrand size

mtan_1 Va—b+ctan(d+ex)
\/Ctan4(d+ex)+btan2(d+ex)+a tan(d + ex) ctan4(d +ex)+b tanz(d +ex)+a +Jctan(d + ex)-
- + -

2e 3e e (

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx] 2*xSqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x]

[Out] -(Sqrt[a - b + c]*ArcTan[(Sqrtla - b + cl]*Tan[d + e*x])/Sqrt[a + b*Tan[d +
exx] "2 + cxTan[d + exx]~4]])/(2*%e) + (Tan[d + exx]*Sqrt[a + b*Tan[d + e*x]~
2 + cxTan[d + exx]"4])/(3xe) + (bxTan[d + exx]*Sqrt[a + b*Tan[d + e*xx]"2 +
cxTan[d + e*x]~4])/(3*Sqrt[cl*ex(Sqrtl[a]l + Sqrtl[cl*Tan[d + e*x]~2)) - (Sqrt
[c]*Tan[d + exx]*Sqrtl[a + b*Tan[d + e*x]"2 + c*Tan[d + ex*x]~4])/(e*x(Sqrt[a]
+ Sqrtlc]*Tan[d + e*x]~2)) - (a~(1/4)*b*EllipticE[2*ArcTan[(c”~(1/4)*Tan[d
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+ exx])/a”~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1*(Sqrtlal + Sqrtl[cl*Tan[d + e
*xx]"2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4)/(Sqrt[a]l + Sqrtlcl*Ta
nld + exx]~2)72])/(3*%c”(3/4)*exSqrt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4
1) + (@~ (1/4)*c~(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (
2 - b/(Sqrtlal*Sqrtlc]l))/4]1*(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + Dbx
Tan[d + e*x]”2 + cx*Tan[d + e*x]74)/(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)72])/(
exSqrt[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4]) + (a~(1/4)*(b + 2xSqrt[a]*
Sqrt[c])*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtla
1xSqrtlcl))/41*(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~
2 + cxTan[d + exx]~4)/(Sqrtl[al + Sqrtlcl*Tan[d + e*x]~2)~2])/(6*c”(3/4)*e*S
qrtla + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4]) - ((b + Sqrtl[al*Sqrtlc] - c)*
EllipticF[2*ArcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[al*Sqrt[c]
))/4]1*(Sqrt[al + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + exx]"2 + cx*Tan
[d + exx]~4)/(Sqrt[a]l + Sqrtlcl*Tan[d + e*xx]~2)72])/(2xa~(1/4)*c”(1/4)*e*Sq
rt[a + b*Tan[d + e*x]”"2 + cxTan[d + exx]~4]) + (c~(1/4)*(a - b + c)*Ellipti
cF[2*ArcTan[(c™(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[c]l))/4]*(
Sqrtlal + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*xTan[d + ex
x]174)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)72])/(2*a~(1/4)*(Sqrtla] - Sqrtlcl)
xexSqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4]) - ((Sqrt[al + Sqrtlcl)*(a
- b + c)*EllipticPi[-(Sqrt[a] - Sqrtlc])~2/(4*Sqrtl[al*Sqrtlc]), 2*ArcTan[(
c~(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[c]l))/4]1*(Sqrtl[al + Sqr
t[c]*Tan[d + e*xx] 2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4)/(Sqrtl[a
] + Sqgrtlcl*Tan[d + exx]~2)72])/(4xa~(1/4)*(Sqrt[al - Sqrtlcl)*c”™(1/4)*ex*Sq
rt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1335

Int [C(f_D)*(x )" (m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (
c_.)*(x_)"4)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(f*x) m*(d + e*x~2) g
(a + b*xx™2 + c*x"4)7p, x], x] /; FreeQ[{a, b, ¢, d, e, £, m, p, q}, x] && N
eQ[b™2 - 4xaxc, 0] && (IGtQ[p, 0] || IGtQ[q, 0] || IntegersQ[m, ql)

Rule 1091

Int[((a_) + (b_)*(x_ )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Simp[(x*(a + bx

X2 + c*xx74)7p)/(4xp + 1), x] + Dist[(2*p)/(4*xp + 1), Int[(2%a + b*x"2)*(a
+ b*x"2 + c*x”4)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc,
0] && GtQ[p, 0] && IntegerQ[2xp]

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*xx"4], x], x] /; Ne
Qle + d*q, 0]1 /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x"2)*Sqrt[(a + b*x"2 + c*x”4)/(a*x(1 + g 2*x"2)"2)]*
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EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(2*%q*Sqrtla + b*x"2 + cxx"4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_ ) + (e_.)*x(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x~4])/(a*x(1 + g~
2%x72)), x] + Simp[(d*x(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x~
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~4]1), x] /; EqQle + d*q~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rule 1208

Int[((a_) + (b_)*(x )72 + (c_.)*x(x_)"4)"(p_)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> -Dist[(e”2)7(-1), Int[(c*d - b*e - c*xe*xx"2)*(a + b*x"2 + c*xx"4) " (p -
1), x], x] + Dist[(c*d™2 - bxd*e + a*e”2)/e”2, Int[(a + b*x"2 + c*xx"4) " (p
- 1)/(d + exx"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, O

] && NeQ[c*d™2 - bxdxe + axe”2, 0] && IGtQ[p + 1/2, 0]

Rule 1216

Int[1/C((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*x(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*exq)/(c*d"2 - a*e~2), Int[1/
Sqrt[a + b*xx"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(cxd"2 - a*e”2), Int
[(1 + g*x72)/((d + exx~2)*Sqrt[a + b*x"2 + cxx~4]), x]1, x]1] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*e + axe”2, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQlc/al

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*x(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ b*x72 + cxx74))/(ax(A + B*xx"2)72)]*E1lipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexAxB))], 2xArcTan[q*x], 1/2 - (bxA)/(4*a*B)])/(4d*d*exAxq*Sqrt[a + b*x~2
+ c*xx~4]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xax*c, 0] &&
NeQ[c*d™2 - b*d*xe + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA”™2 - ax*B~2, 0]

Rubi steps
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Subst (f % dx, x, tan(d + ex))
ftanz(d + ex)\/a + btan?(d + ex) + ctan*(d + ex) dx = .
Subst (f (\/a + bx? + cx* - M) dx, x, tan(d + ex))
1+x
B e
Va+!
Subst (f Va + bx? + cx*dx, x, tan(d + ex)) Subst (f a+1
= e —_

tan(d + ex)\/a + btan®(d + ex) + ctan*(d + ex)  Subst (f
= +
3e

tan(d + ex)\/a +b tanz(d +ex)+c tan4(d + ex) (\/E (2\/Z
= +
3e

\/mtan_l [ Va-b+c tan(d+ex)

\/a+b tan?(d+ex)+c tan4(d+ex)) tan(d + ex)-
+
2e

Mathematica [C] time = 29.3705, size = 639, normalized size = 0.51

4(b-3c) tan(

\/ 4a cos(2(d+ex))+a cos(4(d+ex))+3a—b cos(4(d+ex))+b—4c cos(2(d+ex))+c cos(4(d+ex))+3c ( (b-3c) sin(2(d+ex))

1
4 cos(2(d+ex))+cos(4(d+ex))+3 6¢ + 3 tan(d + ex))

+

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]~2*Sqrtl[a + bxTan[d + e*x]"2 + cxTan[d + exx]~4],x]

[Out] (Sqrt[(3*a + b + 3xc + 4*xaxCos[2*(d + exx)] - 4*c*Cos[2+(d + e*x)] + a*Cos[
4x(d + exx)] - b*Cos[4*(d + e*x)] + c*Cos[4*x(d + exx)])/(3 + 4xCos[2*(d + e
xx)] + Cos[4*(d + exx)])]*(((b - 3*%c)*Sin[2x(d + exx)])/(6%c) + Tan[d + ex*xx
1/3))/e + ((IxSqrt[2]1*((b - 3*c)*(-b + Sqrt[b~2 - 4*axc])*EllipticE[I*ArcSi
nh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~™2 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4
xaxc])/(b - Sqrt[b”™2 - 4xaxc])] + (b72 - bx(-3*c + Sqrt[b~2 - 4xa*xc]) + c*(
-4*xa - 6%c + 3*Sqrt[b~2 - 4*axc]))*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b +
Sqrt[b~2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 -
4xa*xc])] + 6xcx(a - b + c)*EllipticPi[(b + Sqrt[b~2 - 4*axc])/(2xc), I*ArcS
inh [Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 -
4xaxc])/(b - Sqrt[b”™2 - 4xaxc])])*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*cxTan[d +
exx]"2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[1 + (2*cxTan[d + exx]~2)/(b - Sqrt[b
72 - 4xaxc])])/Sqrtlc/(b + Sqrt[b~2 - 4xaxc])] - (4*(b - 3*c)*Tan[d + e*x]*
(a + bxTan[d + exx]"2 + cxTan[d + exx]"4))/(1 + Tan[d + e*x]~2))/(12*c*exSq
rt[a + b*Tan[d + e*x]”"2 + cxTan[d + exx]~4])

Maple [A] time = 0.212, size = 1945, normalized size = 1.6

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bxtan(exx+d) "2+c*tan(exx+d)~4)~(1/2)*tan(e*xx+d) "2,x)

[Out] 1/ex(1/3%(a+bxtan(exx+d) 2+cxtan(exx+d)~4)~(1/2)*tan (exx+d)+1/6xa*2~(1/2)/(
(-b+(-4*axc+b™2) " (1/2))/a) "~ (1/2) % (4-2% (-b+(-4*a*c+b~2) " (1/2) ) /a*tan (e*x+d) "
2) " (1/2) * (4+2x (b+ (-4*xa*xc+b~2) ~(1/2) ) /axtan (e*x+d) ~2) ~(1/2) / (a+bxtan (e*x+d) ~
2+cxtan(e*xx+d) "4) " (1/2)*EllipticF (1/2*xtan(exx+d) *27 (1/2) * ((~b+(-4*a*xc+b™2)"
(1/2))/a)~(1/2) ,1/2% (=4+2xb* (b+ (-4*a*xc+b™2) " (1/2)) /a/c)~(1/2) ) -1/6%b*a*x2” (1
/2)/ ((-b+(-4xa*xc+b™2) ~(1/2))/a) ~(1/2) * (4-2% (-b+(-4*a*xc+b~2) ~(1/2)) /a*xtan (ex
x+d) "2) ~(1/2) * (4+2% (b+ (-4*a*xc+b~2) ~(1/2)) /axtan (e*xx+d) ~2) ~(1/2) / (a+b*tan (e*
x+d) "2+c*tan(e*xx+d) ~4) " (1/2) / (b+(-4*a*xc+b~2) " (1/2) ) *(E1lipticF (1/2*tan (e*xx+
d)*27 (1/2) * ((=b+(=4*a*c+b~2) ~(1/2))/a) " (1/2) ,1/2% (~4+2xb* (b+ (-4*a*c+b~2) ~ (1
/2))/a/c)”(1/2))-E1lipticE(1/2xtan (exx+d)*27 (1/2)* ((-b+(-4*axc+b™2)~(1/2))/
a)~(1/2),1/2x(-4+2xb* (b+(—-4*a*xc+b~2) " (1/2)) /a/c)~(1/2)))-1/4%2"(1/2) /(-b/a+
1/ax (~4%a*xc+b~2) " (1/2)) "~ (1/2) * (4+2/a*tan (exx+d) “2xb-2/a*tan (e*x+d) “2% (~4*a*
c+b™2)~(1/2)) " (1/2) * (4+2/a*tan (exx+d) ~2xb+2/a*tan (e*xx+d) ~2% (-4*a*xc+b~2) ~(1/
2))7(1/2) / (a+b*tan(e*xx+d) “2+cxtan(e*xx+d) ~4) ~(1/2)*E11lipticF (1/2*tan (e*xx+d)*
27 (1/2) % ((~b+(~4*a*xc+b™2) ~(1/2)) /a) " (1/2) ,1/2% (-4+2%b* (b+ (~4*a*c+b~2) ~(1/2)
)/a/c)”(1/2))*b+1/4%2~(1/2) / (-b/a+1/a*(-4*axc+b~2)~(1/2)) " (1/2)* (4+2/a*tan(
exx+d) "2*b-2/axtan (exx+d) “2* (—4*xa*xc+b”2) ~(1/2) )~ (1/2) * (4+2/a*tan (exx+d) ~2*b
+2/axtan(exx+d) "2* (-4*a*xc+b”2) " (1/2))~(1/2)/ (atbxtan(exx+d) “2+c*tan(e*x+d)~
4)~(1/2)*EllipticF (1/2xtan (exx+d)*2~ (1/2)* ((-b+(-4*a*c+b~2)~(1/2))/a)~(1/2)
,1/2% (-4+2%b* (b+(-4*axc+b~2) ~(1/2))/a/c) ~(1/2))*c+1/2xc*xa*x2~(1/2)/(-b/a+1/a
* (=4dxa*xc+b~2) " (1/2)) " (1/2) * (4+2/a*tan (e*xx+d) ~2%b-2/a*tan (e*xx+d) ~2% (-4d*a*xc+b
~2)7(1/2)) " (1/2)*x(4+2/a*tan (e*xx+d) ~2xb+2/a*xtan (e*xx+d) ~2* (-4*axc+b~2) " (1/2))
~(1/2)/(a+b*tan(e*x+d) ~"2+cxtan(e*xx+d) ~4) ~(1/2) / (b+(-4*a*xc+b~2) ~(1/2) ) *Ellip
ticF(1/2%tan(exx+d)*2~ (1/2) * ((~b+(-4*a*xc+b~2) ~(1/2))/a) ~(1/2) ,1/2% (-4+2%b*(
b+ (~4xa*xc+b™2) " (1/2))/a/c) ~(1/2))-1/2%c*ax2” (1/2) / (-b/a+1/a*x (-4*a*c+b™2) " (1
/2))~(1/2) % (4+2/axtan (exx+d) ~2%b-2/a*tan (exx+d) ~2% (—4*a*xc+b~2)~(1/2))~(1/2)
* (4+2/axtan (e*xx+d) "2xb+2/axtan (exx+d) 2% (-4*a*xc+b~2)~(1/2)) "~ (1/2) / (a+b*tan(
exx+d) "2+cxtan (e*x+d) ~4) ~(1/2)/ (b+(-4*a*c+b~2) " (1/2))*E1llipticE(1/2*tan (e*x
+d) *27 (1/2) % ((~b+(=4*a*xc+b2) " (1/2)) /a) " (1/2) ,1/2% (-4+2xb* (b+ (-4*a*c+b™2) " (
1/2))/a/c)~(1/2))-ax2~(1/2)/(-b/a+1/a*x(-4*a*xc+b~2) ~(1/2)) " (1/2)*(1+1/2/a*ta
n(e*xx+d) "2+b-1/2/a*tan (exx+d) “2* (-4*axc+b”2) " (1/2))~(1/2) *(1+1/2/a*tan (exx+
d) "2xb+1/2/axtan (exx+d) ~2* (-4*a*xc+b~2) " (1/2))~(1/2) / (a+b*tan (e*x+d) “2+c*tan
(e*x+d)~4)~(1/2)*E1lipticPi(1/2%tan (e*xx+d)*2~ (1/2)* ((-b+(-4*a*c+b~2)~(1/2))
/a)~(1/2),-2/ (-b+(=4*xa*xc+b™2) ~(1/2) ) *a, (-1/2* (b+(-4*a*xc+b~2)~(1/2))/a)~(1/2
)x27(1/2) / ((-b+(-4*axc+b™2) " (1/2)) /a) " (1/2) ) +bx27(1/2) / (-b/a+1/a* (-4*a*xc+b™
2)7(1/2)) " (1/2) *(1+1/2/axtan (e*x+d) ~2¥b-1/2/axtan (exx+d) ~2% (-4*a*c+b~2) ~(1/
2))~(1/2)*(1+1/2/a*tan (e*xx+d) ~2xb+1/2/a*tan (exx+d) ~2* (-4xa*xc+b~2) ~(1/2))~ (1
/2)/ (atb*tan(e*x+d) ~2+c*tan(e*x+d) ~4) " (1/2)*E1llipticPi(1/2*tan(e*xx+d)*2~(1/
2) % ((~b+(-4*axc+b™2)~(1/2))/a)~(1/2) ,-2/ (~b+(-4*axc+b~2) " (1/2) ) *a, (-1/2x (b+
(—4xaxc+b™2)7(1/2))/a)~(1/2)*27(1/2) / ((-b+(-4*a*xc+b~2) " (1/2)) /a) ~(1/2) ) -c*2
~(1/2)/(-b/a+1/a*x(—4xaxc+b~2)~(1/2))~(1/2) *(1+1/2/a*xtan (exx+d) ~2%b-1/2/a*ta
n(e*xx+d) “2* (~4*xa*xc+b™2) " (1/2)) ~(1/2) *(1+1/2/a*tan(e*x+d) "2*b+1/2/a*tan (exx+
d) "2 (~4*axc+b”2)"(1/2)) " (1/2)/ (atb*tan (e*x+d) "2+cxtan(exx+d) ~4) ~(1/2)*E1li
pticPi(1/2*tan(e*x+d)*27(1/2)* ((~b+(-4*axc+b”2)~(1/2))/a)~(1/2),-2/(~b+(-4*
axc+b™2) " (1/2))*a, (-1/2% (b+(-4*axc+b~2) ~(1/2)) /a) ~(1/2)*2~(1/2) / ((~b+(-4*ax
c+b™2)7(1/2))/a)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

f Jetan (ex + d)* + btan (ex + d)? + atan (ex + d)? dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*tan(exx+d) “2+c*tan(exx+d)~4)~(1/2)*tan(e*xx+d)~2,x, algorithm

="maxima")

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)~2 + a)*tan(exx + d)~2, x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (\/c tan (ex + d)4 + btan (ex + d)2 + atan (ex + d)2 ,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(exx+d)~2,x, algorithm

="fricas")

[Out] integral(sqrt(cxtan(exx + d)74 + bxtan(e*x + d)72 + a)*tan(e*x + d)~2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a +btan® (d + ex) + ctan* (d + ex) tan? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)**2+cktan(exx+d)**4)**(1/2)*tan(exx+d)**2,x)

[Out] Integral(sqrt(a + bxtan(d + e*x)**2 + cxtan(d + e*xx)**4)*tan(d + e*xx)**2, x

)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2)*tan(e*xx+d)~2,x, algorithm

="giac")

[Out] Timed out
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3.33 f \/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=829

Va+/cE (2 tar

\/mmn_l [ Va—b+c tan(d+ex)

\/C tan4(d+ex)+btan2(d+ex)+a) \/Etan(d + ex)\/ctan4(d + ex) +b tanz(d + ex) +a
+ —

2e e (\/Etanz(d +ex) + \/E)

[Out] (Sqrtla - b + c]*ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrtl[a + b*Tan[d + e
xx] 72 + cxTan[d + exx]~4]])/(2xe) + (Sqrt[c]*Tan[d + e*x]*Sqrt[a + b*Tanl[d
+ exx] "2 + c*Tan[d + exx]~4])/(ex(Sqrt[al + Sqrtlcl*Tan[d + exx]~2)) - (a~(
1/4)*c~(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (2 - b/(Sq
rt[al*Sqrtlc]l))/4]1*(Sqrtla]l + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e
*x] 72 + cxTan[d + exx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)72])/(e*xSqrt[a
+ b*Tan[d + e*xx]~2 + cxTan[d + exx]~4]) + ((b + Sqrtlal*Sqrtl[c] - c)*Ellipt
icF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]*
(Sqgrtla] + Sqrtlc]#Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*xx]"2 + cxTan[d + e
xx]~4)/(Sqrtlal + Sqrtlc]*Tan[d + exx]~2)72])/(2*a”~(1/4)*c~(1/4)*exSqrt[a +
b*xTan[d + e*x]~2 + c*Tan[d + e*x]~4]) - (c~(1/4)*x(a - b + c)*EllipticF[2*A
rcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[c]l))/4]1*(Sqrt[a
] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4)/
(Sqrtla] + Sqrtlcl*Tan[d + e*x]~2)72])/(2*a~(1/4)*(Sqrtla] - Sqrtlc])*e*Sqr
tla + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]) + ((Sqrtl[al + Sqrtlcl)*(a - b +
c)*EllipticPi[-(Sqrt[al - Sqrtlcl)~2/(4xSqrt[al*Sqrtlcl), 2*xArcTan[(c~(1/4
)*Tan[d + exx])/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrt[c]l))/41*(Sqrtla] + Sqrt[c]*T
an[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrt[a]l + Sq
rt[c]*Tan[d + e*xx]~2)72])/(4*xa~(1/4)*(Sqrtl[al - Sqrtlcl)*c~(1/4)*exSqrtl[a +
bxTan[d + exx]~2 + c*Tan[d + e*x]~4])

Rubi [A] time = 0.551654, antiderivative size = 829, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 26, e .

integrand size
0.231, Rules used = {1208, 1197, 1103, 1195, 1216, 1706}

m tan_l Va—b+c tan(d+ex)
\/ctan4(d+ex)+b tan?(d+ex)+a \etan(d + ex)\/c tan4(d +ex)+b tanz(d +ex)+a
+

2e e (\/Etanz(d +ex) + \/E)

Va+/cE (2 tar

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*Tan[d + e*x]~2 + c*Tan[d + ex*xx]~4],x]

[Out] (Sgrtla - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e
xx] 72 + cxTan[d + exx]~4]])/(2xe) + (Sqrtl[c]*Tan[d + e*x]*Sqrt[a + b*Tanl[d
+ e*x]"2 + cxTan[d + exx]"4])/(ex(Sqrtl[al + Sqrtlcl*Tan[d + e*x]"2)) - (a~(
1/4)*c”™(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sq
rt[al*Sqrtc]))/4]1*(Sqrt[a]l + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e
*x] 72 + cxTan[d + exx]74)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)72])/(e*xSqrtla
+ b*Tan[d + e*x]~2 + c*Tan[d + e*x]”4]) + ((b + Sqrtlal*Sqrtlc] - c)*Ellipt
icF[2*ArcTan[(c™(1/4)*Tan[d + e*xx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]*
(Sqgrtla] + Sqrtlc]#Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*xx]"2 + cxTan[d + e
xx]~4)/(Sqrtlal + Sqrtlc]*Tan[d + exx]~2)72])/(2*a”~(1/4)*c~(1/4)*exSqrt[a +
b*Tan[d + e*x]~2 + c*Tan[d + e*x]"4]) - (c"(1/4)x(a - b + c)*EllipticF[2*A
rcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt(c]l))/4]1*(Sqrt([a
] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + exx]~4)/
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(Sgrt[a] + Sqrtlcl*Tan[d + ex*x]~2)72])/(2xa~(1/4)*(Sqrt[al - Sqrtl[c])*exSqr

tla + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]) + ((Sqrtl[al + Sqrtlcl)*(a - b +
c)*EllipticPi[-(Sqrt[al - Sqrtlcl)~2/(4xSqrtl[al*Sqrtlc]), 2xArcTan[(c~(1/4
)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]*(Sqrtlal + Sqrt[c]*T
an[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4)/(Sqrtl[a] + Sq

rt[c]*Tan[d + e*xx]72)72])/(4*xa~(1/4)*(Sqrt[al - Sqrtlcl)*c”(1/4)*exSqrtl[a +
b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])

Rule 1208

Int[((a_) + (b_)*(x_ )72 + (c_.)*x(x_)"4)"(p_)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> -Dist[(e”2)"(-1), Int[(c*d - bxe - c*xe*xx"2)*(a + b*x"2 + c*x74)"(p -
1), x], x] + Dist[(c*d™2 - bxd*e + a*e”2)/e”2, Int[(a + b*x"2 + c*x~4)"(p
- 1)/(d + exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0

] && NeQ[c*d™2 - bxdxe + axe”2, 0] && IGtQ[p + 1/2, 0]

Rule 1197

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*xx"4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*c, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*g*Sqrta + b*x"2 + cxx"4]
), x11 /; FreeQ[{a, b, c}, x] && NeQ[b"2 - 4xaxc, 0] && PosQ[c/al

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrtla + b*x~2 + c*x74])/(ax(1 + q~
2¥x72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x"
2)"2)]1*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + c
*x~4]1), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b"2 -
4xaxc, 0] && PosQ[c/a]

Rule 1216

Int[1/(C(d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(cxd + axexq)/(cxd"2 - axe”2), Int[1/
Sqrt[a + b*x"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(cxd"2 - a*e”2), Int
[(1 + g*x~2)/((d + exx~2)*Sqrt[a + b*x~2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~"2 - 4*xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && Ne
Qlc*xd"2 - a*e™2, 0] && PosQlc/al

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((Bxd - A*e)*Arc
Tan[(Rt[-b + (c*d)/e + (a*xe)/d, 2]*x)/Sqrtla + b*xx"2 + c*x~4]])/(2*d*e*xRt [-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ b*x72 + cxx74))/(ax(A + B*xx72)72)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexAxB))], 2xArcTan[q*x], 1/2 - (bxA)/(4*a*B)])/(4*d*exAxq*Sqrt[a + b*x~2
+ c*xx74]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4x*a*c, 0] &&
NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al &% EqQ
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[cxA"™2 - axB~2, 0]

Rubi steps

1+x2

Subst ( f Varbatved dx, x, tan(d + ex))

f\/a + btan®(d + ex) + ctan*(d + ex) dx = .

Subst (f —b+c—cx? dx X, tan(d + ex)) (a -b+ C) Subst (f (1+x2)1

_ Va+bx2+cxt +
e

(b ++farfc - c) Subst (f \/7 dx, x, tan(d + ex)) (\/E\/E) Sub

— a+bx?+cx _
e
\/m tan_l Va-b+c tan(d+ex)
\/a+b tanz(d+ex)+c tan4(d+ex) \/Etan(d + ex) \/ a+bt
= +
2 e(Va+ v

Mathematica [C] time = 1.79924, size = 428, normalized size = 0.52

B2—dac+b+2c tan®(d-+ex) 2ctan2(d+ex) ( . . R | c 1

“ 1- N +b—2)Ell ticF (i sinh ( 2| tan(d + )
\/ Ve2—dac+b Vb2—4ac-b i ¢ R L \/_ Vb2—4ac+b an( ex) b
2+/2¢

\

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + ex*xx]~4],x]

[Out] ((I/2)*((-b + Sqrt[b~2 - 4xaxc])*EllipticE[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sq
rt[b72 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4x
axc])] - (b - 2xc + Sqrt[b™2 - 4xaxc])*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(
b + Sqrt[b~2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[b~

2 - 4xaxc])] - 2x(a - b + c)*EllipticPi[(b + Sqrt([b~2 - 4*axc])/(2xc), IxAr
cSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*c])]*Tan[d + exx]], (b + Sqrt[b~2

- 4xaxc])/(b - Sqrt[b~2 - 4xaxc])])*Sqrt[(b + Sqrt[b~2 - 4xa*xc] + 2*c*Tan[d

+ exx]"2) /(b + Sqrt[b”™2 - 4xaxc])]*Sqrt[l - (2xc*Tan[d + e*x]~2)/(-b + Sqr
t[b~2 - 4xaxc])])/(Sqrt[2]*Sqrtlc/(b + Sqrt[b™2 - 4xaxc])]*exSqrt[a + b*Tan

[d + exx]~2 + cxTan[d + exx]~4])

Maple [A] time = 0.153, size = 1497, normalized size = 1.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*tan(ex*x+d) "2+c*xtan(e*xx+d)~4)"(1/2),x)

[Out] 1/ex(1/4%27(1/2)/(-b/a+1/a*x(-4d*xaxc+b”2)~(1/2))"(1/2)*(4+2/a*tan(exx+d) ~2*b-
2/axtan (exx+d) "2x (—4*xaxc+b~2) " (1/2)) " (1/2) *(4+2/axtan (exx+d) "2*b+2/a*xtan (e*
x+d) 2% (—4xaxc+b"2) " (1/2)) " (1/2) / (a+b*tan (e*x+d) "2+c*tan(e*xx+d) ~4) "~ (1/2)*El
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lipticF(1/2*tan(e*x+d)*27(1/2)* ((~b+(-4*axc+b”2)~(1/2))/a)~(1/2),1/2% (-4+2%
b* (b+ (-4*a*xc+b™2)~(1/2))/a/c)~(1/2))*b-1/4%x2"(1/2) / (-b/a+1/a*(-4*axc+b~2) " (
1/2)) 7 (1/2) *(4+2/axtan (e*xx+d) "2*xb-2/a*tan (e*xx+d) "2 (-4*a*xc+b~2) ~(1/2)) " (1/2
)*x(4+2/axtan (e*x+d) ~2*xb+2/axtan (exx+d) "2* (-4*a*xc+b”2) " (1/2))~(1/2)/ (a+b*tan
(exx+d) "2+c*tan(e*xx+d) ~4) ~(1/2) *E1lipticF (1/2*tan(e*x+d) *27(1/2) * ((-b+(-4*a
xc+b72)7(1/2))/a) " (1/2) ,1/2% (-4+2xb* (b+ (-4*a*xc+b~2) ~(1/2)) /a/c)~(1/2) ) *c-1/
2xcxa*x2” (1/2)/(-b/a+1/a*x (-4*xa*xc+b~2)~(1/2)) " (1/2)*(4+2/a*tan (exx+d) ~2*¥b-2/a
*tan (exx+d) "2% (-4d*xaxc+b”2) " (1/2) )~ (1/2) % (4+2/a*tan (exx+d) ~2*b+2/axtan (exx+d
)" 2x (=4*axc+b”2) " (1/2)) " (1/2) / (a+bxtan (e*xx+d) "2+c*tan(exx+d) ~4) ~(1/2) / (b+ (-
4xa*xc+b”2) " (1/2))*E1lipticF (1/2xtan(e*xx+d)*27(1/2) * ((-b+(-4*axc+b~2)~(1/2))
/a)~(1/2) ,1/2x (—4+2xb* (b+(-4*axc+b™2) " (1/2))/a/c)~(1/2))+1/2*xcxa*x2~(1/2) / (-
b/a+1/ax(-4xaxc+b~2)~(1/2)) " (1/2) *(4+2/a*xtan (exx+d) ~2*b-2/a*tan (e*xx+d) ~2*x (-
dxaxc+b”™2)"(1/2)) " (1/2) % (4+2/a*tan (exx+d) ~2¥b+2/a*tan (exx+d) ~2* (-4*axc+b~2)
~(1/2))"(1/2)/(a+bxtan(exx+d) "2+c*tan(exx+d) ~4) ~(1/2) / (b+(-4*a*xc+b~2) "~ (1/2)
)*E1lipticE(1/2*tan(e*xx+d)*27(1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2x(-
4+2*xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c) " (1/2))+a*x2~(1/2) /(-b/a+1/a*x(-4*a*c+b~2) ~(
1/2))~(1/2)*(1+1/2/a*xtan (e*xx+d) “2*b-1/2/axtan (e*xx+d) 2% (-4*a*xc+b~2) ~(1/2)) "~
(1/2)*(1+1/2/a*xtan (e*x+d) "2*b+1/2/a*tan (e*x+d) ~2*x (-=4d*a*xc+b~2) " (1/2))~(1/2)/
(atb*tan(exx+d) ~2+c*tan(e*xx+d) ~"4) "~ (1/2)*EllipticPi(1/2*tan(e*xx+d)*27 (1/2)*(
(-b+(—4*axc+b~2)"(1/2))/a)~(1/2),-2/ (-b+(-4*xaxc+b~2) ~(1/2) ) *a, (-1/2* (b+(-4x
axc+b”2) 7 (1/2))/a) " (1/2)*27(1/2) / ((~b+(-4*a*c+b~2)~(1/2))/a)~(1/2))-b*x2~(1/
2)/(-b/a+1/ax(-4d*xaxc+b~2)~(1/2))~(1/2)*(1+1/2/a*tan(e*x+d) “2*¥b-1/2/a*tan(e*
x+d) "2x (=4xaxc+b"2) " (1/2)) " (1/2) *(1+1/2/axtan (exx+d) "2*b+1/2/a*tan (e*xx+d) "2
x (—4xaxc+b~2)~(1/2))~(1/2)/ (atb*tan(e*xx+d) “2+cxtan(exx+d) ~4) " (1/2)*Elliptic
Pi(1/2*xtan(exx+d)*27(1/2) *((-b+(-4*xa*xc+b~2)"(1/2))/a) " (1/2),-2/(-b+(-4*axc+
b"2)"(1/2) )*a, (-1/2* (b+(-4*xaxc+b™2) " (1/2))/a)~(1/2) %27 (1/2) / ((-b+(-4*axc+b~
2)7(1/2))/a)~(1/2))+c*x27(1/2) / (-b/a+1/a* (-4*a*xc+b~2) ~(1/2)) ~(1/2) *(1+1/2/ax
tan(exx+d) "2xb-1/2/a*xtan (exx+d) ~2* (-4d*xaxc+b”2) " (1/2)) " (1/2)*(1+1/2/axtan (e*
x+d) "2*xb+1/2/axtan (exx+d) "2*x (—4*axc+b”2) ~(1/2)) " (1/2)/ (atb*tan (e*xx+d) ~2+c*t
an(exx+d) ~4) ~(1/2)*E1lipticPi (1/2*tan(exx+d) *27 (1/2) * ((~b+(-4*a*xc+b™2)~(1/2
))/a)~(1/2) ,-2/ (~b+(-4*xaxc+b~2) ~(1/2)) *a, (-1/2x(b+(-4*a*xc+b™2) " (1/2))/a)~ (1
/2)*2°(1/2) / ((-b+(-4x*a*xc+b~2)~(1/2))/a)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)4 +bt8m(ex+d)2 + adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) "2+c*tan(e*xx+d)~4)~(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + b*xtan(exx + d)7°2 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2),x, algorithm="fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

f\/a + btan? (d + ex) + ctan* (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(e*xx+d)**2+cktan(exx+d)**4)**x(1/2),x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + ckxtan(d + e*x)**4), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f\/ctan(ex+d)4 +btam(ex+d)2 + adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*tan(exx+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + b*xtan(exx + d)72 + a), x)
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3.34 f cotz(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx

Optimal. Leaf size=861

Mtan_l [ Va—b+c tan(d+ex)

\/Ctan4(d+ex)+b tanz(d+gx)+a] cot(d + ex)\/ C tan4(d +ex)+b tanz(d +ex)+a AJctan(d +ex) /ct

2e e ’ e(y@‘

[Out] -(Sqrtla - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrt[a + b*Tan[d +
exx] "2 + cxTan[d + exx]~4]])/(2xe) - (Cot[d + exx]*Sqrtla + bxTan[d + exx]~
2 + c*Tan[d + e*x]"4])/e + (Sqrtlc]*Tan[d + e*x]*Sqrt[a + bxTan[d + exx]~2
+ cxTan[d + exx]~4])/(ex(Sqrt[a]l + Sqrtlcl*Tan[d + e*x]~2)) - (a~(1/4)*xc~ (1
/4)*E1lipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[a]l*Sqr
t[c]))/41*(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)xSqrt[(a + b*Tan[d + e*x]"2 + ¢
xTan[d + exx]~4)/(Sqrtlal + Sqrtlc]*Tan[d + e*x]~2)72])/(exSqrt[a + bx*Tan[d
+ exx] "2 + c*Tan[d + e*x]~4]) + ((Sqrtlal + Sqrtlcl)*c™(1/4)*EllipticF[2%A
rcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrtla
] + Sgrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/
(Sqrt[al + Sqrtlcl*Tanl[d + e*x]~2)72])/(2xa~(1/4)*exSqrt[a + b*Tan[d + ex*x]
2 + cxTan[d + exx]"4]) + (c™(1/4)*(a - b + c)*EllipticF[2*ArcTan[(c~(1/4)*
Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrtla]l + Sqrtlc]l*Tan
[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrt[a] + Sqrt
[c]*Tan[d + e*x]~2)72])/(2%a~(1/4)*(Sqrtla] - Sqrt([c])*exSqrt[a + bxTan[d +
exx]"2 + cxTan[d + exx]~4]) - ((Sqrtla] + Sqrtlcl)*(a - b + c)*EllipticPil
-(Sqrt[a] - Sqrtlc])~2/(4xSqrtlal*Sqrtlc]l), 2*ArcTan[(c~(1/4)*Tan[d + exx])
/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)*
Sqrt[(a + b*Tan[d + exx]”2 + cxTan[d + exx]~4)/(Sqrtlal + Sqrt[c]*Tan[d + e
xx]72)72])/(4xa~ (1/4)*(Sqrt[a]l - Sqrtlcl)*c”(1/4)*e*Sqrt[a + bxTan[d + exx]
"2 + c*Tan[d + e*x]~4])

Rubi [A] time = 0.585023, antiderivative size = 861, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35, e -

integrand size
0.229, Rules used = {3700, 1311, 1281, 1197, 1103, 1195, 1216, 1706}

\/ctan4(d+ex)+btanz(d+ex)+gJ cot(d + ex)\/c tan*(d + ex) + btan?(d + ex) +a  Jctan(d + ex){Jct

m tan_l Va—b+c tan(d+ex)
- +
2¢ e e(VE-

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx] 2xSqrt[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4],x]

[Out] -(Sqgrtla - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + ex*x])/Sqrt[a + b*Tan[d +
exx]"2 + cxTan[d + exx]~4]])/(2*%e) - (Cot[d + exx]*Sqrt[a + b*Tan[d + e*x]~
2 + c*Tan[d + exx]~4])/e + (Sqrtlc]*Tan[d + e*x]*Sqrt[a + bxTan[d + exx]~2
+ cxTan[d + exx]~4])/(ex(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)) - (a~(1/4)xc~ (1
/4)*E1lipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[a]*Sqr
tlcl))/41*(Sqrt[a]l + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + ¢
*Tan[d + exx]~4)/(Sqrt[a] + Sqrtl[cl*Tan[d + e*x]~2)"2])/(exSqrt[a + b*Tan[d
+ exx] "2 + c*Tan[d + e*x]~4]) + ((Sqrtl[al + Sqrtlcl)*c™(1/4)*EllipticF[2%*A
rcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrtla
1 + Sqrtlcl*Tan[d + e*xx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4)/
(Sqrt[al + Sqrtlcl*Tanl[d + e*x]~2)72])/(2xa~(1/4)*exSqrt[a + b*Tan[d + ex*x]
2 + cxTan[d + exx]"4]) + (c™(1/4)*(a - b + c)*EllipticF[2*ArcTan[(c~(1/4)*
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Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrt[a] + Sqrtlc]*Tan
[d + exx]"2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrt
[c]*Tan[d + exx]~2)72])/(2*%a~(1/4)*(Sqrtla] - Sqrtlc])*exSqrt[a + bxTan[d +
exx] "2 + cxTan[d + exx]~4]) - ((Sqrtla] + Sqrtlc])*(a - b + c)*EllipticPil
-(Sqrtla] - Sqrtlc])~2/(4*Sqrtlal*Sqrtlc]), 2*ArcTan[(c~(1/4)*Tan[d + exx])
/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrtlal + Sqrtlcl*Tan[d + e*xx]~2)*
Sqrt[(a + b*Tan[d + e*x]~2 + cxTan[d + exx]”4)/(Sqrtla] + Sqrtl[cl*Tan[d + e
xx]72)72]) /(4%xa~ (1/4)*(Sqrt[a] - Sqrtlcl)*c”(1/4)*e*Sqrt[a + bxTan[d + exx]
"2 + c*Tan[d + e*x]~4])

Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )17 (_.) + (c_)*((f_.)*tan[(d_.) + (e_.)*(x_)1)"(mn2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1311

Int [CCCE_D*(x_)) " (m_)*((a_.) + (b_)*x(x_)"2 + (c_.)*(x_)"4)"(p_.))/((d_.)

+ (e_.)*(x_)"2), x_Symbol] :> Dist[1/(d*e), Int[(f*x) "m*(a*e + cxd*x"2)*(a

+ b*x72 + cxx74)"(p - 1), x], x] - Dist[(c*d™2 - bxd*e + axe”2)/(d*exf~2),

Int[((f*x)"(m + 2)*(a + b*x"2 + c*x™4)"(p - 1))/(d + exx"2), x], x] /; Free
Ql{a, b, c, d, e, £}, x] && NeQ[b~2 - 4*axc, 0] && GtQ[p, 0] && LtQ[m, 0]

Rule 1281

Int [((£_D)*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*(
x_)"4)"(p_), x_Symbol] :> Simp[(d*(f*x)~(m + 1)*(a + b*x"2 + c*x~4)~(p + 1)
)/(axfx(m + 1)), x] + Dist[1/(axf™2x(m + 1)), Int[(f*x)"(m + 2)*(a + b*x"2
+ cxx~4) “pxSimp[axex(m + 1) - b*d*(m + 2%p + 3) - c*xd*(m + 4*p + 5)*x"2, x]
, x1, x] /; FreeQ[{a, b, ¢, d, e, £, p}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[m
, —1] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m])

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x"2)/Sqrtla + b*x"2 + c*x"4], x], x] /; Ne
Qe + dxq, 011 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && PosQI
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2xg*Sqrt[a + b*x"2 + c*x~4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x~4])/(a*x(1 + g~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72*x"
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~4]1), x] /; EqQle + d*q~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al
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Rule 1216

Int[1/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*exq)/(c*d"2 - a*e~2), Int[1/
Sqrt[a + b*xx"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(cxd"2 - axe”2), Int
[(1 + g*x~2)/((d + e*x~2)*Sqrt[a + b*x~2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*e + a*xe”2, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQl[c/al

Rule 1706

Int[(CA_) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ bxx"2 + c*xx74))/(ax(A + B*x"2)"2)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x
dxe*xA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*xaxB)])/(4xd*exAxq*Sqrt[a + bxx"2
+ cxx~4]), x1] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*xe + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps

Subst ( f % dx, x, tan(d + ex))

fcotz(d + ex)\/a + btan?(d + ex) + ctan*(d + ex) dx = .

2
) Subst (f 9(2\/% dx, x, tan(d + ex)) (a—b+c)Subst

e

cot(d + ex)+/a + btan®(d + ex) + c tan*(d + ex) Subst (J

e

\/m tan_l ( Va—b+c tan(d+ex)

\/a+b tan?(d-+ex)+c tan4(d+ex)] cot(d + ex)\
2e B

Mtan‘l ( Va-b+c tan(d+ex)

a+b tan?(d+ex)+c tan4(d+ex)] COt(d + ex)w
2e B

Mathematica [C] time = 26.9031, size = 1258, normalized size = 1.46

4 cos(2(d+ex))a+cos(4(d+ex))a+3a+b+3c—4c cos(2(d+ex))—b cos(4(d+ex))+c cos(4(d+ex)) 1 . _ . 2 _
\/ 4 cos(2(d+ex))+cos(4(d+ex))+3 (2 SlH(Z(d + ex)) COt(d + ex)) Z\/E( b 4
+

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~2*Sqrtl[a + bxTan[d + e*x]"2 + cxTan[d + exx]~4],x]

[Out] (Sqrt[(3*a + b + 3*c + 4xaxCos[2*(d + exx)] - 4*xcxCos[2*(d + e*x)] + axCos[
4% (d + exx)] - b*Cos[4*x(d + exx)] + c*Cos[4*x(d + exx)])/(3 + 4xCos[2*x(d + e
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*x)] + Cos[4*(d + exx)])I*(-Cot[d + e*x] + Sin[2x(d + e*x)]/2))/e + (I*Sqrt
[2]*(-b + Sqrt[b~2 - 4*axc])*(EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrtl
b~2 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4xa*xc])/(b - Sqrt[b~2 - 4*axc
1)] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*Tan[d + e
*x]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*axc])])*(1 + Tan[d + e*x]"2
)*¥Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*xcxTan[d + exx]~2)/(b + Sqrt[b™2 - 4xaxc])
1xSqrt[1 + (2*c*Tan[d + e*xx]~2)/(b - Sqrt[b~2 - 4xaxc])] - (2*I)*Sqrt[2]*cx
EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + ex*x]],

(b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4*axc])]*(1 + Tan[d + e*xx]~2)*Sqrt[
(b + Sqrt[b~2 - 4xaxc] + 2*c*Tanl[d + e*x]~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrtl[
1 + (2xcxTan[d + exx]~"2)/(b - Sqrt[b~2 - 4xa*xc])] + (2*I)*Sqrt[2]*a*xEllipti
cPi[(b + Sqrt[b~2 - 4xa*xc])/(2*c), I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 -
4xaxc])]*Tan[d + exx]], (b + Sqrt[b”™2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc])]*(
1 + Tan[d + e*x]~2)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*Tan[d + exx]"2)/(b +

Sqrt[b™2 - 4xa*xc])]*Sqrt[1 + (2*c*Tan[d + e*x]~2)/(b - Sqrt[b~2 - 4*axc])]

- (2%I)*Sqrt[2]*bxEllipticPi[(b + Sqrt[b~2 - 4xaxc])/(2*c), IxArcSinh[Sqrtl[
2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4xaxc])/(
b - Sqrt[b”2 - 4*axc])]*(1 + Tan[d + exx]"2)*Sqrt[(b + Sqrt[b™2 - 4xax*xc] +

2xcxTan[d + exx]~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[l + (2xc*Tan[d + exx]~2)/
(b = Sqrt[b~2 - 4*axc])] + (2xI)*Sqrt[2]*c*xEllipticPi[(b + Sqrt[b~2 - 4xa*c
1)/(2xc), I*ArcSinh([Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*Tan[d + exx]],

(b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xa*c])]*(1 + Tan[d + e*x]~2)*Sqrt[
(b + Sqrt[b~2 - 4*axc] + 2xc*Tan[d + e*xx]~2)/(b + Sqrt[b™2 - 4xa*xc])]*Sqrt[
1 + (2%cxTan[d + exx]~2)/(b - Sqrt[b~2 - 4xaxc])] - 4*Sqrtlc/(b + Sqrt[b~2

- 4xaxc])]*Tan[d + exx]*(a + b*Tan[d + e*xx]”2 + cxTan[d + exx]~4))/(4*xSqrt[
c/(b + Sqrt[b~2 - 4xaxc])]xex(1 + Tan[d + exx]~2)*Sqrtl[a + bxTan[d + exx]~2
+ c*xTan[d + e*x]~4])

Maple [F] time = 0.497, size = 0, normalized size = 0.

f (cot (ex + d))? \/u + b (tan (ex + d))* + ¢ (tan (ex + d))* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) 2% (a+b*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d) "2*(a+b*tan(e*x+d) "2+c*xtan(e*xx+d)~4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~2x(atb*tan(e*xx+d) "2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="maxima"

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + b*xtan(exx + d)~2 + a)*cot(exx + d)72, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2x(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm

="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a +btan? (d + ex) + c tan* (d + ex) cot? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**2*(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2) ,x)

[Out] Integral(sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)*x4)*xcot(d + e*xx)**2, x

)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~2x(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm

="giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)~2 + a)*cot(exx + d)72, x)
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3.35 f cot4(d+ex)\/a + btan®(d + ex) + ctan*(d + ex) dx
Optimal. Leaf size=943

result too large to display

[Out] (Sqrtla - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrt[a + b*Tan[d + e
*x] "2 + cxTan[d + exx]~4]]1)/(2xe) + ((3xa - b)*Cot[d + exx]*Sqrt[a + b*Tan[
d + e*x]"2 + cxTan[d + exx]"4])/(3*a*e) - (Cot[d + e*x] 3*Sqrt[a + b*Tan[d
+ exx] 72 + cxTan[d + e*xx]~4])/(3*%e) - ((3*a - b)*Sqrtlc]*Tanl[d + exx]*Sqrt[
a + b*xTan[d + e*x]”2 + c*Tan[d + e*xx]~4])/(3*%axex(Sqrt[al + Sqrt[cl*Tan[d +
exx]"2)) + ((3*a - b)*c~(1/4)*EllipticE[2*ArcTan[(c™(1/4)*Tan[d + ex*xx])/a”
(1/4)1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1*(Sqrtla] + Sqrtlc]+*Tan[d + exx]~2)*Sqr
t[(a + bxTan[d + exx]~2 + c*Tan[d + exx]~4)/(Sqrtl[a] + Sqrtlc]*Tan[d + exx]
~2)72])/(3*a~(3/4)*exSqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + exx]~4]) - ((3*a
- b + Sqrtlal*Sqrtlc])*c”(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + e*x])/a
~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/41*(Sqrtla]l + Sqrtlcl*Tan[d + e*xx]~2)*Sq
rt[(a + b*Tan[d + e*x]"2 + cxTan[d + e*xx]~4)/(Sqrt[al + Sqrtlc]*Tan[d + ex*x
172)72]) /(6*%a~(3/4) *e*xSqrt[a + bxTan[d + exx]~2 + cxTan[d + exx]"4]) - (c~(
1/4)*(a - b + c)*EllipticF[2*xArcTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b
/(Sqrt[a]*Sqrt[cl))/4]*(Sqrt[al + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + bxTanl[d
+ exx]”2 + c*xTan[d + e*xx]~4)/(Sqrt[a] + Sqrtlclx*Tan[d + exx]~2)72])/(2xa~(
1/4)*(Sqrt[a] - Sqrtlcl)*exSqrtla + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]) +
((Sqgrtla] + Sqrtlcl)*(a - b + c)*EllipticPi[-(Sqrtl[a] - Sqrtlc])~2/(4*Sqrt
[al*Sqrt[c]), 2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtl[a]*Sqr
tlc]))/41*(Sqrtla]l + Sqrtlcl*Tan[d + exx] 2)*Sqrt[(a + b*Tan[d + e*x]"2 + ¢
xTan[d + exx]~4)/(Sqrtla]l + Sqrtlc]*Tan[d + exx]~2)"2])/(4*a~(1/4)*(Sqrt[a]
- Sqrtlc])*c™(1/4)*exSqrt[a + b*Tan[d + e*x]~2 + c*xTan[d + e*xx]~4])

Rubi [A] time = 0.7171, antiderivative size = 943, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 8, integrand size = 35, e o e

= 0.229, Rules used = {3700, 1309, 1281, 1197, 1103, 1195, 1216, 1706}

integrand size

\/c tan*(d + ex) + btan®(d + ex) + acot®>(d + ex)  (3a — b){Jctan(d + ex) + btan?(d + ex) + a cot(d + ex)
3e 3ae

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx] 4xSqrtl[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4],x]

[Out] (Sgrtla - b + cl*ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e
*x]72 + cxTan[d + e*x]~4]1]1)/(2*e) + ((3xa - b)*Cot[d + exx]*Sqrt[a + b*Tan[
d + exx]”"2 + cxTan[d + exx]~4])/(3*%axe) - (Cot[d + e*x]~3*Sqrt[a + b*Tan[d
+ exx] "2 + c*Tan[d + e*x]~4])/(3*e) - ((3*%a - b)*Sqrt[c]*Tan[d + exx]*Sqrt[
a + b*xTan[d + e*x]”2 + c*Tan[d + e*xx]~4])/(3*axex(Sqrt[a] + Sqrtl[cl*Tan[d +
exx]~2)) + ((3*a - b)*c~(1/4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a”
(1/4)]1, (2 - b/(Sqgrtlal*Sqrtlc]))/4]1*(Sqrt[a]l + Sqrtlc]*Tan[d + exx]~2)*Sqr
t[(a + bxTan[d + exx]"2 + cxTan[d + exx]~4)/(Sqrtl[al + Sqrtlcl*Tan[d + ex*x]
~2)72])/(3*xa~(3/4) *exSqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4]) - ((3*a
- b + Sqrtlal*Sqrtlc])*c”(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + e*x])/a
~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/41*(Sqrtla]l + Sqrtlcl*Tan[d + e*x]~2)*Sq
rt[(a + b*Tan[d + e*x]”2 + c*Tan[d + e*xx]~"4)/(Sqrtla] + Sqrtlc]*Tan[d + e*x
172)72])/(6*a”~(3/4)*e*xSqrt[a + bxTan[d + exx]”2 + cxTan[d + e*x]"4]) - (c~(
1/4)*(a - b + c)*EllipticF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - Db
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/(Sqrt[a]*Sqrt[c]l))/4]*(Sqrt[a]l + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + bxTan[d
+ exx] 2 + cxTan[d + exx]~4)/(Sqrtla] + Sqrtlcl*Tan[d + exx]~2)~2])/(2*a"(
1/4)*(Sqrt[a] - Sqrtlcl)*exSqrtla + b*Tan[d + e*x]”2 + c*Tan[d + e*xx]~4]) +
((Sqrt[a] + Sqrtlcl)*(a - b + c)*EllipticPi[-(Sqrt[al - Sqrtlcl)~2/(4*Sqrt
[al*Sqrt[c]), 2xArcTan[(c~(1/4)*Tanl[d + exx])/a~(1/4)], (2 - b/(Sqrt[a]l*Sqr

tlcl))/41*(Sqrt[a]l + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]”"2 + c

xTan[d + exx]~4)/(Sqrtla]l + Sqrtlc]*Tan[d + e*x]~2)72])/(4*a~(1/4)*(Sqrt[a]
- Sqrtlc])*c”(1/4)*exSqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*xx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*x )] "(m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]

:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1309

Int [CCCE_D*(x_ D))" )*((a_.) + (b_)*(x_)72 + (c_.)*(x_)"4)"(p_.))/((d_.)
+ (e_.)*x(x_)"2), x_Symbol] :> Dist[1/d"2, Int[(f*x) mx(axd + (bxd - axe)*x"
2)x(a + b*x"2 + c*x”4)"(p - 1), x], x] + Dist[(c*d™2 - b*d*e + a*xe”2)/(d"2*
£74), Int[((f*x) " (m + 4)*(a + b*x"2 + c*x”4) " (p - 1))/(d + exx"2), x], x] /
; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b™2 - 4xaxc, 0] && GtQ[p, 0] && LtQ[m
, —2]

Rule 1281

Int [C(£_D)*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*(
x_)"4)"(p_), x_Symbol] :> Simp[(d*(f*x)~(m + 1)*(a + b*x"2 + c*x~4)"(p + 1)
Y/ (axfx(m + 1)), x] + Dist[1/(a*xf"2x(m + 1)), Int[(f*x)"(m + 2)*x(a + b*x"2

+ cxx~4) “pxSimp[axex(m + 1) - b*d*(m + 2%p + 3) - c*xd*(m + 4*p + 5)*x"2, x]
, x1, x] /; FreeQ[{a, b, ¢, d, e, £, p}, x] && NeQ[b~2 - 4xaxc, 0] && LtQ[m
, —1] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m])

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x"2)/Sqrtla + b*x"2 + c*x"4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*%q*Sqrtla + b*x"2 + cxx"4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x~4])/(a*x(1 + g~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x~
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~4]1), x] /; EqQle + d*q~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al
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Rule 1216

Int[1/(((d_ ) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*exq)/(c*d"2 - a*xe”2), Int[1/
Sqrt[a + b*xx"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(cxd”2 - a*xe”2), Int
[(1 + g*x~2)/((d + e*x~2)*Sqrt[a + b*x~2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*xe + a*xe”2, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQl[c/al

Rule 1706

Int[((A_) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ bxx"2 + c*xx74))/(ax(A + B*x"2)"2)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x
dxe*xA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*xaxB)])/(4xd*exAxq*Sqrt[a + bxx"2
+ cxx~4]), x1] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - b*d*xe + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps
Subst ( f % dx, x, tan(d + ex))
fcot4(d + ex)\/a + btan?(d + ex) + ctan*(d + ex) dx = .

Subst (f a+(-a+b)x dx, x, tan(d + ex)) (a=b+c)Sul

¥AVa+bx2+cxt

= +

e

cot>(d + ex)\/a + btan®(d + ex) + ctan*(d + ex)  Sub

3e

m tan_l ( Va—b+ctan(d+ex)

a+b tanz(d+ex)+c tan4(d+ex)] (3a - b) CcO
+

2e

Va—b+c tan(d+ex)

a—b+ctan_1(

\/a+b tanz(d+ex)+c tan4(d+ex)] (3(1 - b) co
+

2e

\/m tan_l ( Va—b+c tan(d+ex)

\/a+b tan?(d-+ex)+c tan4(d+ex)] (3a-Db)co
+

2e

Mathematica [C] time = 32.1672, size = 1590, normalized size = 1.69

4 cos(2(d+ex))a+cos(4(d+ex))a+3a+b+3c—4c cos(2(d+ex))-b cos(4(d+ex))+c cos(4(d+ex)) 1 2
\/ 4 cos(2(d+ex))+cos(4(d+ex))+3 ( 3 COt(d + ex) cse (d + ex) +

(4a cos(d+ex)—b cc

e

Warning: Unable to verify antiderivative.
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[In] Integrate[Cot[d + exx] 4*Sqrtl[a + bxTan[d + exx]"2 + cxTan[d + exx]~4],x]

[Out] (Sqrt[(3*a + b + 3xc + 4xa*Cos[2x(d + e*x)] - 4xc*Cos[2x(d + e*xx)] + axCos[
4%(d + e*x)] - b*Cos[4*(d + e*xx)] + cxCos[4*(d + exx)])/(3 + 4*Cos[2+(d + e
*x)] + Cos[4*x(d + e*x)])]*(((4*a*Cos[d + e*x] - b*Cos[d + exx])*Cscld + e*x
1)/(3%a) - (Cot[d + exx]*Cscld + exx]"2)/3 - ((3*a - b)*Sin[2*(d + e*x)])/(
6*xa)))/e + ((3*I)*Sqrt[2]*ax(b - Sqrt[b~2 - 4xa*xc])*(EllipticE[I*ArcSinh[Sq
rt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*xc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4xaxc]
)/ (b - Sqrt[b~2 - 4xaxc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b
~2 - 4xaxc])]*Tan[d + e*xx]], (b + Sqrt[b™2 - 4xa*xc])/(b - Sqrt[b~2 - 4*axc]
)1)*(1 + Tan[d + exx]~2)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*Tan[d + e*x]~2)/
(b + Sqrt[b~2 - 4*axc])]*Sqrt[1 + (2xc*Tan[d + e*x]~2)/(b - Sqrt[b~2 - 4xax
c])] + IxSqrt[2]*b*x(-b + Sqrt[b~2 - 4*axc])*(EllipticE[I*ArcSinh[Sqrt[2]*Sq
rt[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4xa*xc])/(b - S
qrt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4x*a
xc])]*Tan[d + e*xx]], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[b™2 - 4xaxc])])*(1 +
Tan[d + e*x]~2)*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*Tan[d + e*x]~2)/(b + Sqr
t[b~™2 - 4*axc])]*Sqrt[1 + (2xc*Tan[d + exx]~2)/(b - Sqrt[b”™2 - 4xaxc])] + (
2xI1)*Sqrt [2] *axc*xEllipticF [I*ArcSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])
1*Tan[d + exx]], (b + Sqrt[b~2 - 4xa*xc])/(b - Sqrt[b~2 - 4*axc])]*(1 + Tan[
d + exx]"2)*Sqrt[(b + Sqrt[b~2 - 4xa*xc] + 2*xcxTan[d + exx]~2)/(b + Sqrt[b~2
- 4xaxc])]*Sqrt[1 + (2xc*Tan[d + e*x]"2)/(b - Sqrt[b~2 - 4*axc])] - (6*I)*
Sqrt[2]*a~2*E1llipticPi[(b + Sqrt[b~2 - 4xaxc])/(2%c), I*ArcSinh[Sqrt[2]*Sqr
tlc/(b + Sqrt[b~2 - 4xa*xc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4xaxc])/(b - Sq
rt[b72 - 4xaxc])]*(1 + Tan[d + exx]~2)*Sqrt[(b + Sqrt[b~2 - 4xa*xc] + 2*c*Ta
nld + e*xx]~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[l + (2xcxTan[d + exx]"2)/(b - S
qrt[b”™2 - 4xaxc])] + (6+I)*Sqrt[2]*a*b*E1lipticPil[(b + Sqrt[b~2 - 4xaxc])/(
2xc), IxArcSinh[Sqrt[2]*Sqrtl[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + exx]], (b +
Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xa*xc])]*(1 + Tan[d + e*x]~2)*Sqrt[(b +
Sqrt[b~2 - 4*axc] + 2*xcxTan[d + exx]~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[l +
(2xc*xTan[d + exx]"2)/(b - Sqrt[b~™2 - 4*a*xc])] - (6%I)*Sqrt[2]*axc*EllipticP
i[(b + Sqrt[b~2 - 4xaxc])/(2%c), I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4
xaxc])]*Tan[d + exx]], (b + Sqrt[b”™2 - 4*axc])/(b - Sqrt[b~2 - 4x*axc])]x*(1
+ Tan[d + exx]"2)*Sqrt[(b + Sqrt[b~2 - 4xa*xc] + 2*c*Tan[d + e*xx]~2)/(b + Sq
rt[b72 - 4xaxc])]*Sqrt[1 + (2*c*Tan[d + e*xx]~2)/(b - Sqrt[b~2 - 4*axc])] -
4x(-3*a + b)*Sqrtlc/(b + Sqrt[b~2 - 4xa*xc])]*Tan[d + exx]*(a + bxTan[d + ex
x]72 + cxTan[d + exx]74))/(12*xaxSqrt[c/(b + Sqrt[b~2 - 4*axc])]*ex(1l + Tanl[
d + exx]"2)xSqrt[a + bxTan[d + exx]~2 + cxTan[d + exx]~4])

Maple [F] time = 0.498, size = 0, normalized size = 0.

tf@%@x+®f¢a+MMn@x+®f+ch@x+®fM

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d) "4*(a+bx*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d) “4*(at+b*tan(e*x+d) "2+c*xtan(e*xx+d)~4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f\/c tan (ex + d)4 + btan (ex + d)2 + acot (ex + d)4 dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cot(e*x+d) “4*(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(sqrt(c*tan(exx + d)~4 + b*tan(exx + d)~2 + a)*cot(exx + d)~4, x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) “4x*(atb*tan(exx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/a + btan? (d + ex) + ctan* (d + ex) cot? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot (exx+d)**4* (atbxtan(e*xx+d)**2+c*tan(exx+d)**4)**(1/2) ,x)

[Out] Integral(sqrt(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*cot(d + exx)**x4, x

)

Giac [F] time = 0., size = 0, normalized size = 0.

f \/c tan (ex +d)* + btan (ex + d)2 + a cot (ex + d)* dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) ~4x(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(sqrt(c*tan(e*xx + d)~4 + bkxtan(exx + d)~2 + a)*cot(exx + d)74, x)
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5
tan” (d+ex
( ) dx

3.36

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=182

2 ~ 2,
(b + 2C) tanh_l b+2c tan®(d+ex) . 7 tanh_l 2a+(b-2¢) tan®(d
2\/2\/a+btan2(d+ex)+c tan4(d+ex) \/tl +btan (d + BX) + ctan (d + ex) ZWW
+ —
dcdie 2ce 2eNVa-b+c

[Out] -ArcTanh[(2%¥a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]"2 + cxTan[d + e*x]~4])]/(2*Sqrtla - b + clxe) - ((b + 2xc)*Ar
cTanh[(b + 2*c*Tan[d + e*x]~2)/(2xSqrt[c]*Sqrt[a + b*Tan[d + exx]"2 + cx*Tan

[d + exx]~4]1)])/(4xc~(3/2)*e) + Sqrtla + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~

4]/ (2%cxe)

Rubi [A] time = 0.353049, antiderivative size = 182, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 35, e .

0.2, Rules used = {3700, 1251, 1653, 843, 621, 206, 724}

integrand size

-1 b+2c tan? (d+ex) -1 2a+(b-2c) tan? (d-
(b + 2¢) tanh tanh
2\/2\/a+b tanz(d+ex)+c tan4(d+ex) \/a +b tanz(d + ex) + Ctan4(d + ex) 2Va-b+cja+b tanz(d+ex:
+ —_
4c¥2e 2ce 2eNa-b+c

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~5/Sqrtl[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4],x]

[Out] -ArcTanh[(2%*a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]~2 + cxTan[d + e*xx]~4])]/(2*Sqrtla - b + cl*e) - ((b + 2xc)*Ar
cTanh[(b + 2*c*Tan[d + e*x]~2)/(2*Sqrt[c]*Sqrt[a + b*Tan[d + exx]"2 + cx*Tan

[d + exx]~4]1)])/(4xc~(3/2)*e) + Sqrtla + b*Tan[d + e*x]”2 + c*Tan[d + e*x]~

4]/ (2%cxe)

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.D)*((a_.) + (b_.)*((f_.)*tanl[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_ )72 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
bxx + c*x72)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1653

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[(fx(d + exx)"(m + q - D*(a + bxx + c*x”2)"(p + 1))/(c*xe”(q - D*(m + q
+ 2%p + 1)), x] + Dist[1/(cxeg*x(m + q + 2*%p + 1)), Int[(d + e*x) " mx(a + b
*x + c*x”2) pxExpandToSum[c*e”q*(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%xp + 1
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)x(d + exx)"q - f*x(d + exx)”(q - 2)*(b*d*e*x(p + 1) + a*xe™2*(m + q - 1) - c*
d™2%(m + q + 2%xp + 1) - ex(2%cxd - b*xe)*(m + q + p)*x), x], x], x] /; GtQlq
, 11 && NeQ[m + q + 2xp + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] & Poly
Q[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*xe + axe”2, 0] && !'(IGtQ
[m, O] &% RationalQ[a, b, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 01))

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xx_))*((a_.) + (b_)*(x_) + (c
_I)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + e*xx)"(m + 1)*x(a + b*x +
c*x”2)7p, x], x] + Dist[(exf - d*g)/e, Int[(d + e*xx) m*(a + b*x + c*x72) p,
x], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, p}, x] && NeQ[b~2 - 4xa*xc, 0] &&
NeQ[c*d"2 - bxdxe + axe™2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4xc - x72), x], x, (b + 2%cxx)/Sqrtla + bxx + cxx"2]], x] /; FreeQl{a,
b, c}, x] && NeQ[b~"2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol]l :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[2*c*d - b*e, 0]

Rubi steps

Pal
Subst (f m dx, X, tan(d + €X))

e

tan®(d + ex)

dx =

\/a + btan®(d + ex) + ctan*(d + ex)

2 ) )
Subst ( f —(1+x) — dx, x, tan“(d + ex)

- 2e

b 1
373 (b+2c)x

\/a + btan®(d + ex) + ctan*(d + ex) .\ Subst (f (1+x)Vatbxro?

X, X,

2ce

2ce

1
\/a + btan?(d + ex) + c tan*(d + ex) Subst (f CoVarbrie? dx, x,

= +

2ce 2
1 :
Subst ——dx,x, —
\/ a + btan?(d + ex) + ctan*(d + ex) [f 4a-4b+4c—x2 \/u—
- 2ce B -
tanh_l 2a-b+(b—2c) tan(d+ex) (b + 2c) tanh_l
2\/a—b+c\/u+b tanz(d+ex)+c tan4(d+ex) 2\/2\/;_

2Va—-b+ce

4C3/J
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Mathematica [A] time = 2.16200, size = 173, normalized size = 0.95

2a+(b-2c) tanz(d +ex)-b

b+2c tanz(d+ex) 2 tanh_l

(b+2c) tanh ™ 5 7
2\/5\/ﬂ+b tan?(d+ex)+c tan(drex) 2\/a+b tan®(d+ex)+c tan™(d+ex) 2\/u—b+c\/u+b tan2(d+ex)+c tant(d+er)
— +
32 c Va—b+c
4e

Antiderivative was successfully verified.

[In] Integrate[Tan[d + e*x]~5/Sqrtla + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4],x]

[Out] -((2%ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b + c]*Sqrt(a
+ b*Tan[d + e*x]”2 + c*Tan[d + e*x]~4])])/Sqrtla - b + c] + ((b + 2*xc)*Arc
Tanh[(b + 2*cxTan[d + exx]~2)/(2+Sqrt[c]*Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[
d + exx]74]1)]1)/c~(3/2) - (2xSqrtla + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4])/

c)/ (4xe)

Maple [A] time = 0.19, size = 240, normalized size = 1.3

i\/a + b (tan (ex + d))2 + ¢ (tan (ex + d))4 - % In ((g + ¢ (tan (ex + d))z) % + \/a + b (tan (ex + d))2 + ¢ (tan (ex -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "5/ (at+b*tan(e*x+d) "2+cxtan(e*xx+d)~4)"(1/2),x)

[Out] 1/2*(a+b*tan(e*xx+d) "2+c*tan(e*x+d) ~4)~(1/2)/c/e-1/4/exb/c”(3/2)*1n((1/2*b+c
*tan(e*x+d) "2)/c”(1/2)+(a+bxtan (e*x+d) "2+c*tan(e*xx+d) ~4)~(1/2))-1/2/ex1n((1
/2¥b+c*tan(exx+d) "2) /c”(1/2)+ (a+b*tan (e*xx+d) "2+c*tan(exx+d) ~4)~(1/2))/c~(1/
2)-1/2/e/(a-b+c) " (1/2) *1n((2*a-2*b+2xc+(b-2*c) * (1+tan (e*x+d) ~2) +2* (a-b+c) ~(
1/2)*((1+tan (e*xx+d) ~2) "2*c+(b-2*c) * (1+tan (exx+d) "2)+a-b+c) ~(1/2) )/ (1+tan(e*

x+d)~2))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) "5/ (atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm

="maxima"

[Out] Timed out

Fricas [A] time = 18.1183, size = 2962, normalized size = 16.27
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~5/(at+b*tan(e*xx+d) ~2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="fricas")
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[Out] [1/8x(2*sqrt(a - b + c)*c " 2%1log(((b™2 + 4*x(a - 2*b)*c + 8xc~2)xtan(e*x + d)
4 + 2x(4%axb - 3*b"2 - 4x(a - b)*c)xtan(exx + d)72 - 4xsqrt(cxtan(e*x + d)
“4 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2%xa - b)*sqrt(a - b
+ c) + 8%a”2 - 8xaxb + b72 + 4xaxc)/(tan(exx + d)74 + 2xtan(exx + d)”2 + 1)
) + (axb - b72 + (2%xa - b)*c + 2xc”2)*sqrt(c)*log(8xc~2*tan(exx + d)~4 + 8%
b*xcxtan(exx + d)72 + b~2 - 4xsqrt(c*xtan(e*x + d)74 + bxtan(e*xx + d)72 + a)x*
(2*%cxtan(exx + d)72 + b)*sqrt(c) + 4xa*xc) + 4xsqrt(cxtan(e*xx + d)~4 + bxtan
(exx + d)72 + a)*x((a - b)*c + c72))/(((a - b)*c™2 + c"3)*e), 1/4*x(sqrt(a -
b + c)*c”2*log(((b72 + 4x(a - 2xb)*c + 8*c"2)*tan(exx + d)"4 + 2x(4xa*xb - 3
*b~"2 - 4*x(a - b)*c)*tan(e*x + d)~2 - 4*sqrt(c*tan(e*x + d)~4 + b*xtan(exx +
d)”"2 + a)*((b - 2xc)*tan(e*x + d)72 + 2%a - b)*sqrt(a - b + c) + 8%a”"2 - 8x
axb + b"2 + 4xaxc)/(tan(exx + d)~4 + 2xtan(e*xx + d)72 + 1)) + (a*xb - b™2 +
(2%a - b)*c + 2*c”2)*sqrt(-c)*arctan(1/2*sqrt(cxtan(exx + d)~4 + bxtan(e*xx
+ d)72 + a)*x(2xcxtan(e*x + d)~2 + b)*sqrt(-c)/(c"2xtan(exx + d)~4 + b*c*tan
(exx + d)72 + axc)) + 2xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*((a -
b)*c + ¢c72))/(((a - b)*c™2 + c~3)*e), -1/8*(4*sqrt(-a + b - c)*c 2*arctan(
-1/2*sqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(exx + d)~
2 + 2*%a - b)*sqrt(-a + b - c)/(((a - b)*c + c"2)*tan(e*xx + d)"4 + (a*b - b~
2 + b*c)*tan(exx + d)72 + a”2 - axb + axc)) - (a*b - b™2 + (2*%a - b)*c + 2%
c"2)*sqrt(c)*log(8*c™2xtan(e*x + d)~4 + 8xbkcxtan(e*x + d)~2 + b~2 - 4x*sqrt
(cxtan(e*x + d)~4 + b*tan(e*xx + d)72 + a)*(2*cxtan(exx + d)~2 + b)*sqrt(c)
+ 4xaxc) - 4xsqrt(c*xtan(e*xx + d)74 + bxtan(e*xx + d)72 + a)*((a - b)*xc + c”2
))/(((a - b)*c™2 + c™3)*e), -1/4*%(2*sqrt(-a + b - c)*c 2*karctan(-1/2*sqrt(c
xtan(e*xx + d)74 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2%xa - b
)¥sqrt(-a + b - c)/(((a - b)*c + c"2)*tan(e*xx + d)~"4 + (a*b - b™2 + b*c)*ta
n(exx + d)”"2 + a”2 - a*b + axc)) - (a*xb - b™2 + (2%a - b)*c + 2*c”~2)*sqrt(-
c)*arctan(1/2*sqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(2*xc*tan(exx +
d)~2 + b)*sqrt(-c)/(c"2+tan(e*x + d)~4 + b*cxtan(exx + d)~2 + a*c)) - 2*sqr
t(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*((a - b)*xc + ¢c~2))/(((a - b)*c™2
+ c73)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

dx
f Va + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**5/(atbxtan(e*xx+d)**2+c*tan(exx+d)**4)**x(1/2),%)

[Out] Integral(tan(d + exx)**5/sqrt(a + b*tan(d + e*x)**2 + ckxtan(d + e*x)**4), x

)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)5 i

\/ctan (ex + d)4 + btan (ex + d)2 +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 5/ (atb*tan(e*xx+d) “2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(tan(exx + d)~5/sqrt(cxtan(exx + d)74 + bxtan(e*x + d)72 + a), x)
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tan>(d+ex)

3.37 dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=141

— 2 - _ 2
tanh_l 2a+(b=2c) tan®(d+ex)-b tanh 1 b+2c tan“(d+ex)
2Va—b+c\/a+b tan?(d+ex)+c tan*(d+ex) 2\/5\/a+b tan?(d+ex)+c tan*(d+ex)
+
2eNa-b+c 2+/ce

[Out] ArcTanh[(2*%a - b + (b - 2*c)*Tan[d + exx]~2)/(2xSqrt[a - b + c]*Sqrt[a + bx*
Tan[d + e*xx]”"2 + cxTan[d + exx]~4])]/(2*Sqrt[a - b + cl*e) + ArcTanh[(b + 2
xcxTan[d + exx]~2)/(2+Sqrt[c]*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx] 4]

)1/ (2%8qrt [c]*e)

Rubi [A] time = 0.21029, antiderivative size = 141, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 35, e o e =

0.171, Rules used = {3700, 1251, 843, 621, 206, 724}

integrand size

tanh ™!

2a+(b—2¢) tan?(d-+ex)-b - b+2c tan®(d+ex
(b—2c) tan”(d-+ex) tanh™! n*(d-+ex)
2\/a—b+c\/u+b tanz(d+ex)+c tan4(d+ex) 2\/5\/a+b tanz(d+ex)+c tan? (d+ex)

+
2eNa-b+c 2+/ce

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]~3/Sqrtl[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4],x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*xx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bx
Tan[d + e*xx]~2 + cxTan[d + exx]~4])]/(2*Sqrt[a - b + cl*e) + ArcTanh[(b + 2
xcxTan[d + e*xx]~2)/(2xSqrt[c]*Sqrtla + bxTan[d + exx]~2 + c*Tan[d + e*x] 4]

)1/ (2%Sqrt [c]l*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n))"p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251

Int[(x )" (m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)~gqx(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, c, d, e, p, qF, x] && Inte
gerQ[(m - 1)/2]

Rule 843

Int[((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*(a + b*x + c*x~2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 — bxd*e + a*e”2, 0] && 'IGtQ[m, O]

Rule 621
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Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xc*xx)/Sqrt[a + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*xaxe™2 - x72), x], x, (2
xaxe - bxd - (2%c*d - b¥e)*x)/Sqrtla + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps

+3
Subst (f W dx, X, tan(d + ex))

tan’(d + ex)
dx =

\/a + btan®(d + ex) + ctan*(d + ex) ¢
Subst ( — dx,x, tan®(d + ex )
_ f (1+x)Va+bx+cx? ( )
2e
L 2 Subst ( — 1 ix,
| Subst [ s i@+ en) Subst ([ G d
2e 2e
1 b+2c tanz(d +ex) 1
Subst| [ — dx, x, Subst| [ ————
[f de-x? \/11+b tanz(d+ex)+c tan4(d+ex)] [f da—db+de—x
B e
tanh_l 2a—b+(b-2c) tan? (d+ex) tanh_l b+2c tan? (¢
2Va—b+c\/a+b tanz(d+ex)+c tan® (d+ex) 2+/cyJa+b tanz(d+ex)

+
2Va—b+ce 2+/ce

Mathematica [A] time = 0.236429, size = 136, normalized size = 0.96

. 2 . _ 2
tanh-! 2a+(b-2¢) tan?(d+ex)-b conh! b2 tan(d+ex)
2\/a—b+C\/a+bta112(d+cx)+ctan4(d+ex) n 2\/5\/a+btanz(d+ex)+ctan4(d+ex)
Va—-b+c \e

2e

Antiderivative was successfully verified.

[In] Integrate[Tan[d + e*x]~3/Sqrtla + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4],x]

[Out] (ArcTanh[(2*a - b + (b - 2xc)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]"2 + cxTan[d + exx]~4])]/Sqrtla - b + c] + ArcTanh[(b + 2*c*Ta

nld + exx]~2)/(2*%Sqrt[c]*Sqrt[a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4])]1/Sq
rt[c])/(2xe)
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Maple [A] time = 0.189, size = 155, normalized size = 1.1

2ie In ((g + ¢ (tan (ex + d))z) % + \/a + b (tan (ex + d))2 + ¢ (tan (ex + d))4) % + 21—6 ln(1 N (tantex N d))z [211 -2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "3/ (at+b*tan(e*x+d) 2+c*tan(exx+d)~4)~(1/2),x)

[Out] 1/2/ex1n((1/2*b+cxtan(exx+d) "2)/c”(1/2)+(a+bxtan(exx+d) “2+c*tan(exx+d) ~4) ~(
1/2))/c~(1/2)+1/2/e/(a-b+c) " (1/2) *1n ((2*xa-2xb+2*c+ (b-2*c) * (1+tan(e*xx+d) "2) +

2% (a-b+c) " (1/2) *((1+tan(exx+d) ~2) "2*c+(b-2*c) * (1+tan(exx+d) ~2)+a-b+c) ~(1/2)

)/ (1+tan(exx+d)~2))

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3

dx

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~3/(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="maxima")

[Out] integrate(tan(exx + d)~3/sqrt(cxtan(exx + d)~4 + bxtan(e*x + d)~2 + a), x)

Fricas [A] time = 13.274, size = 2450, normalized size = 17.38

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)~3/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/4%((a - b + c)*sqrt(c)*log(8*c 2*tan(e*x + d) 4 + 8xbxcktan(e*xx + d)72 +
b2 + 4xsqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(2*cxtan(exx + d)~2
+ b)*sqrt(c) + 4*axc) + sqrt(a - b + c)*cxlog(((b~2 + 4*x(a - 2%b)*c + 8*c™2
)*tan(e*xx + d)~4 + 2x(4*xaxb - 3%b”2 - 4x(a - b)*c)*tan(e*xx + d)~2 + 4*xsqrt(
cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a)*((b - 2xc)*tan(e*x + d)~2 + 2%a -
b)*sqrt(a - b + c) + 8%a”2 - 8*axb + b~2 + 4xaxc)/(tan(e*xx + d)~4 + 2*tan(e
*x + d)72 + 1)))/(((a - b)*c + c™2)*e), -1/4x(2x(a - b + c)*sqrt(-c)*arctan
(1/2*%sqrt(c*xtan(exx + d)~4 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)
xsqrt(-c)/(c"2*xtan(exx + d)"4 + bxcxtan(e*x + d)~2 + a*c)) - sqrt(a - b + ¢
Y*xcxlog(((b™2 + 4*x(a - 2*b)*c + 8*c~2)*tan(e*x + d)~4 + 2% (4*axb - 3xb~2 -
4x(a - b)*c)*tan(exx + d)~2 + 4xsqrt(cxtan(exx + d)74 + bxtan(e*xx + d)~2 +
a)*((b - 2xc)*tan(e*x + d)72 + 2*%a - b)*sqrt(a - b + c) + 8*%a”2 - 8*%a*xb + b
"2 + 4xaxc)/(tan(e*x + d)74 + 2xtan(exx + d)72 + 1)))/(((a - b)*c + c™2)*e)
, 1/4x(2xsqrt(-a + b - c)*c*arctan(-1/2*xsqrt(cxtan(exx + d)"4 + bxtan(exx +
d)"2 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*%a - b)*sqrt(-a + b - c)/(((a - b)*
c + c”2)*tan(e*x + d)"4 + (axb - b™2 + b*c)*tan(exx + d)72 + a”2 - axb + ax
c)) + (a - b + c)*sqrt(c)*log(8*c™2xtan(e*x + d)~4 + 8*bkcxtan(e*xx + d)72 +
b~2 + 4*sqrt(c*tan(e*xx + d)~4 + bkxtan(exx + d)72 + a)*(2*kcxtan(exx + d)~2

+
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+ b)*sqrt(c) + 4*xaxc))/(((a - b)*xc + c"2)*e), 1/2+(sqrt(-a + b - c)*cxarcta
n(-1/2*xsqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*x + d
)72 + 2%a - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(e*xx + d)"4 + (axb -
b~2 + b*c)*tan(e*x + d)”2 + a”2 - axb + axc)) - (a - b + c)*sqrt(-c)*arctan
(1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)
xsqrt (-c)/(c"2*«tan(e*xx + d)~4 + bxcxtan(exx + d)72 + a*c)))/(((a - b)*c + ¢
“2)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)

dx
f \/a + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2),x)

[Out] Integral(tan(d + e*x)**3/sqrt(a + b*tan(d + e*x)**2 + cxtan(d + exx)**4), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)° ;
X

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) ~3/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
= s n
="giac")

[Out] integrate(tan(e*xx + d)~3/sqrt(c*tan(exx + d)~4 + b*tan(exx + d)"2 + a), x)
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3 38 f tan(d-+ex) dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=79

tanh_l 2a+(b-2c) tanz(d+ex)—b
2\/a—b+c\/a+b tan? (d+ex)+c tan4(d+ex)

2eNa-b+c

[Out] -ArcTanh[(2*a - b + (b - 2xc)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]~2 + cxTan[d + exx]~4])]/(2xSqrt[a - b + clxe)

Rubi [A] time = 0.113837, antiderivative size = 79, normalized size of antiderivative =

. . number of rules
1., number of steps used = 4, number of rules used = 4, integrand size = 33, ————— =

0.121, Rules used = {3700, 1247, 724, 206}

integrand size

2a+(b-2c) tanz(d+ex)—b

tanh ™

2Va—b+c\/a+b tan? (d+ex)+c tan4(d+ex)

2eNa-b+c

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]/Sqrtla + b*Tan[d + e*x]~2 + c*xTan[d + ex*xx]~4],x]

[Out] -ArcTanh[(2*a - b + (b - 2xc)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]~2 + cxTan[d + e*x]~4])]/(2xSqrtla - b + clxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*x((f_.)*tan[(d_.) + (e_.)*(
x )" (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1247

Int[(x_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*xx)"g*(a + bxx + c*x72)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, qt, x]

Rule 724

Int[1/CC(d_.) + (e_.)x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*c*xd - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
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Subst (f W dx, X, tan(d + EX))

e

tan(d + ex) gy —

\/a + btan?(d + ex) + ctan*(d + ex)
. 2
) Subst (f PPN v dx, x, tan“(d + ex))
- 2e

(- 2
Subst (f 1 dx. x 2a-b—(~b+2c) tan*(d+ex) ]

_ _ 2 4 4
da-db+de-x \/a+btan2(d+ex)+ctan4(d+ex)

e

tanh~) [ 2a—b+(b-2c) tan®(d-+ex) ]

2\/a—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

2Va—-b +ce

Mathematica [A] time = 0.111007, size = 79, normalized size = 1.

tanh! ( 2a+(b—2c) tan?(d+ex)—b )

2\/a—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

2eVa-b+c

Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + ex*xx]~4],x]

[Out] -ArcTanh[(2*a - b + (b - 2xc)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]"2 + cxTan[d + exx]~4])]/(2xSqrt[a - b + clxe)

Maple [A] time = 0.19, size = 102, normalized size = 1.3

_%ID(1+(tantex+d))2 [2a—2b+2c+(b—2c)(1+(tan(ex+d))2)+2\/a—b+c\/(1+(tan(ex+d))2)20+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(a+bxtan(exx+d) "2+c*tan(e*x+d)~4)~(1/2),x)

[Out] -1/2/e/(a-b+c)~(1/2)*1n((2*a-2*xb+2*c+(b-2*c)* (1+tan(e*xx+d) ~2)+2*x (a-b+c) ~(1/
2) % ((1+tan(exx+d) ~2) "2*xc+(b-2*c)* (1+tan(exx+d) "2) +a-b+c) ~(1/2) )/ (1+tan(e*x+
d)~2))

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)

dx

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(a+b*tan(e*x+d) " 2+c*tan(e*xx+d)~4)~(1/2),x, algorithm="
maxima")
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[Out] integrate(tan(exx + d)/sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a), x)

Fricas [A] time = 3.86014, size = 733, normalized size = 9.28

(b2+4 (a—2b)c+8 cz) tan(ex+d)4+2 (4 ab-3b%—4 (a—b)c) tan(ex+d)2—4 c tan(ex+d)4+h tan(ex+d)2+a((b—2 c) tan(ex+d)2+2 a—b)\/a—h+c+8 a2—-8 ab+

tan(ex+d)4+2 tan(ex+d)2+1

4+Va—-b+ce

log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*tan(e*x+d) " 2+c*tan(exx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4x1og(((b~2 + 4x(a - 2*b)*c + 8xc”2)*tan(e*x + d)~4 + 2*x(4*axb - 3%b~2 -
4x(a - b)*c)*tan(exx + d)72 - 4xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 +
a)*((b - 2xc)*tan(e*x + d)~2 + 2%a - b)*sqrt(a - b + c) + 8%a”™2 - 8*axb +

b~2 + 4xaxc)/(tan(e*xx + d)~4 + 2*xtan(exx + d)72 + 1))/(sqrt(a - b + c)xe),
-1/2*sqrt(-a + b - c)*arctan(-1/2xsqrt(cxtan(exx + d)~4 + bxtan(e*x + d)~2

+ a)*x((b - 2xc)*tan(e*x + d)72 + 2*a - b)*sqrt(-a + b - c)/(((a = b)*c + ¢~
2)*tan(exx + d)74 + (a*b - b™2 + b*c)*tan(exx + d)72 + a”2 - a*b + axc))/((

a - b+ c)xe)l

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex)

dx
f Va + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(a+bxtan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2),x)

[Out] Integral(tan(d + exx)/sqrt(a + b*tan(d + e*x)**2 + c*xtan(d + e*x)**4), x)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d) i

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(at+b*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="
giac")

[Out] integrate(tan(exx + d)/sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a), x)



203

3 39 f cot(d+ex) dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=142

tanh_l 2a+(b—2c) tan“(d+ex)-b tanh 1 2a+b tan“(d+ex)
2\/a—b+c\/a+b tanZ(d+ex)+c tan4(d+ex) 2\/5\/a+b tanZ(d+ex)+c tan4(d+ex)
2eNa-b+c 2+/ae

[Out] -ArcTanh[(2%a + b*Tan[d + e*xx]~2)/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x]~2 + cx
Tan[d + exx]~4])]/(2*Sqrt[al*e) + ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]
~2)/(2xSqrt[a - b + c]*Sqrt[a + b*Tan[d + exx]"2 + cxTan[d + exx]~4])]/(2%S
grtla - b + clxe)

Rubi [A] time = 0.227565, antiderivative size = 142, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 33, e

0.152, Rules used = {3700, 1251, 960, 724, 206}

integrand size

tanh_l 2a+(b-2c) tanZ(d+ex)—b tanh_l 2a+b tanz(d+ex)
2Va—b+c\/a+b tan? (d+ex)+c tan4(d+ex) 2\/5\/a+b tan? (d+ex)+c tan4(d+ex)
2eVa-b+c 2+/ae

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]/Sqrt[a + b*Tan[d + e*x]~2 + c*xTan[d + ex*xx]~4],x]

[Out] -ArcTanh[(2*a + b*Tan[d + e*xx]~2)/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x]"2 + cx
Tan[d + exx]~4])]/(2+Sqrtlal*e) + ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]
~2)/(2xSqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4])]/(2*S
grtla - b + clxe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )" (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251

Int[(x_ )" (m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)~gx(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, c, d, e, p, qF, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_)) " (m_)*x((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "n*x(a + bxx + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ
[exf - d*xg, 0] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d~2 - bxdxe + a*e”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !'(IGtQ[m, 0] || IGtQ[n, 01)

Rule 724
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Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
1
cot(d + ex) , Subst (f m dx, x, tan(d + €X))
X =
\/a + btan®(d + ex) + c tan*(d + ex) ¢
-t 2
Subst ( f W vy dx, x, tan“(d + ex))

2
Subst (f( L e + ! 2) dx, x, tan?(d + ex))

(~1-x)Vat+bx+cx®2  xVa+bx+ex

2e
Subst (f _ dx, x, tan?(d + ex)) Subst (f 1 iy
_ (~1-x)Va+bx+cx? + Vatbxrex?
2e 2e

2
Subst (f ﬁ dx, x, 2a+b tan”®(d+ex) ] Subst [f 1

—
— 2
\/a+b tan?(d-+ex)+c tan(d+ex) 4a—4b+dc—x

e
tanh™ 2a+b tan?(d+ex) tanh™ 2a-b+(b-2c) tan?(d
2\/5\/11+b tanz(d+ex)+c tan4(d+ex) 2Va-b+cqJa+b tanz(d+ex)+‘

+
2+/ae 2Va—-b+ce

Mathematica [A] time = 0.569794, size = 136, normalized size = 0.96

2 o (b 2
tanh_l 2a+b tan“(d+ex) tanh_l 2a—(b—2c) tan“(d+ex)+b
2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2\/a—b+C\/a+b tanz(d+ex)+c tan4(d+ex)
+
) i Ve
2e

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]/Sqrt[a + b*Tan[d + e*x]~2 + c*xTan[d + ex*xx]~4],x]

[Out] -(ArcTanh[(2*a + b*Tan[d + e*x]~2)/(2*Sqrt[al*Sqrt[a + bxTan[d + exx]~2 + c
*Tan[d + exx]~4])]/Sqrt[a]l + ArcTanh[(-2*a + b - (b - 2*c)*Tan[d + e*x]"2)/
(2xSqrt[a - b + cl*Sqrt[a + bxTan[d + e*x]"2 + c*Tan[d + e*x]~4])]/Sqrtla -

b + cl)/(2xe)

Maple [F] time = 0.559, size = 0, normalized size = 0.

f cot (ex + d) ! dx

\/a +b(tan (ex + d))* + ¢ (tan (ex + d))*
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(atbxtan(exx+d) “2+c*tan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d)/(atb*tan(e*x+d) 2+c*tan(exx+d)~4)~(1/2),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)

dx

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d) "2+cxtan(e*xx+d)~4)~(1/2),x, algorithm="
maxima"

[Out] integrate(cot(e*xx + d)/sqrt(cxtan(e*xx + d)~4 + bxtan(e*xx + d)~"2 + a), x)

Fricas [A] time = 11.7805, size = 2500, normalized size = 17.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d) "2+cxtan(e*xx+d)~4)~(1/2),x, algorithm="
fricas")

[Out] [1/4x(sqrt(a - b + c)*a*xlog(((b~2 + 4*x(a - 2xb)*c + 8*c~2)*tan(exx + d)74 +
2% (4*a*xb - 3*%b~2 - 4x(a - b)*c)*tan(exx + d)~2 + 4*xsqrt(cxtan(e*x + d)74 +
bxtan(e*xx + d)72 + a)*((b - 2xc)*tan(e*x + d)72 + 2%a - b)*sqrt(a - b + ¢)
+ 8%a”2 - 8%axb + b2 + 4xaxc)/(tan(e*xx + d)74 + 2%tan(exx + d)72 + 1)) +
(a = b + c)*sqrt(a)*log(((b™2 + 4xaxc)*tan(e*x + d)~4 + 8*axbxtan(e*x + d)~
2 - 4xsqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)~2 + a)*(b*xtan(exx + d)72 + 2%a
)*sqrt(a) + 8*a”2)/tan(exx + d)~4))/((a”2 - a*b + axc)*e), 1/4*(2*sqrt(-a)*
(a - b + c)*arctan(1/2*sqrt(c*tan(exx + d)"4 + b*tan(e*x + d)~2 + a)*(bxtan
(exx + d)72 + 2*a)*sqrt(-a)/(axcxtan(e*xx + d)74 + axb*tan(exx + d)72 + a™2)
) + sqrt(a - b + c)*xa*xlog(((b”2 + 4x(a - 2xb)*c + 8*c"2)*tan(exx + d)74 + 2
x(4xa*xb - 3*%b"2 - 4x(a - b)*c)*tan(exx + d)~2 + 4xsqrt(cxtan(exx + d)74 + b
xtan(exx + d)72 + a)*((b - 2*c)*tan(e*xx + d)~2 + 2*%a - b)*sqrt(a - b + ¢c) +
8%a”2 - 8*axb + b"2 + 4xaxc)/(tan(exx + d)”4 + 2xtan(exx + d)72 + 1)))/((a
"2 - axb + axc)xe), 1/4*x(2xaxsqrt(-a + b - c)*arctan(-1/2xsqrt(c*tan(e*x +
d)"4 + bxtan(exx + d)72 + a)*x((b - 2*c)*tan(e*xx + d)~2 + 2*%a - b)*sqrt(-a +
b - ¢c)/(((a - b)xc + c"2)*tan(exx + d)74 + (a*xb - b~2 + bxc)*tan(e*x + d)~
2 +a"2 - axb + axc)) + (a - b + c)*sqrt(a)*log(((b~2 + 4*axc)xtan(exx + d)
~4 + 8xaxbxtan(exx + d)72 - 4xsqrt(cxtan(e*x + d)74 + b¥tan(e*x + d)72 + a)
*(bxtan(e*x + d)~2 + 2*a)*sqrt(a) + 8+a~2)/tan(e*xx + d)~4))/((a”2 - a*b + a
xc)xe), 1/2x(sqrt(-a)*(a - b + c)*arctan(1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(
exx + d)72 + a)*(b*tan(exx + d)~2 + 2*a)*sqrt(-a)/(a*xc*tan(exx + d)~4 + a*b
xtan(exx + d)72 + a”2)) + axsqrt(-a + b - c)*arctan(-1/2xsqrt(cxtan(exx + d
)74 + bxtan(exx + d)72 + a)*((b - 2xc)*tan(e*xx + d)72 + 2%a - b)*sqrt(-a +
b - c)/(((a - b)*c + c"2)*tan(exx + d)~4 + (axb - b~2 + b*c)*tan(e*xx + d)~2
+ a”2 - axb + axc)))/((a”2 - axb + axc)*e)]

+



206

Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex)

dx
f Va + btan? (d + ex) + c tan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(a+tbxtan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2),x)

[Out] Integral(cot(d + exx)/sqrt(a + bxtan(d + e*x)**2 + c*xtan(d + e*x)**4), x)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="

giac")

[Out] Timed out
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cot3(d+ex)

3.40 dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=249

- 2a+btan?(d+e - 2a+btan?(d+ex - 2a+(b—2c) tan®(d-+ex)-
btanh™ an-(dren) tanh ™ am @ex) tanh™ (bZc) tom (d+er)
2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2Va-b+cqJa+b tanz(d+ex)+c ta

+
4a’2e 2+/ae 2eNa-b+c

[Out] ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*x]~2 + c*T
an[d + e*x]~4])]/(2+Sqrt[al*e) + (bxArcTanh[(2*a + b*Tan[d + e*xx]~2)/(2xSqr
t[a]*Sqrt[a + b*Tan[d + e*xx]”2 + cxTan[d + exx]~4])])/(4*a~(3/2)*e) - ArcTa
nh[(2*xa - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrtla - b + cl*Sqrt[a + b*Tan[d

+ exx] "2 + c*xTan[d + exx]~4])]/(2+Sqrtla - b + cl*e) - (Cot[d + e*x] 2xSqr

tla + bxTan[d + e*x]~2 + c*Tan[d + e*x]~4])/(2*axe)

Rubi [A] time = 0.317719, antiderivative size = 249, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 6, integrand size = 35, number of rules

= 0.171, Rules used = {3700, 1251, 960, 730, 724, 206}

integrand size

-1 2a+btan?(d+ex -1 2a+btan?(d+ex -1 2a+(b—2c) tan?(d-+ex)—
btanh (dver) tanh (d+ex) tanh (b-20) tan"{d+ez)
2\/1;\/a+b tanz(d+ex)+c tan4(d+ex) 2\/5\/a+b tanz(d+ex)+c tan4(d+ex) 2Va-b+cqJa+b tanz(d+ex)+c te

+
4a3/2¢ 2+/ae 2eNa-b+c

Antiderivative was successfully verified.

[In] Int[Cot[d + e*xx]~3/Sqrtl[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4],x]

[Out] ArcTanh[(2*a + b*Tan[d + exx]~2)/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x]~2 + cx*T
an[d + exx]~4])]/(2xSqrt[al*e) + (b*ArcTanh[(2*a + bxTan[d + exx]~2)/(2*Sqr
t[a]*Sqrt[a + b*Tan[d + e*x]”2 + cxTan[d + exx]~4])])/(4*a~(3/2)*e) - ArcTa
nh[(2*xa - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrtla - b + cl*Sqrt[a + b*Tan[d

+ exx]”2 + c*Tan[d + exx]~4])]/(2xSqrtla - b + cl*e) - (Cot[d + exx] 2*xSqr

tla + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4])/(2*axe)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )ID)7"(_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, 4, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int [(x_)"(m_.)*((d_) + (e_.)*(x_)7"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x72)7p, x], x, x72], x] /; FreeQ[{a, b, c, d, e, p, 9}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_.)*(x_))"(n_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "n*x(a + bxx + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
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[exf - dxg, 0] && NeQ[b~2 - 4x*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !'(IGtQ[m, 0] || IGtQ[n, 01)

Rule 730

Int[((d_.) + (e_D)*(x_)) " (m)*((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p_), x_8
ymbol] :> Simp[(e*x(d + e*x)”"(m + 1)*(a + b*x + c*xx"2)7(p + 1))/((m + 1)*(c*
d"2 - bxdxe + axe”2)), x] + Dist[(2%c*xd - bxe)/(2*%(cxd"2 - bxd*xe + axe”2)),
Int[(d + exx)"(m + 1)*(a + bxx + c*x72)7p, x], x] /; FreeQ[{a, b, c, d, e,
m, p}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[cxd™2 - bxdxe + axe”2, 0] && NeQ[2
xcxd - bxe, 0] && EqQ[m + 2xp + 3, 0]

Rule 724

Int[1/C((d_.) + (e_.)*x(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxdxe + 4*axe”2 - x72), xJ, x, (2
xaxe — bxd - (2%c*d - b*e)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~"2 - 4xaxc, 0] && NeQ[2*cxd - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 211)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps

1

Subst (f x3(1+x2)\/a+bx2+cx4

e

dx, x, tan(d
cot(d + ex) - x, x, tan( +ex))

\/a + btan®(d + ex) + ctan*(d + ex)

St o )
s fx2(1+x) a+bx+cx? %%, tan”( ex)

2e

Subst ( f ( L - ! L ) dx, x, tan®(d + ex))

+
2Vat+bx+ex®  xVa+bx+cx? (1+x)Va+bx+cx?

2e

1 1

Sbt( 1y x tan®d + ) Sbt( Lyt

:us fxzmxxan( ex)_us fxmxxal
2e 2e
1
Subst| | — dx, .
cot?(d + ex)r/a + btan?(d + ex) + c tan*(d + ex) [f da-x?
T 2ae

tanh 2a+b tan?(d+ex) tanh 2a—b+(b-2c) tan?(d-+e
2\/5\/u+btanz(d+ex)+ctan4(d+ex) 2\/a—b+c\/a+btan2(d+ex)+ct

2+/ae 2Va—b+ce

2a+b tanz(d+ex)

2
tanh_l 2a+b tan®(d+ex) b tanh_l
2\/5\/a+b tan?(d-+ex)+c tan*(d-+ex)

2\/5\/11+b tan?(d+ex)+c tan

= +

2+/ae

Mathematica [A] time = 4.13599, size = 188, normalized size = 0.76

4a32¢

2a+b tanz(d+ex)

(2a + b) tanh™*
2\/5\/11+b tan®(d-+ex)+c tan*(d-+ex)

J + 2+/a| cot?(d + ex) (—\/a + btan®(d + ex) + ctan*(d + ex)) -~

atanh™}| -
2

4a32¢
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Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]~3/Sqrtl[a + bxTan[d + exx]"2 + cxTan[d + exx]~4],x]

[Out] ((2*a + b)*ArcTanh[(2%a + b*Tan[d + e*xx]~2)/(2xSqrt[al*Sqrt[a + b*Tan[d + e
*x] 72 + c*Tan[d + exx]~4])] + 2*Sqrt[a]*(-((a*ArcTanh[(2%¥a - b + (b - 2%c)*
Tan[d + exx]~2)/(2xSqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d + ex
x]74]1)]1)/Sqrtla - b + c]) - Cot[d + exx]~2*Sqrt[a + b*Tan[d + e*x]"2 + c*Ta

nld + exx]"4]))/(4*a”(3/2)*e)

Maple [F] time = 0.545, size = 0, normalized size = 0.

f (cot (ex + cl))3 ! dx

a+ b(tan (ex + d))* + ¢ (tan (ex + d))*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) 3/ (at+b*tan(e*x+d) 2+cxtan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d) "3/ (atb*tan(e*xx+d) “2+cxtan(exx+d)~4)~(1/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atb*tan(e*xx+d) “2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="maxima"

[Out] Timed out

Fricas [A] time = 16.0172, size = 3267, normalized size = 13.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] [1/8*(2*sqrt(a - b + c)*a"2xlog(((b"2 + 4x(a - 2*b)*c + 8*c~2)*tan(exx + d)
~4 + 2x(4xaxb - 3*b"2 - 4x(a - b)*c)xtan(exx + d)~2 - 4xsqrt(cxtan(exx + d)

~4 + bxtan(e*x + d)72 + a)*((b - 2*c)*tan(exx + d)72 + 2xa - b)*sqrt(a - b

+ c) + 8%a”2 - 8%axb + b72 + 4xaxc)/(tan(exx + d)74 + 2xtan(e*x + d)72 + 1)
)*tan(e*xx + d)72 + (2%a”2 - axb - b”2 + (2%a + b)*c)*sqrt(a)*log(((b~2 + 4%
axc)*tan(exx + d)"4 + 8xaxbxtan(exx + d)~2 + 4xsqrt(cxtan(exx + d)~4 + bxta
n(e*xx + d)~2 + a)*(b*xtan(e*xx + d)~2 + 2*a)*sqrt(a) + 8*a~2)/tan(exx + d)~4)
xtan(exx + d)72 - 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*(a”2 - ax

b + axc))/((a”3 - a”2*b + a”2*c)*extan(e*x + d)~2), 1/4x(sqrt(a - b + c)*a”
2x1log(((b~2 + 4*(a - 2%b)*c + 8*c"2)*tan(e*x + d)~4 + 2% (4*axb - 3*xb~2 - 4x
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(a - b)*c)*tan(exx + d)~2 - 4xsqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)~2 + a)
*((b - 2*c)*tan(exx + d)72 + 2%a - b)*sqrt(a - b + c) + 8*%a”2 - 8xa*xb + b~2
+ 4xaxc)/(tan(exx + d)74 + 2xtan(exx + d)72 + 1))*tan(e*xx + d)~2 - (2*a”2
- axb - b™2 + (2%a + b)xc)*sqrt(-a)*arctan(l/2xsqrt(cxtan(e*xx + d)~4 + bxta
n(e*xx + d)~2 + a)*(b*tan(e*x + d)~2 + 2*a)*sqrt(-a)/(axc*xtan(e*x + d)~4 + a
xbxtan(e*x + d)72 + a”2))*tan(exx + d)~2 - 2*sqrt(cxtan(exx + d)~4 + bxtan(
exx + d)72 + a)*(a”2 - axb + axc))/((a”3 - a"2%b + a”2xc)*extan(e*x + d)72)
, —1/8x(4xa~2*xsqrt(-a + b - c)*arctan(-1/2*sqrt(cxtan(exx + d)~4 + bxtan(ex
x + d)72 + a)*((b - 2xc)*tan(e*xx + d)~2 + 2%a - b)*sqrt(-a + b - c)/(((a -
b)*c + c”2)*tan(e*xx + d)74 + (a*b - b™2 + b*c)*tan(exx + d)72 + a2 - axb +
axc))*tan(exx + d)72 - (2*%a”2 - a*xb - b™2 + (2%a + b)*c)*sqrt(a)*log(((b~2
+ 4xaxc)*tan(e*x + d)~4 + 8*xaxbxtan(exx + d)~2 + 4xsqrt(cxtan(exx + d)~4 +
bxtan(e*x + d)~2 + a)*(b*tan(e*x + d)~2 + 2*a)*sqrt(a) + 8*a~2)/tan(e*x +
d)~"4)*tan(exx + d)~2 + 4xsqrt(cxtan(exx + d)"4 + bxtan(exx + d)72 + a)*(a”2
- axb + axc))/((a”3 - a”2*b + a"2xc)*extan(exx + d)72), -1/4x(2xa"2*sqrt(-
a + b - c)xarctan(-1/2*sqrt(c*tan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*((b -
2%c)*tan(exx + d)72 + 2*%a - b)*sqrt(-a + b - c)/(((a - b)*c + c”2)*tan(ex*x
+d)74 + (a*b - b™2 + b*c)*tan(exx + d)72 + a”2 - a*b + a*c))*tan(e*xx + d)~
2 + (2%¥a”2 - axb - b™2 + (2*a + b)*c)*sqrt(-a)*arctan(1/2*xsqrt(cxtan(e*xx +
d)"4 + bxtan(exx + d)72 + a)*(bxtan(exx + d)~2 + 2xa)*sqrt(-a)/(a*cxtan(ex*x
+ d)74 + axbxtan(exx + d)72 + a”2))*tan(e*xx + d)72 + 2*xsqrt(c*xtan(exx + d)
"4 + bxtan(exx + d)72 + a)*(a”2 - axb + axc))/((a”3 - a"2%b + a”2*c)*extan(

exx + d)72)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (d + ex)

dx
f \/a + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(1/2) ,x)

[Out] Integral(cot(d + ex*x)**3/sqrt(a + b*tan(d + e*x)**2 + cxtan(d + exx)**4), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + d)3 p
X

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 3/ (atbxtan(exx+d) 2+c*tan(e*x+d)~4)~(1/2),x, algorithm
=||giac|l)

[Out] integrate(cot(e*xx + d)~3/sqrt(c*tan(exx + d)~4 + b*tan(exx + d)72 + a), x)
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tan4(d+ex)

3.41 dx

\/a+b tan?(d+ex)+c tan*(d+ex)

Optimal. Leaf size=662

4 2 a+btan®(d+ex)+c tan*(d+ex) o e -1 %/Etan(dﬂex) 1 b
V(i =24 (Vi + e tan'(d + en) \/ Vi) PHCEE (2tan () 52 7))

2cW4e(Nf-—’VE)\/a4—btan2014—ex)+—ctan4014—ex)

[Out] ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d +
exx]~4]]1/(2xSqrtla - b + cl*e) + (Tan[d + exx]*Sqrt[a + b*Tan[d + e*xx]~2 +
cxTan[d + e*x]~4])/(Sqrtlcl*ex(Sqrtla] + Sqrtlc]*Tan[d + exx]"2)) - (a~(1/
4)*EllipticE[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[a]l*Sqrt
[c]))/4]1*(Sqrt[a] + Sqrtlc]*Tan[d + exx] 2)*Sqrt[(a + b*Tan[d + e*x]"2 + cx
Tan[d + e*xx]~4)/(Sqrtl[al + Sqrtlcl*Tan[d + e*x]~2)72])/(c~(3/4)*exSqrt[a +
b*Tan[d + exx]~2 + c*Tan[d + exx]~4]) + (a~(1/4)*(Sqrtla] - 2*Sqrt[c])=*E1lli
pticF[2*ArcTan[(c~(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4
1x(Sqrt[a] + Sqrtlc]#Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + cxTan[d +
exx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)"2])/(2%(Sqrt[al - Sqrtlcl)*c~(3
/4)*exSqrt[a + b*Tan[d + exx]~2 + cxTan[d + exx]~4]) + ((Sqrtl[a] + Sqrtlc])
*E1lipticPi[-(Sqrt[al - Sqrtlcl)~2/(4*Sqrtlal*Sqrtlc]l), 2*ArcTan[(c™(1/4)*T
an[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrt[al + Sqrt[cl*Tan[
d + exx]"2)*Sqrt[(a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4)/(Sqrt[a] + Sqrt[
cl*Tan[d + exx]~2)72])/(4*a”~(1/4)*(Sqrt[al - Sqrtlcl)*c~(1/4)*exSqrt[a + Dbx
Tan[d + e*xx]~2 + cxTan[d + exx]~4])

Rubi [A] time = 0.438926, antiderivative size = 662, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 35, e e e

0.143, Rules used = {3700, 1325, 1103, 1195, 1706}

integrand size

+0 tan’ +ex)+c tan +ex — 4C an ex
- et ) [ v () o 2)

2c3/4e (\/— —~ \/E) \/a + btan?(d + ex) + ctan*(d + ex)

Antiderivative was successfully verified.

[In] Int[Tan[d + exx]~4/Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4],x]

[Out] ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d +
exx]~4]]1/(2xSqrtla - b + cl*e) + (Tan[d + exx]*Sqrt[a + b*Tan[d + e*xx]~2 +
cxTan[d + exx]~4])/(Sqrt[c]*ex(Sqrt[a] + Sqrtlcl*Tan[d + ex*x]~2)) - (a~(1/
4)*E1lipticE[2*ArcTan[(c”(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[al*Sqrt
[c]))/4]1*x(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*
Tan[d + exx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)~2])/(c~(3/4)*e*xSqrtla +
bxTan[d + exx]~2 + c*Tan[d + exx]~4]) + (a~(1/4)*(Sqrt[a] - 2*Sqrtlc])=*E1li
pticF[2*ArcTan[(c~(1/4)*Tanld + ex*x])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4
1x(Sqrta] + Sqrtlc]*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d +
exx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)~2])/(2%(Sqrtl[al - Sqrtlcl)*c~(3
/4)*exSqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4]) + ((Sqrt[a]l + Sqrt([c])
xE1lipticPi[-(Sqrt[al - Sqrtlcl)~2/(4*Sqrtlal*Sqrtlc]l), 2*ArcTan[(c”(1/4)*T
an[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrt[a]l + Sqrtlcl*Tan[
d + e*xx]"2)*Sqrt[(a + b*Tan[d + e*x]”"2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrt[
c]*Tan[d + e*x]~2)72])/(4xa~(1/4)*(Sqrtlal - Sqrtlcl)*c~(1/4)*exSqrt[a + bx
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Tan[d + e*xx]~2 + c*xTan[d + e*xx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*(a + b*x™n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1325

Int[(x_)~4/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rtl[c/a, 2]}, -Dist[(2%cxd - axex*xq)/(c*xex(e - dxq))
, Int[1/Sqrt[a + b*xx"2 + c*x~4], x], x] + (-Dist[1/(e*q), Int[(1l - g*x~2)/S
grtla + b*x"2 + cxx"4], x], x] + Dist[d"2/(ex(e - d*q)), Int[(1 + g*xx~2)/((
d + e*xx~2)*Sqrt[a + b*x"2 + c*x~4]), x], x])] /; FreeQ[{a, b, c, d, e}, x]
&& NeQ[b~2 - 4xaxc, 0] && PosQ[c/al && NeQ[cxd"2 - axe”2, 0]

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q72*x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*g*Sqrta + b*x"2 + cxx"4]
), x]11 /; FreeQ{a, b, c}, x] && NeQ[b~2 - 4*a*c, 0] && PosQ[c/al

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 4]}, -Simp[(d*x*Sqrtla + b*x~2 + c*x74])/(ax(1 + q~
2¥x72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x"
2)"2)]1*EllipticE[2*%ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + c
*x~4]1), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b"2 -
4xaxc, 0] && PosQ[c/al

Rule 1706

Int[(C(A_) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)xSqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ bxx"2 + c*xx"4))/(ax(A + B*x"2)"2)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexA*B))], 2*xArcTan[q*x], 1/2 - (b*A)/(4*a*xB)])/(4*dxexAxq*xSqrt[a + b*x"2
+ cxx~4]), x1] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*xe + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps
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Subst ( f (# dx, x, tan(d + ex))

tan4(d + ex) q 1+x2)\/u+bx2+cx4
X =
\/a +btan®(d + ex) + c tan*(d + ex) ¢

1+ \/\E/iz 1- ‘/\E/{Z

Subst| [ ————==——dx, x, tan(d Subst -
s f (1+x2)\/a+bx2+cx4 *, %, tan(d + ex) \/E s f Va+bx2+cx
= 7

tan_l Va—b+c tan(d+ex) -
\/a+b tan?(d+ex)+c tan*(d+ex) tan(d + ex)\/a + btan“(d + ex) +
= +
2Va—b+ce +Jce (\/E+ Vetan?(d +
Mathematica [C] time = 22.5769, size = 533, normalized size = 0.81

V2 M

—4 sin(d-+ex) cos(d+ex) (u+b tanz(d+ex)+c tan4(d+ex))+

sin(2(d+ex))yseck(d-+ex)((a—b+c) cos(4(d+ex))+4(a—c) cos(2(d+ex))+3a+b+3c) +

V2

Antiderivative was successfully verified.

[In] Integrate[Tan[d + e*x]~4/Sqrtla + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4],x]

[Out] ((Sqrt[(3*a + b + 3*%c + 4*x(a - c)*Cos[2*(d + e*xx)] + (a - b + c)*Cos[4x(d +
exx)])*Sec[d + exx] 4]*Sin[2*(d + e*x)])/Sqrt[2] + ((I*Sqrt[2]*((-b + Sqrt
[b"2 - 4xaxc])*EllipticE[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]x*
Tan[d + exx]], (b + Sqrt[b™2 - 4xa*xc])/(b - Sqrt[b~2 - 4*axc])] + (b + 2%c
- Sqrt[b~2 - 4xaxc])*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4x*a
xc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xa*xc])] - 2xc
*E1lipticPi[(b + Sqrt[b~2 - 4xax*xc])/(2%c), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sq
rt[b~2 - 4xaxc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4x
a*c])])*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xcxTan[d + exx]~2)/(b + Sqrt[b™2 - 4
*xaxc])]*Sqrt[1 + (2*cxTan[d + exx]~2)/(b - Sqrt[b”™2 - 4xaxc])])/Sqrtlc/(b +
Sqrt[b~2 - 4*axc])] - 4%Cos[d + exx]*Sin[d + exx]*(a + bxTan[d + exx]"2 +
cxTan[d + e*x]~4))/Sqrt[a + bxTan[d + exx]"2 + cxTan[d + exx]~4])/(4xcx*e)

Maple [A] time = 0.184, size = 646, normalized size = 1.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "4/ (at+b*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] 1/ex(-1/2%ax2”(1/2)/((-b+(-4*a*xc+b™2)~(1/2))/a) " (1/2)*(4-2x(-b+(-4*a*xc+b~2)
~(1/2))/axtan(exx+d) ~2) " (1/2) * (4+2* (b+ (-4*axc+b”2) ~(1/2)) /a*xtan(e*xx+d) ~2) ~(
1/2) / (at+b*tan(exx+d) "2+c*tan(e*xx+d) “4) ~(1/2) / (b+(-4*a*c+b~2) ~(1/2) ) *(E1l1lipt
icF(1/2%tan(exx+d) *2~ (1/2) * ((-b+(-4*axc+b~2) " (1/2))/a)~(1/2) ,1/2x(-4+2*xb*x (b
+(=4xaxc+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*tan (e*xx+d)*2~ (1/2) * ((-b+(-4x
axc+b”2)7(1/2))/a) " (1/2) ,1/2% (-4+2xb* (b+(-4*a*xc+b~2) " (1/2))/a/c)~(1/2)))-1/
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4%27(1/2) / ((-b+(-4*axc+b~2)~(1/2))/a) " (1/2) % (4-2% (-b+ (-4*axc+b~2) "~ (1/2)) /ax*
tan (exx+d) ~2) ~(1/2) * (4+2% (b+ (~4*axc+b~2) ~(1/2)) /a*tan (exx+d) ~2) ~(1/2) / (a+b*
tan(exx+d) “2+c*tan(e*x+d) "4) " (1/2)*E1llipticF (1/2xtan(exx+d)*2~ (1/2)* ((-b+(-
Axaxc+b~2) " (1/2))/a) " (1/2) ,1/2x (-4+2%bx (b+(-4*axc+b™2)~(1/2)) /a/c) ~(1/2))+2
~(1/2)/(-b/a+1/a*x(-4*xaxc+b~2)~(1/2)) "~ (1/2)*(1+1/2/axtan(e*xx+d) "2*b-1/2/a*ta
n(exx+d) 2% (-4*axc+b™2) " (1/2)) " (1/2) *(1+1/2/axtan (e*x+d) "2xb+1/2/a*tan (e*x+
d) ~2x (~4*a*xc+b~2) ~(1/2))~(1/2) / (a+b*tan (e*xx+d) ~2+c*tan(e*xx+d) ~4) ~(1/2)*E11li
pticPi(1/2%tan(exx+d)*2~(1/2) * ((-b+(-4*a*xc+b™2)~(1/2))/a)~(1/2),-2/ (-b+(-4x
a*xc+b™2) " (1/2)) *a, (=1/2% (b+(=4*a*xc+b™2) ~(1/2))/a) ~(1/2)*2~(1/2) / ((-b+ (-4*ax
c+b™2)7(1/2))/a)~(1/2)))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~4/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~4/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan* (d + ex)

dx
f Va + btan? (d + ex) + c tan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**4/(atb*tan(e*x+d)**2+c*tan(e*xx+d)*x*4)**(1/2) ,x)

[Out] Integral(tan(d + exx)**x4/sqrt(a + b*tan(d + e*x)**2 + cxtan(d + exx)*x4), x

)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)4

dx

\/ctan (ex + d)4 + btan (ex + d)2 +a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 4/ (atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(tan(e*xx + d)~4/sqrt(cxtan(exx + d)~4 + b*tan(exx + d)72 + a), x)



216

tan?(d+ex)

3.42 dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=436

btan?(d tan(d . _1 ( Yctan(d 1 b Z
\4/5(\/5_'_ \/Etanz(d + ex)) \/a+ an“(d+ex)+c tan™( +ex)ElllptlcF (Ztan 1 (W)“1 (2 _ \/E\/E)) tan~! (—“

(\/E+\/E tanz(d+ex))2 \Ja+b tan?
2+/ce (\/— -~ \/E) \/a + btan®(d + ex) + ctan*(d + ex) 2eva

[Out] -ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrt[a + b*Tan[d + e*x]”2 + c*Tanl[d
+ exx]~4]]/(2xSqrtla - b + cl*e) + (a~(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan
[d + exx])/a~(1/4)], (2 - b/(Sqrtla]*Sqrtlc]l))/4]*(Sqrt[al + Sqrt[c]*Tan[d
+ exx]"2)*Sqrt[(a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4)/(Sqrt[a] + Sqrt([c]
xTan[d + exx]~2)72])/(2x(Sqrtla] - Sqrtlc])*c~(1/4)*exSqrt[a + b*Tan[d + ex
x]72 + cxTan[d + exx]"4]) - ((Sqrtl[al + Sqrtlc])*EllipticPi[-(Sqrt[a] - Sqr
t[c]) "2/ (4xSqrt[al*Sqrt[c]l), 2*ArcTan[(c~(1/4)*Tan[d + e*x])/a~(1/4)], (2 -
b/ (Sqrt[al*Sqrt[c]))/4]1*(Sqrt[al + Sqrtlcl*Tan[d + e*xx]~2)*Sqrt[(a + bx*Tan
[d + e*xx]"2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)72])/(4*a
~(1/4)*(Sqrtlal - Sqrtlcl)*c”(1/4)*exSqrt[a + b*Tan[d + e*x]"2 + cxTan[d +
e*xx] ~4])

Rubi [A] time = 0.3407, antiderivative size = 436, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 35, e -

integrand size
0.114, Rules used = {3700, 1319, 1103, 1706}

a2 4 4
tan_l Va—b+c tan(d+ex) \4/5 (\/E + \/Etanz(d " ex)) a+b tan”(d+ex)+c tan (dz+ex)F (2 tan'l (\/Etazl(dﬂ’x)) & (2
\/a+b tan?(d+ex)+c tan*(d+ex) (\/E+\/E tanz(d+ex)) Va
2eva-b+c 2\4/56(\/_—\/5)\/a+btan2(d+ex)+ctan4(d+ex)

Antiderivative was successfully verified.

[In] Int[Tan[d + e*xx]~2/Sqrtl[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4],x]

[Out] -ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d
+ exx]~4]]/(2%Sqrtla - b + cl*e) + (a”(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan
[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtl[al + Sqrt[c]*Tan[d
+ exx]"2)*Sqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrt[al + Sqrt([c]
*Tan[d + exx]~2)72])/(2*x(Sqrtla]l - Sqrtlcl)*c~(1/4)*exSqrtla + b*Tan[d + ex
x]72 + cxTan[d + exx]~4]) - ((Sqrt[a] + Sqrtl[c])*EllipticPi[-(Sqrt[a] - Sqr
t[c]) "2/ (4xSqrt[al*Sqrt[c]), 2*ArcTan[(c~(1/4)*Tan[d + ex*x])/a~(1/4)], (2 -
b/ (Sqrt[al*Sqrt[c]))/4]1*(Sqrt[a]l + Sqrtlcl*Tan[d + e*xx]~2)*Sqrt[(a + bxTan
[d + e*xx]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)72])/(4*a
~(1/4)*(Sqrtlal - Sqrtlcl)*c~(1/4)*exSqrtla + b*Tan[d + exx]~2 + cxTan[d +
e*xx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*x )1 (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x ) (@_.) + (c_)*((f_D*tanl[(d_.) + (e_)*x(x_)1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, x, f*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]
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Rule 1319

Int[(x_)"2/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rtlc/a, 2]}, -Dist[(a*x(e + d*q))/(c*d"2 - axe”2),
Int[1/Sqrt[a + b*x~2 + c*x74], x], x] + Dist[(a*xdx(e + d*q))/(c*d"2 - axe™2
), Int[(1 + g*x~2)/((d + e*x"2)*Sqrtla + b*x"2 + c*x74]1), x], x]] /; FreeQ[
{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0]
&&% PosQlc/al && NeQ[cxd™2 - axe”2, O]

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x"2)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*g*Sqrta + b*x"2 + cxx"4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~"2 - 4xaxc, 0] && PosQ[c/al

Rule 1706

Int [((A_) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - A*e)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x~2 + c*x~4]1])/(2*d*e*xRt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ b*x”2 + c*x74))/(ax(A + Bxx"2)"2)]*EllipticPi[Cancel [-((B*xd - Axe) 2/ (4x
dxe*xA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*xaxB)])/(4*xd*exAxq*Sqrt[a + bxx"2
+ c*xx741), x11 /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b"2 - 4xaxc, 0] &&
NeQ[c*d~2 - bxd*e + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - a*xB~2, 0]

Rubi steps

Subst (f (L dx, x, tan(d + ex))

tan?(d + ex) Dy = 1+2)Va+baZ+ext
\/a + btan®(d + ex) + ctan*(d + ex) ¢
.
\/_Subst (f m dx, x, tan(d + ex)) VaSubst [f (1422)Va+bx
NCENGE ‘ M=

2

2Va—b +ce ’ 2(va - )

tan! (\/ Va—b+ctan(d+ex) ] %F (2 tan- ( \/_tan(d+ex))
a

+b tanz(d+ex)+c tan4(d+ex)

Mathematica [C] time = 8.99379, size = 311, normalized size = 0.71

VB2 —4ac+b+2c tan®(d+ex) | 2c tan®(d+ex) b —4ac+b h+\/b2—
+ 1 [EllipticF [isinh™ ( / tan(d + ex )
\/ Vb2—dac+b b—Vb%—4ac P \/_ b2 4ac+b ( ) Vb2—4ac T2

V2e /\/ﬁ b\/a + btan®(d + ex) + ctan*(d + ex)
—4ac+

Antiderivative was successfully verified.

[In] Integrate[Tan[d + e*x]~2/Sqrtl[a + bxTan[d + e*x]~2 + cxTan[d + exx]~4],x]

[Out] ((-I)*(EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*Tan[d +
exx]], (b + Sqrt[b”2 - 4*axc])/(b - Sqrt[b~2 - 4xaxc])] - EllipticPi[(b + S
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qrt[072 - 4*axc])/(2xc), IxArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]x*
Tan[d + exx]], (b + Sqrt[b~™2 - 4*axc])/(b - Sqrt[b~2 - 4x*axc])])*Sqrt[(b +
Sqrt[b~2 - 4*axc] + 2xcxTan[d + exx]~2)/(b + Sqrt[b~2 - 4xa*xc])]*Sqrt[1 + (
2xcxTan[d + exx]~2)/(b - Sqrt[b~2 - 4*axc])])/(Sqrt[2]*Sqrt[c/(b + Sqrt[b~2
- 4xaxc])]xexSqrt[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4])

Maple [A] time = 0.158, size = 402, normalized size = 0.9

1w (—b Vit bZ) (tan (ex + d))? (b +Vdac+ bZ) tan@ex+d?  [ion s ) 3
E T 4 -2 P 4+2 p ElllpthF f«

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "2/ (a+b*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] 1/ex(1/4x27(1/2)/((~b+(-4*a*xc+b™2)7(1/2))/a)~ (1/2)* (4-2% (~b+(-4*axc+b~2)~ (1
/2)) /axtan (exx+d) ~2) " (1/2) % (4+2% (b+ (-4*a*xc+b~2) ~(1/2)) /a*xtan (e*xx+d) ~2) ~(1/2

)/ (a+b*tan (e*x+d) “2+cxtan (exx+d) ~4) ~(1/2) *E1lipticF (1/2*tan(e*x+d) *2~(1/2) *
((~b+(—4xaxc+b™2)~(1/2))/a) ~(1/2) ,1/2% (-4+2xb* (b+ (-4*a*c+b~2) ~(1/2)) /a/c) " (
1/2))-27(1/2)/ (-b/at+1/a*x(-4*xa*xc+b™2) ~(1/2) )~ (1/2)*(1+1/2/a*tan(exx+d) ~2*b-1
/2/axtan (exx+d) 2% (-4*xaxc+b™2) " (1/2)) " (1/2)*x(1+1/2/a*xtan (exx+d) "2xb+1/2/a*t

an (exx+d) ~2* (=4*axc+b~2) ~(1/2)) ~(1/2) / (a+b*tan (e*x+d) ~2+c*tan (e*xx+d) ~4) ~(1/
2)*E1lipticPi(1/2*tan(exx+d)*27 (1/2)* ((~b+(-4*a*xc+b~2)~(1/2))/a)~(1/2),-2/(
-b+(-4*axc+b~2) " (1/2))*a, (-1/2% (b+(-4*a*xc+b™2) ~(1/2))/a) ~(1/2)*2~(1/2)/((-b
+(—4*axc+b~2)"(1/2))/a)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)2 i

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~2/(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="maxima"

[Out] integrate(tan(e*xx + d)~2/sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) ~2/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

tan? (d + ex)

dx
f Va + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**2/(atb*tan(e*x+d)**2+c*xtan(e*xx+d)*x*4)**(1/2) ,x)

[Out] Integral(tan(d + exx)**2/sqrt(a + bxtan(d + e*x)**2 + c*xtan(d + e*x)**4), x

)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)2

dx

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 2/ (atb*tan(e*xx+d) “2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="giac")

[Out] integrate(tan(exx + d)~2/sqrt(cxtan(exx + d)74 + bxtan(e*x + d)72 + a), x)
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343 | : dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=436

(\/E+\/Etan2(d+ex))2 \a+btal

- +

2+/ae (\/_ - \/E) \/a + btan®(d + ex) + ctan*(d + ex) 2V,

2 4 4
e (\/E +y/ctan®(d + ex)) \/Mbtan (@vex) e tan’(d vex) EllipticF (2 tan™! (%) , i (2 - \/Eb\/z)) tan™! (—\/E

[Out] ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d +
exx]~4]]1/(2xSqrtla - b + clxe) - (c~(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan[
d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/41*(Sqrtla]l + Sqrtlcl*Tan[d +
exx]~2)xSqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlclx*
Tan[d + exx]~2)72])/(2*a~(1/4)*(Sqrt[al - Sqrtlc])*exSqrtla + b*Tan[d + ex*x
172 + cxTan[d + exx]~4]) + ((Sqrtl[a] + Sqrt[c])*EllipticPi[-(Sqrtl[a] - Sqrt
[c])~2/(4*Sqrt[a]*Sqrt[c]l), 2*ArcTan[(c~(1/4)*Tan[d + ex*xx])/a~(1/4)]1, (2 -
b/ (Sqrt[al*Sqrt[c]l))/4]1*(Sqrt[a] + Sqrtlcl*Tan[d + e*xx]~2)*Sqrt[(a + bx*Tan[
d + exx]”"2 + cxTan[d + exx]~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)"2])/(4*a"
(1/4)*(Sqrtla] - Sqrtlc])*c~(1/4)*exSqrt[a + bxTan[d + exx]~2 + c*Tan[d + e
*x]74])

Rubi [A] time = 0.306334, antiderivative size = 436, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 26, L

0.115, Rules used = {1216, 1103, 1706}

integrand size

2 4 4
ot [ Vtanen U (Vi + NEtan(d + o) [Hbmreescntidsen (2 ca! ( G taz(mex)) L (2 ]
\/a+b tan?(d-+ex)+c tan*(d-+ex) (\/E+\/Etan (d+ex)) Va
ZeVa-b+c Z%e(\/_—\/z)\/a+btan2(d+ex)+ctan4(d+ex)

Antiderivative was successfully verified.

[In] Int[1/Sqrtla + b*Tan[d + e*x]~2 + cxTan[d + exx]~4],x]

[Out] ArcTan[(Sqrt[a - b + c]*Tan[d + e*x])/Sqrt[a + b*Tan[d + e*x]"2 + cxTan[d +
exx]~4]]1/(2xSqrtla - b + clxe) - (c~(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan[
d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/41*(Sqrt[a]l + Sqrtlcl*Tan[d +
exx] "2)*Sqrt[(a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~4)/(Sqrtl[al + Sqrtl[c]*
Tan[d + exx]~2)72])/(2*%a~(1/4)*(Sqrt[a]l - Sqrtlc])*e*Sqrt[a + b*Tan[d + ex*x
172 + cxTan[d + exx]~4]) + ((Sqrtla] + Sqrtlc])*EllipticPi[-(Sqrt[a] - Sqrt
[c])~2/(4*Sqrt[al*Sqrt[c]l), 2*ArcTan[(c~(1/4)*Tan[d + ex*xx])/a~(1/4)], (2 -
b/ (Sqrt[al*Sqrtc]))/4]1*(Sqrt[a]l + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[
d + exx]”2 + c*Tan[d + exx]~4)/(Sqrtl[a] + Sqrtlc]*Tan[d + exx]~2)72])/(4*a”
(1/4)*(Sqrt[a] - Sqrtlc])*c™(1/4)*exSqrtla + b*Tan[d + exx]~2 + cxTan[d + e
*x]74])

Rule 1216

Int[1/(C(d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*exq)/(c*d"2 - a*xe”2), Int[1/
Sqrtla + b*x"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(cxd”2 - a*e”2), Int
[(1 + g*x~2)/((d + exx~2)*Sqrt[a + b*x~2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b"2 - 4*xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQlc/al
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Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*xx72)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(2*q*Sqrtla + b*x"2 + cxx"4]
), x11 /; FreeQl[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((Bxd - A*e)*Arc
Tan[(Rt[-b + (c*d)/e + (axe)/d, 2]*x)/Sqrtla + b*xx"2 + c*x~4]])/(2*xd*e*xRt [-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ b*x72 + c*xx74))/(ax(A + B*xx72)72)]*E1lipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*axB)])/(4*xd*xexAxq*Sqrt[a + bxx"2
+ c*xx74]), x]] /; FreeQl{a, b, ¢, d, e, A, B}, x] && NeQ[b~2 - 4*a*c, 0] &&
NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al &% EqQ
[cxA™2 - ax*B~2, 0]

Rubi steps
1
1 ) Subst (f W dx, X, tan(d + EX))
X =
\/a + btan®(d + ex) + ctan*(d + ex) ¢
\/_ [f 1+ \/\E;Z ]
aSubst| [ ——————dx, x, tan(d + ex) 1
1+x2) Va+bx2+cxt (
) (1+22) Va+ba2+ _\/ESubsth
NEENGE (v
4
tan_l Va—b+c tan(d+ex) %F (2 tan_l ( \/Etazl(d+€x)) |‘lI (2 _
_ \/a+b tanz(d+ex)+c tan4(d+ex) Va
2vVa—b+ce 2\4/5(\/‘_\/5)
Mathematica [C] time = 0.682671, size = 235, normalized size = 0.54
Vbh2—4ac+b+2c tanz(d+ex) _ thanz(d+ex) b+ b2—4ac . ( ) b+ Vb2—dac
\/ Vb2-dac+b 1 Vb2-4ac-b 1 2c isinh- \/_ tan(d+ex) b-Vb%-4ac

V2e /ﬁ\/a + btan®(d + ex) + ctan4(d + ex)
—4ac+

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[a + bxTan[d + exx]"2 + cx*Tan[d + exx]~4],x]

[Out] ((-I)*EllipticPi[(b + Sqrt[b~2 - 4xax*xc])/(2*c), I*ArcSinh[Sqrt[2]*Sqrt[c/ (b
+ Sqrt[b~2 - 4*axc])]*Tan[d + e*xx]], (b + Sqrt[b™2 - 4xaxc])/(b - Sqrt[b~2

- 4xaxc])]*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xcxTan[d + exx]~2)/(b + Sqrt[b~2

- 4xaxc])]*Sqrt[1 - (2*c*Tan[d + e*x]~2)/(-b + Sqrt[b~2 - 4xaxc])])/(Sqrtl[
2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*exSqrt[a + b*Tan[d + e*xx]”2 + cxTan[d +

e*xx] ~4])
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Maple [A] time = 0.155, size = 231, normalized size = 0.5

2a

\/_\/ b (tan (ex +d)) _ (tan ((;xa+ d))? m\/ b (tan (BX +d))? (tan (ex + d))’ V_dac+ P2EllipticP;

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+bxtan(e*xx+d) 2+cxtan(exx+d) ~4)~(1/2),x)

[Out] 1/ex27(1/2)/(-b/a+1/a*x(-4*a*xc+b~2)"(1/2))~(1/2)*(1+1/2/a*tan(e*x+d) ~2*b-1/2
/axtan (e*xx+d) "2*x (-4*axc+b~2) "~ (1/2)) " (1/2) *(1+1/2/a*tan (exx+d) "2*b+1/2/a*tan
(exx+d) "2* (—4*a*xc+b™2) " (1/2))~(1/2) / (at+b*tan(e*x+d) ~"2+c*tan(exx+d) ~4)~(1/2)
xE11lipticPi(1/2xtan(exx+d)*27(1/2) * ((~b+(-4*a*c+b~2)~(1/2))/a)~(1/2),-2/(-b
+(=4xa*xct+b~2) " (1/2))*a, (-1/2*% (b+(-4*axc+b™2) " (1/2))/a) " (1/2)*27(1/2) / ((-b+(

—4xaxc+b”2) " (1/2))/a)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
dx

\/c tan (ex + d)* + btan (ex + d)* +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+b*tan(exx+d) 2+c*tan(e*x+d)~4)~(1/2),x, algorithm="maxima"

[Out] integrate(l/sqrt(cxtan(exx + d)74 + bxtan(e*x + d)72 + a), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*tan(exx+d) 2+c*tan(e*x+d)~4)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

1

dx
f \/a + btan? (d + ex) + ctan* (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(atb*tan(exx+d)**2+cxtan(exx+d)**4)**(1/2) ,%)

[Out] Integral(l/sqrt(a + bxtan(d + exx)**2 + cxtan(d + exx)**4), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

1
dx

\/ctan (ex + d)4 + btan (ex + d)2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1l/(at+b*tan(e*x+d) "2+c*tan(exx+d)~4)~(1/2),x, algorithm="giac")

[Out] integrate(l/sqrt(cxtan(exx + d)~4 + bxtan(e*x + d)72 + a), x)
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cot?(d+ex)

3.44 dx

\/ a+b tanz(d+ex)+c tan4(d+ex)

Optimal. Leaf size=707

(\/E+\/Etanz(d+ex))2
2aW4e(Nf-—‘VE)\/a4—btaI@(d-+ex)4—ctan4@i+—ex)

btan?(d n*(d . _1 ( Yetan@ b
/e (24/a - ) (Va + e tan(d + ex)) \/“* tan(@renretan @) pjipticF (Ztan ! (%)%(2 -G vE)) Yl

[Out] -ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d
+ exx]~4]1]1/(2xSqrtla - b + cl*e) - (Cot[d + exx]*Sqrt[a + bxTan[d + exx]~2
+ cxTan[d + exx]~4])/(axe) + (Sqrtlc]*Tan[d + exx]*Sqrt[a + b*Tan[d + exx]~
2 + c*xTan[d + ex*x]~4])/(a*xex(Sqrt[a] + Sqrt[c]*Tan[d + exx]~2)) - (c~(1/4)*
EllipticE[2*ArcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[al*Sqrt[c]
))/4]1*(Sqrtlal + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cx*Tan
[d + exx]"4)/(Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)72])/(a”~(3/4)*exSqrt[a + bxT
an[d + e*xx]~2 + cxTan[d + exx]~4]) + ((2*Sqrtl[al - Sqrtlc])*c~(1/4)*Ellipti
cF[2*ArcTan[(c™(1/4)*Tan[d + e*x])/a”(1/4)], (2 - b/(Sqrtl[al*Sqrtlc]))/4]*(
Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + ex
x]174)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)72])/(2*a~(3/4)*(Sqrt[a] - Sqrtlcl)
xexSqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4]) - ((Sqrtlal + Sqrt[c])*El
lipticPi[-(Sqrt[a]l - Sqrtlcl)~2/(4xSqrt[al*Sqrtlcl), 2xArcTan[(c~(1/4)*Tan[
d + exx])/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1*(Sqrt[al + Sqrtl[cl*Tan[d +
exx] "2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlclx*
Tan[d + exx]~2)72])/(4*a~(1/4)*(Sqrtl[al - Sqrtlcl)*c”~(1/4)*exSqrt[a + b*Tan
[d + exx]~2 + cxTan[d + exx]~4])

Rubi [A] time = 0.727519, antiderivative size = 707, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 7, integrand size = 35, e .

0.2, Rules used = {3700, 1329, 1714, 1195, 1708, 1103, 1706}

integrand size

(\/Z+\/Etan2(d+ex))2

2a3/4e (\/— - \/E) \/a + btan®(d + ex) + c tan*(d + ex)

a+ anz +ex)+c an4 +ex — 4C an(a+ex
{1/5(2\/5—\/5)(\/E+\/Etan2(d+ex))\/ e e (o -t (LB o L)) (VA +VE

Antiderivative was successfully verified.

[In] Int[Cot[d + e*x]~2/Sqrtl[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4],x]

[Out] -ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrtl[a + b*Tan[d + e*x]~2 + c*Tan[d
+ exx]~4]1]1/(2xSqrtla - b + cl*e) - (Cot[d + exx]*Sqrtl[a + bxTan[d + exx]~2
+ cxTan[d + exx]~4])/(axe) + (Sqrtlc]*Tan[d + exx]*Sqrt[a + b*Tan[d + exx]~
2 + c*Tan[d + ex*x]74])/(a*xex(Sqrt[al + Sqrtlcl*Tan[d + e*x]72)) - (c™(1/4)*
EllipticE[2*ArcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrt[al*Sqrt[c]
))/4]1*(Sqrt[al + Sqrtlcl*Tan[d + e*x]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cx*Tan
[d + exx]~4)/(Sqrt[a]l + Sqrtlcl*Tan[d + e*xx]~2)72])/(a”(3/4)*e*xSqrt[a + bxT
an[d + e*xx]”2 + cxTan[d + exx]~4]) + ((2*Sqrtl[al - Sqrtlc])*c~(1/4)*Ellipti
cF[2*ArcTan[(c™(1/4)*Tan[d + e*x])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]*(
Sqrt[a] + Sqrtlcl*Tan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + ex
x]174)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)72])/(2*a~(3/4)*(Sqrt[a] - Sqrtlcl)
xexSqrt[a + bxTan[d + exx]~2 + c*Tan[d + exx]~4]) - ((Sqrtlal + Sqrt[c])*El
lipticPi[-(Sqrt[a]l - Sqrtlcl)~2/(4xSqrt[al*Sqrtlcl), 2xArcTan[(c~(1/4)*Tanl[
d + exx])/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtl[cl))/4]1*(Sqrtl[al + Sqrtl[cl*Tan[d +
exx] "2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)/(Sqrt[a] + Sqrtlclx*
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Tan[d + e*xx]~2)72])/(4*a~(1/4)*(Sqrtl[al - Sqrtlcl)*c~(1/4)*exSqrt[a + b*Tan
[d + exx]~2 + c*Tan[d + e*xx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1329

Int[(x_ )" (m_)/(((d_) + (e_)*(x_)"2)*Sqrt[(a_) + (b_)*(x_)"2 + (c_.)*x(x_ )"~
4]), x_Symbol] :> Simp[(x~(m + 1)*Sqrtl[a + b*xx"2 + c*x~4])/(axd*(m + 1)), x
] - Dist[1/(a*xd*(m + 1)), Int[(x"(m + 2)*Simp[a*xe*(m + 1) + bxd*x(m + 2) + (
bxex(m + 2) + c*xd*(m + 3))*x"2 + cxex(m + 3)*x74, x])/((d + e*xx"2)*Sqrt[a +
b*x~2 + c*xx~4]), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, O
1 && ILtQ[m/2, O]

Rule 1714

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x
, 2], C = Coeff[P4x, x, 4]}, -Dist[C/(e*xq), Int[(1 - g*x72)/Sqrtla + b*x"2

+ c*xx74], x], x] + Dist[1/(c*e), Int[(A*c*e + a*Cxd*q + (B*cxe - Cx(cxd - a
xe*xq))*x72)/((d + e*x~2)*Sqrt[a + b*x~2 + c*xx~4]), x], x]] /; FreeQ[{a, b,

c, d, e}, x] && PolyQ[P4x, x72, 2] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bx
dxe + axe™2, 0] && NeQ[c*d"2 - a*e”2, 0] && PosQ[c/al && !GtQ[b~2 - 4xaxc,
0]

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrtla + b*x~2 + c*x74])/(ax(1 + q~
2¥x72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x"
2)"2)]1*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + c
*x~4]1), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b"2 -
4xaxc, 0] && PosQ[c/a]

Rule 1708

Int[(CA_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2
+ (c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*(cxd + a*xexq)
- axBx(e + d*q))/(c*d”2 - a*xe”2), Int[1/Sqrtla + b*x"2 + c*x74], x], x] +
Dist[(a*x(B*d - A*e)*(e + d*q))/(c*d”2 - axe”2), Int[(1 + g*x~2)/((d + exx"2
)*Sqrt[a + b*x"2 + c*x74]), x], x]] /; FreeQl[{a, b, c, d, e, A, B}, x] & N
eQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bkd*e + a*xe”2, 0] && NeQ[c*d"2 - a*xe™2, O

] && PosQ[c/al && NeQ[c*xA~™2 - axB~2, 0]

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q 2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*g*Sqrtla + b*x"2 + cxx"4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~"2 - 4x*xaxc, 0] && PosQ[c/al

Rule 1706
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Int[(CAD) + (B_.)*x(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ bxx"2 + c*xx74))/(ax(A + B*x"2)"2)]*EllipticPi[Cancel [-((B*xd - Axe)~2/(4x
dxe*xA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*xaxB)])/(4xd*exAxq*Sqrt[a + bxx"2
+ cxx~4]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*xe + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps

1

Subst (f x2(1+x2)\/a+bx2+cx4

e

dx, x, tan(d
cot?(d + ex) P o tanld + ex))
X =

\/a + btan®(d + ex) + c tan*(d + ex)

cot(d + ex)+ja + btan®(d + ex) + ctan*(d + ex)

Subst ( f (Lm

2

1+x2)\/a+b1

= +
ae

cot(d + ex)+ja + btan?®(d + ex) + c tan*(d + ex) Subst (f
B +

—ac+fac?+

(1+x2:

ae

cot(d + ex)+ja + btan®(d + ex) + c tan*(d + ex) e tan(d + ex)fa +
- +

ae

ae(\/ﬁ-

Va—b+c tan(d+ex)

tan™!
(\/a+b tanz(d+ex)+c tan4(d+ex)J COt(d + ex) a+b tanz(d + E’X) +c

2Va—-b +ce

Mathematica [C] time = 27.8916, size = 683, normalized size = 0.97

2_,
N e NALETES

Vo

( sin(2(d+ex)) _ cot(d+ex) ) \/ 4a cos(2(d+ex))+a cos(4(d+ex))+3a—b cos(4(d+ex))+b—4c cos(2(d+ex))+c cos(4(d+ex))+3¢c

2a a 4 cos(2(d+ex))+cos(4(d+ex))+3

e

Warning: Unable to verify antiderivative.

[In] Integrate[Cot[d + exx]~2/Sqrtl[a + bxTan[d + e*xx]"2 + cxTan[d + exx]~4],x]

[Out] (Sqrt[(3*a + b + 3*c + 4xaxCos[2x(d + exx)] - 4*xcxCos[2*(d + e*xx)] + axCos[

4x(d + exx)] - b*Cos[4x(d + e*x)] + cxCos[4*(d + e*xx)])/(3 + 4*Cos[2x(d + e
*x)] + Cos[4x(d + exx)])]*(-(Cot[d + e*x]/a) + Sin[2*(d + exx)]/(2*a)))/e +

((IxSqrt[2]*(-b + Sqrt[b~2 - 4*axc])*(EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(
b + Sqrt[b~2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[b~
2 - 4xaxc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]x
Tan[d + e*x]], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc])])*Sqrt[(b +
Sqrt[b~2 - 4*axc] + 2xc*Tan[d + e*x]~2)/(b + Sqrt[b™2 - 4xaxc])]*Sqrt[1 + (
2xcxTan[d + exx]~2)/(b - Sqrt[b~2 - 4*axc])])/Sqrtlc/(b + Sqrt[b~2 - 4*axc]
)] + ((2%I)*Sqrt[2]*a*E1llipticPi[(b + Sqrt[b~2 - 4*axc])/(2xc), IxArcSinh([S
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qrt [2]#Sqrt[c/(b + Sqrt[b~2 - 4xa*c])]*Tan[d + e*x]], (b + Sqrt[b™2 - 4kaxc
1)/ - Sqrt[b~2 - 4*a*xc])]*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2*cxTan[d + exx]~”
2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[l + (2*c*Tan[d + e*x]~2)/(b - Sqrt[b™2 - 4
xaxc])])/Sqrtlc/(b + Sqrt[b~2 - 4xaxc])] - (4xTan[d + exx]*(a + bxTan[d + e
*x] 72 + cxTan[d + exx]74))/(1 + Tan[d + exx]~2))/(4*a*xexSqrt[a + bxTan[d +
exx] "2 + cxTan[d + ex*xx]~4])

Maple [F] time = 0.537, size = 0, normalized size = 0.

f (cot (ex + d))? ! dx

a+b(tan (ex + d))2 + ¢ (tan (ex + d))4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "2/ (at+b*tan(e*x+d) "2+cxtan(exx+d)~4)~(1/2),x)

[Out] int(cot(e*xx+d) "2/ (a+b*tan(e*x+d) 2+cxtan(exx+d) ~4)~(1/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atb*tan(e*xx+d) ~2+cxtan(e*x+d)~4)~(1/2),x, algorithm
="maxima"

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(1/2),x, algorithm
="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

cot? (d + ex)

dx
f \/a + btan? (d + ex) + ctan? (d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**2/(a+tb*tan(e*xx+d)**2+cktan(e*xx+d)**4)**x(1/2) ,x)
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[Out] Integral(cot(d + exx)**2/sqrt(a + bxtan(d + e*x)**2 + ckxtan(d + e*x)**4), x

)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d) 2/ (atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(1/2),x, algorithm
—n S n
="giac")

[Out] Timed out
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tan’ (d+ex)

3.45 dx

3/2
(a+b tanz(d+ex)+c tan4(d+ex)) /

Optimal. Leaf size=235

2
tanh_l b+2c tan“(d+ex) tanh_l -
2\/5\/11+h tanz(d+ex)+c tan4(d+ex) 2+

2c32¢

(2a%¢ - ab(b + 3c) + b%) tan’(d + ex) + a (b? - a(b + 2c))

ce(a—b+c) (b2 - 4ac) \/a + btan®(d + ex) + c tan*(d + ex)

[Out] ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*xx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bx
Tan[d + e*xx]”"2 + cxTan[d + exx]"4])]/(2%(a - b + ¢)7(3/2)*e) + ArcTanh[(b +
2xc*Tan[d + exx]~2)/(2*Sqrt[c]l*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + e*xx]”
4]1)1/(2xc™(3/2)*%e) + (ax(b™2 - ax(b + 2*c)) + (b73 + 2xa™2xc - axbx(b + 3*c
))*Tan[d + exx]~2)/(c*(a - b + c)*(b"2 - 4xax*c)*exSqrt[a + b*Tan[d + e*x]~2

+ cxTan[d + exx]"4])

Rubi [A] time = 0.549213, antiderivative size = 235, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 35, e -

0.2, Rules used = {3700, 1251, 1646, 843, 621, 206, 724}

integrand size

t h_1 b+2c tanz(d+ex) ¢ h—l

202 — ab(b + 3¢) + 1) tan’(d B - a(b +2 o 2 ; o

a?c — ab(b + 3¢c) + b?) tan®(d + ex) + a a(b + 2c) 2y/eyJa+b tan2(d+ex)+c tant(d-rex) 2va
+

2c32¢

ce(a—b+c) (bz - 4ac) \/a + btan®(d + ex) + ctan*(d + ex)

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]"7/(a + b*Tan[d + e*x]~2 + c*xTan[d + e*x]~4)~(3/2),x]

[Out] ArcTanh[(2*%a - b + (b - 2*c)*Tan[d + exx]~2)/(2xSqrt[a - b + c]*Sqrt[a + bx*
Tan[d + e*xx]”"2 + cxTan[d + exx]"4])]/(2*(a - b + ¢c)~(3/2)*e) + ArcTanh[(b +
2xcxTan[d + exx]~2)/(2xSqrt[cl*Sqrt[a + b*Tan[d + e*x]"2 + c*Tan[d + e*x]~
41)1/(2%c™(3/2)*e) + (ax(b™2 - ax(b + 2%c)) + (b3 + 2%a™2%c - axb*(b + 3*c
))*Tan[d + e*xx]"2)/(cx(a - b + c)*(b"2 - 4xaxc)*exSqrt[a + b*Tan[d + e*x] "2

+ cxTan[d + exx]"4])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, f*xTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251

Int[(x )" (m_.)*((d_) + (e_)*(x_)"2)"(q_)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + exx)~gx(a +
bxx + c*¥x72)7p, x], x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1646

Int[(Pg )*((d_.) + (e_)*(x D))" (m_.)*x((a_.) + (b_.)*x(x_) + (c_)*(x_)"2)"(p
_), x_Symbol] :> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + b*x + c*x
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"2, x], f = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + bxx + c*x72, x],

x, 0], g = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + b*x + c*xx"2, x], x
, 11}, Simp[((bxf - 2%axg + (2*%cxf - bxg)*x)*(a + b*x + c*xx"2)"(p + 1))/ ((p
+ D)*(b"2 - 4*axc)), x] + Dist[1/((p + D*(b"2 - 4xa*xc)), Int[(d + e*xx) mx
(a + b*x + c*x72)"(p + 1)*ExpandToSum[((p + 1)*(b"2 - 4*axc)*Q)/(d + exx) m
- ((2*%p + 3)*(2*cxf - bxg))/(d + e*x)"m, x], x], x]] /; FreeQ[{a, b, c, d,
e}, x] &% PolyQ[Pq, x] && NeQ[b~™2 - 4xaxc, 0] && NeQ[c*d"2 - b*d*xe + axe”2
, 0] && LtQ[p, -1] && ILtQ[m, O]

Rule 843

Int[((d_.) + (e_.)*(x_)) " (m_)*((£f_.) + (g_.)*x(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*xx +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*x(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d~2 - bxd*e + a*e”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*c - x72), x], x, (b + 2xcxx)/Sqrtla + bxx + cxx~2]]1, x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 724

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps
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7
Subst - dx, x, tan(d + ex
f tan’(d + ex) gy = (f (1422)(a+ba2+ext) ( ))

372
(a + btan®(d + ex) + ctan(d + ex)) ! €

3

Subst (f 35 A%, X, tan?(d + ex)]

(1+x)(u+bx+cx2)

2e

Sub
a (B2 - a(b +2c)) + (b° + 2a%c - ab(b + 3¢)) tan’(d + ex)

cla-b+c) (bz - 4ac) e\/a + btan®(d + ex) + c tan*(d + ex)

a (b? - a(b +2c)) + (b + 2a% — ab(b + 3¢) ) tan®(d +ex) ~ Sub
+

cla-b+c) (bz - 4ac) e\/a + btan?(d + ex) + c tan*(d + ex)

Sub
a (b2 —a(b+ 2C)) + (b3 +2a%c —ab(b + 30)) tan?(d + ex) "

cla-b+c) (bz - 4ac) e\/a + btan?(d + ex) + ctan*(d + ex)

tanh—l 2a-b+(b-2c) tan®(d+ex) tanh_l b+2¢ tan
ZW\/ch tanz(d+ex)+c tan4(d+ex) Zﬁm

2(a—b+c)¥2e 2c32¢

Mathematica [C] time = 34.1436, size = 182725, normalized size = 777.55

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + e*x]~7/(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)~(3/2),x]

[Out] Result too large to show

Maple [B] time = 0.202, size = 826, normalized size = 3.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d)~7/(at+b*tan(e*x+d) "2+cxtan(e*xx+d) ~4)~(3/2),x)

[Out] -1/2/e*xtan(exx+d)~2/c/(a+b*tan(e*x+d) ~"2+c*tan(exx+d)~4)~(1/2)+1/4/e*xb/c”2/(
a+bxtan (exx+d) "2+cxtan(exx+d) ~4) ~(1/2)+1/2/exb"2/c/ (d*xaxc-b"2) / (a+b*tan (e*xx
+d) "2+c*tan(exx+d) ~4) " (1/2) *tan(e*x+d) "2+1/4/exb~3/c"2/ (4*a*xc-b"2) / (a+b*tan
(exx+d) "2+c*tan(e*xx+d) ~4)~(1/2)+1/2/e/c”(3/2) *1n((1/2*b+cxtan (exx+d) ~2) /c~(
1/2)+(at+bxtan(e*x+d) “2+c*tan (exx+d) "4) ~(1/2))+1/e/ (atbxtan(e*x+d) “2+c*tan(e
*x+d) "4) " (1/2) / (dxaxc-b~2) *bxtan (e*xx+d) "2+2/e/ (a+b*tan (exx+d) “2+c*tan(e*x+d
)"4)"(1/2)/ (d*a*xc-b~2) *a+2/e/ (a+bxtan (e*xx+d) "2+c*tan(exx+d) ~4) ~(1/2) / (4*a*c
-b"2) *c*ktan(exx+d) "2+1/e/ (atb*tan (e*x+d) "2+c*xtan(exx+d) ~4) "~ (1/2) / (4*a*c-b"2
)*b-2/ex*xc/ ((—4xa*xc+b~2) ~(1/2) -b+2x*c) / (b-2*xc+(-4*a*xc+b~2)~(1/2))/(a-b+c)~(1/
2)*x1n((2*a-2xb+2*xc+(b-2*c) * (1+tan (e*xx+d) "2) +2* (a-b+c) ~(1/2) * ((1+tan (e*x+d) ~
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2) "2%c+(b-2*c) * (1+tan(e*xx+d) "2)+a-b+c) " (1/2)) / (1+tan(e*x+d) ~2) ) +2/exc/ ((-4x
axc+b~2) " (1/2) -b+2*c) / (-4*a*xc+b~2) / (tan(exx+d) “2-1/2/c* (-4*a*xc+b™2) " (1/2)+1
/2%b/c)*((tan(e*xx+d) "2-1/2% (-b+(-4*a*xc+b~2) " (1/2))/c) "2*c+(-4*axc+b™2) ~(1/2
Yx(tan(e*xx+d) "2-1/2*%(-b+(-4*axc+b~2)~(1/2))/c)) ~(1/2)-2/exc/ (b—2xc+(—-4*a*xc+
b"2)"(1/2) )/ (-4*a*xc+b~2) /(tan(e*xx+d) "2+1/2/c* (—4*a*xc+b™2) ~(1/2)+1/2*xb/c) * ((
tan(e*xx+d) ~2+1/2% (b+(-4*a*xc+b~2) " (1/2)) /c) "2*c—(-4*a*xc+b~2) " (1/2) * (tan (e*xx+
d) ~2+1/2* (b+(-4xaxc+b~2)~(1/2))/c))~(1/2)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="maxima"

[Out] Timed out

Fricas [B] time = 32.0136, size = 8193, normalized size = 34.86

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [-1/4%((a”3*b"2 - 2%a"2%b~3 + a*b™4 - 4*a~2*xc~3 - (4*a*xc™4 + (8*a”™2 - 8*axb
- b72)*%c”3 + 2% (2%a”3 - 4%a"2*%b + axb”2 + b~3)*c”2 - (a"2*%b"2 - 2*axb”3 +
b~4)*c)*tan(exx + d)"4 - (8%a"3 - 8*a"2*xb - a*b~2)*c”2 + (a"2*b”"3 - 2*axb”~4
+ b75 - 4dxaxbxc”3 - (8*a"2%b - 8*axb"2 - b~3)*c"2 - 2% (2%a"3*b - 4*a"2*xb"2
+ axb”3 + b74)*c)*tan(exx + d)72 - 2x(2*¥a”"4 - 4*a”3%b + a"2%b”2 + ax*b”3)*c
)*sqrt (c)*log(8*c™2xtan(e*x + d)~4 + 8xbkcxtan(exx + d)72 + b™2 + 4*sqrt(c*
tan(exx + d)74 + bxtan(exx + d)72 + a)*(2xcxtan(e*x + d)~2 + b)*sqrt(c) + 4
xaxc) + (axb™2*c”2 - 4*a"2xc”3 + (b"2%c”3 - 4*xaxc”4)*tan(exx + d)74 + (b~ 3%
c"2 - 4xaxbxc”3)*tan(exx + d)"2)*sqrt(a - b + c)*xlog(((b~2 + 4x(a - 2%b)*c
+ 8xc"2)*tan(exx + d)~4 + 2*x(4xaxb - 3*%b~"2 - 4*(a - b)*c)*tan(exx + d)"2 +
4xsqrt(cxtan(exx + d)~4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(exx + d)72 +
2%xa - b)*sqrt(a - b + c) + 8*%a”2 - 8xa*xb + b72 + 4xaxc)/(tan(exx + d)74 +
2¢tan(e*x + d)72 + 1)) — 4x(2*xa"2%c”3 + (2*a”™3 - a"2*b - a*b"2)*c”2 - ((2*a
"2 - 3*a*xb)*c”3 + (2*%a”3 - 5xa"2%b + 2*a*xb”2 + b73)*c”2 - (a"2%b"2 - 2*a*b”
3 + b74)*c)*tan(exx + d)72 + (a”3%b - 2*¥a"2%b”2 + a*xb~3)*c)*sqrt(cxtan(e*x
+ d)74 + bxtan(exx + d)72 + a))/((4*a*xc”6 + (8*%a”2 - 8*a*b - b~2)*c™5 + 2% (
2%a~3 - 4*a”2*b + a*b”2 + b73)*c”4 - (a”2*b”2 - 2*axb~3 + b~4)*c”3)*e*xtan(e
*x + d)74 + (4xaxbxc™5 + (8*xa”2%b - 8*a*b”™2 - b73)*c"4 + 2x(2%a"3*b - 4*a”2
*b72 + a*xb”3 + b74)*c”3 - (a"2*%b"3 - 2*a*xb”4 + b"5)*c"2)*extan(e*x + d4)72 +
(4xa~2%c”5 + (8*%a”™3 - 8*a™2*b — a*b"2)*c”4 + 2% (2*a"4 - 4*a”~3*b + a~2%b"2
+ a*b”3)*c”3 - (a"3%b"2 - 2%a"2%b"3 + a*xb"4)*c"2)*xe), 1/4%(2x(a"3*b”2 - 2x*a
“2%b"3 + a*b”4 - 4*xa”2xc”3 - (4*axc”4 + (8*%a”2 - 8*xaxb - b"2)*c”3 + 2% (2*a”
3 — 4%a”2xb + axb”2 + b~3)*c”2 - (a"2%b"2 - 2*axb”3 + b74)*c)*tan(exx + 4)”
4 - (8%a”3 - 8*a"2%b - a*b”2)*c”2 + (a"2*b"3 - 2*ax*b”4 + b5 - 4*axbxc”3 -
(8*a~2%b - 8*a*b”™2 - b"3)*c"2 - 2% (2*a"3*b - 4*a”"2*b”"2 + a*b”3 + b~4)*c)*ta
n(exx + d)72 - 2%(2%a”4 - 4%a”3%b + a"2*b"2 + axb”~3)*c)*sqrt(-c)*arctan(1/2
xsqrt (cxtan(exx + d)74 + bxtan(e*x + d)~2 + a)*x(2xc*tan(e*xx + d)~2 + b)*sqr
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t(-c)/(c”2*tan(e*x + d)~4 + bxcxtan(e*x + d)~2 + a*c)) - (axb™2%c”™2 - 4x*a~2
*c”3 + (b7™2*%c”3 - 4d*xaxc”4)xtan(e*x + d)"4 + (b™3*%c™2 - 4xaxb*c”3)*tan(e*xx +
d)"2)*sqrt(a - b + c)*xlog(((b~™2 + 4*x(a - 2*b)*c + 8*c~2)*tan(e*xx + d)~4 +
2% (4xaxb - 3*%b~"2 - 4x(a - b)*c)*tan(exx + d)~2 + 4xsqrt(cxtan(exx + d)"4 +
bxtan(e*x + d)72 + a)*x((b - 2*c)*tan(exx + d)72 + 2*a - b)*sqrt(a - b + ¢)
+ 8%a”2 - 8xa*b + b~2 + 4xaxc)/(tan(exx + d)~4 + 2xtan(exx + d)72 + 1)) + 4
*(2%a"2%c”3 + (2*%a”3 - a"2xb - a*b”2)*c”2 - ((2*a”2 - 3*xaxb)*c”3 + (2*a”3 -
5%a”2*b + 2*%a*b”2 + b~3)*c”2 - (a”2*%b"2 - 2*a*xb”3 + b~4)*c)*tan(e*x + d)"2
+ (a73%b - 2*%a"2*%b"2 + axb~3)*c)*sqrt(c*xtan(exx + d)~4 + bxtan(exx + d)72
+ a))/((4*a*xc™6 + (8xa”2 - 8*axb - b~™2)*c”5 + 2x(2%a~3 - 4*a~2%b + a*xb”2 +
b~3)*c”4 - (a"2%b"2 - 2%a*b”3 + b~4)*c”3)*extan(exx + d)"4 + (4xaxbxc”5 + (
8*a~2*b - 8*a*xb”2 - b~3)*c”4 + 2% (2*%a”3*b - 4*a"2*b"2 + a*b”3 + b"4)*c”3 -
(a™2*b~3 - 2*a*xb”4 + b~5)*c"2)*extan(exx + d)~2 + (4*xa”2*xc”5 + (8*xa~3 - 8*a
“2%b - a*b”2)*c”T4 + 2x(2*xa~4 - 4%a”3%b + a"2*%b"2 + a*b"3)*c”3 - (a~3*%b"2 -
2%a”"2xb"3 + axb”4)*xc"2)*xe), -1/4x(2x(axb"2*c”2 - 4*xa~2%c”3 + (b"2xc"3 - 4xa
xc~4)xtan(e*xx + d)74 + (b"3*c”2 - 4*xaxbxc”3)xtan(e*xx + d)~2)*sqrt(-a + b -
c)*arctan(-1/2xsqrt (cxtan(e*x + d)~4 + bxtan(e*xx + d)~2 + a)*x((b - 2*c)*tan
(exx + d)72 + 2%a - b)*sqrt(-a + b - c)/(((a - b)*c + c”2)*tan(e*x + d)~4 +
(axb - b™2 + bxc)*tan(e*x + d)72 + a™2 - a*b + a*c)) + (a"3*b™2 - 2%a”2*b~
3 + axb™4 - 4xa"2xc”3 - (4*axc”4 + (8%a”2 - 8*xaxb - b"2)*c”3 + 2%(2*a”3 - 4
*a"2%b + a*xb”2 + b73)*c”2 - (a"2*%b"2 - 2*a*b”3 + b"4)*c)*tan(exx + d)"4 - (
8*%a~3 - 8*%a"2xb - axb"2)*c”2 + (a"2*b”3 - 2*axb~4 + b~5 - 4xaxb*c”3 - (8*a”
2%b - 8*a*b”™2 - bT3)*c"2 - 2% (2*%a"3*b - 4*a”2*b"2 + a*xb”3 + b74)*c)*tan(ex*x
+ d)72 - 2%(2%a"4 - 4xa”3*%b + a"2+b”"2 + axb”3)*c)*sqrt(c)*log(8*c 2xtan(ex
X + d)74 + 8xbxcktan(e*xx + d)72 + b72 + 4xsqrt(cxtan(exx + d)"4 + bxtan(exx
+ d)72 + a)*x(2xcxtan(e*xx + d)72 + b)*sqrt(c) + 4xaxc) - 4x(2xa”2%c”3 + (2%
a"3 - a"2*b - a*xb"2)*c”2 - ((2*a"2 - 3xaxb)*c”3 + (2%a”~3 - 5*xa”2xb + 2*axb”
2 + b73)*c”2 - (a”2*b"2 - 2xa*xb~3 + b~4)*c)*tan(exx + d)"2 + (a”3*%b - 2*a”2
*b~2 + a*b~3)xc)*sqrt(cxtan(e*xx + d)~4 + bxtan(e*x + d)~2 + a))/((4*axc™6 +
(8*xa~2 - 8xaxb - b72)*c”5 + 2*x(2*xa~3 - 4*a"2%b + a*b”2 + b~3)*c”4 - (a"2*b
"2 - 2%a*b”3 + b74)*c"3)*extan(e*xx + d)"4 + (4d*xaxbxc”5 + (8*%a"2%b - 8*a*xb”2
- b73)*%c”4 + 2% (2*a"3*b - 4*a”"2%b"2 + a*b”3 + b"4)*c"3 - (a"2*b"3 - 2*axb”
4 + b75)*xc"2)*extan(e*x + d)72 + (4*a"2xc”5 + (8%a~3 - 8*a”2*b - a*b"2)*c74
+ 2%(2*%a"4 - 4*a”3*%b + a"2%b"2 + a*b”3)*c”3 - (a"3*b"2 - 2%a"2%b"3 + a*xb”4
Yxc”"2)xe), —1/2%((axb™2*c™2 - 4*xa~2*%c”3 + (b"2%c”3 - 4xaxc”4)*tan(e*x + d)~
4 + (b73%c”2 - 4xaxb*xc”3)*tan(exx + d)~2)*sqrt(-a + b - c)*arctan(-1/2*sqrt
(cxtan(e*x + d)"4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*a -
b)*sqrt(-a + b - ¢)/(((a - b)*c + c”2)*tan(e*x + d)"4 + (axb - b2 + b*xc)*
tan(exx + d)72 + a”2 - a*b + a*c)) - (a"3*b"2 - 2*¥a”"2*%b"3 + ax*b”4 - 4*a”2x*c
"3 - (4*a*xc”4 + (8*a”2 - 8xaxb - b72)*c”3 + 2*%(2*%a”"3 - 4*a"2xb + axb”2 + b~
3)*c”2 - (a"2*xb"2 - 2*a*xb~3 + b~4)*c)*tan(exx + d)~4 - (8*a"3 - 8*a"2*b - a
*b"2)*%c”2 + (a72*b"3 - 2*xaxb”4 + b~5 - 4*axbkc”3 - (8*xa"2xb - 8*axb”2 - b”3
I*cT2 - 2% (2%a"3%b - 4*a”"2*b”2 + a*xb”3 + b~4)*c)*tan(e*xx + d)72 - 2x(2xa~4
- 4xa”3%b + a”24b”"2 + axb”3)*c)*sqrt(-c)*arctan(1l/2*sqrt(c*tan(e*xx + d)~4 +
bxtan(e*x + d)~2 + a)*(2*c*xtan(exx + d)~2 + b)*sqrt(-c)/(c 2*tan(e*x + d)~
4 + bxcxtan(exx + d)72 + a*xc)) - 2x(2*xa"2*xc”3 + (2*¥a”3 - a"2*b - axb"2)*c”2
- ((2*%a”2 - 3*a*xb)*c”3 + (2*¥a”3 - 5*a™2*b + 2*a*b”2 + b~3)*c”2 - (a"2*b"2
- 2xa*b”3 + b74)*c)*tan(e*x + d)"2 + (a”3%b - 2*%a"2*b"2 + axb”3)*c)*sqrt(cx
tan(e*x + d)74 + bxtan(exx + d)~2 + a))/((4xa*xc™6 + (8*a”2 - 8*axb - b~2)*c
"5 + 2%(2*%a”3 - 4*a”"2xb + ax*b”2 + b”"3)*c”4 - (a72*%b"2 - 2*xa*b”3 + b~"4)*c”3)
xextan(e*x + d)74 + (4xaxbxc”5 + (8*a™2*b - 8*a*xb™2 — b~3)*c™4 + 2% (2*a”3x*b
- 4*%a”2*b"2 + a*b”3 + b"4)*c”3 - (a"2*b”"3 - 2*a*xb~4 + b~5)*c”2)*extan(e*x
+ d)"2 + (4%a”2*xc”5 + (8%a~3 - 8*a"2xb - axb"2)*c"4 + 2x(2*¥a”"4 - 4*a”~3%b +
a~2%b"2 + a*b”3)*c”3 - (a"3%b"2 - 2*%a"2*b”3 + a*xb"4)*c"2)xe)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

tan’ (d + ex)
dx

3
(a +btan? (d + ex) + ctan* (d + ex))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**7/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(3/2),x)

[Out] Integral(tan(d + exx)*x7/(a + b*tan(d + e*x)**2 + c*tan(d + e*x)**4)*x*(3/2)

, X)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~7/(atb*tan(e*xx+d) ~2+cxtan(e*x+d)~4)~(3/2),x, algorithm

="giac")

[Out] Timed out
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tan®(d+ex)

3.46 dx

3/2
(a+b tanz(d+ex)+c tan4(d+ex)) /

Optimal. Leaf size=159

2a+(b-2c) tan?(d+ex)-b

-1
tanh
2\/a—b+c\/a+b tanz(d+ex)+c tan4(d+ex)

2e(a—b +c)3?

(b(a - b) + 2ac) tan®(d + ex) + a(2a — b)

e(a—b+c) (b2 - 4ac) \/a + btan®(d + ex) + ctan*(d + ex)

[Out] -ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrt[a - b + cl*Sqrt[a + b
*Tan[d + exx]”2 + c*Tan[d + exx]"4])]/(2¥(a - b + ¢c)7(3/2)*e) + (ax(2*a - b

) + ((a - b)*b + 2*a*xc)*Tan[d + exx]"2)/((a - b + c)*x(b~2 - 4xaxc)*exSqrt[a

+ b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])

Rubi [A] time = 0.393696, antiderivative size = 159, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 35, e

0.171, Rules used = {3700, 1251, 1646, 12, 724, 206}

integrand size

2a+(b-2c) tan?(d+ex)-b

tanh™!
(b(a — b) + 2ac) tanz(d +ex) + a(2a - b) 2\/a—b+c\/a+btan2(d+ex)+c tan*(d+ex)

2e(a—b +c)3?

e(a—b+c) (b2 - 4ac) \/a + btan®(d + ex) + ctan*(d + ex)

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]"5/(a + bxTan[d + e*x]~2 + cxTan[d + ex*x]~4)~(3/2),x]

[Out] -ArcTanh[(2*a - b + (b - 2xc)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]"2 + cxTanl[d + exx]~4])]/(2x(a - b + c)~(3/2)*e) + (ax(2*xa - b

) + ((a - b)*b + 2*axc)*Tan[d + exx]"2)/((a - b + c)*x(b~2 - 4xaxc)*exSqrt[a

+ b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])

Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tanl[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tanl[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_ )" (m_.)*x((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx) g*(a +
bxx + c*x72)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 1646

Int[(Pg )*((d_.) + (e_.)*x(x_)) " (m_.)*x((a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2)"(p
), x_Symbol] :> With[{Q = PolynomialQuotient[(d + e*x) m*Pq, a + b*x + c*x
=2, x], f = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + bxx + c*x72, x],

x, 0], g = Coeff[PolynomialRemainder[(d + e*x) m*Pq, a + b*x + c*x~2, x], x
, 11}, Simp[((b*f - 2xa*xg + (2*kc*xf - bxg)*x)*x(a + bxx + c*xx"2) " (p + 1))/ ((p
+ 1)x(b72 - 4xa*xc)), x] + Dist[1/((p + 1)*(b"2 - 4xaxc)), Int[(d + e*x) mx
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(a + b*x + c*xx~2)"(p + 1)*ExpandToSum[((p + 1)*(b"2 - 4*a*c)*Q)/(d + e*x) "m
- ((2xp + 3)*(2xc*f - bxg))/(d + e*x)"m, x], x], x]] /; FreeQ[{a, b, c, 4,
e}, x] &% PolyQ[Pq, x] && NeQ[b~™2 - 4xaxc, 0] && NeQ[c*d"2 - b*d*xe + axe”2
, 0] && LtQ[p, -1] && ILtQ[m, O]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4*axe™2 - x72), x], x, (2
xaxe - bxd - (2*c*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rule 206
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/

Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps

P

Subst ( il

dx, x, tan(d + ex))
f tanS(d + ex) J (1+x2)(a+bx2+cx4
X =

3/2
)

3
a + btan?(d + ex) + ctan*(d + ex)) ! €

Subst (f #3/2 dx, x, tan?(d + ex)]

(1+x)(a+bx+cx2)

2e
) a(2a - b) + ((a - bYb + 2ac) tan(d + ex)  Subst (J
(a-b+c) (bz - 4ac) e\/a + btan®(d + ex) + c tan*(d + ex)
) a(2a - b) + ((a - bYb + 2ac) tan(d + ex) . Subst (
(@a-b+c) (bz - 4ac) e\/a + btan?(d + ex) + c tan*(d + ex)
Subst [ |
a(2a - b) + ((a — b)b + 2ac) tan®(d + ex)

(a-b+c¢) (bz - 4ac) e\/a + btan®(d + ex) + c tan*(d + ex)

tanh_l 2a—b+(b-2c) tanz(d+ex)
2\/u—b+c\/a+b tanz(d+ex)+c tan4(d+ex) a(2a - b) + ((11
- _ 3/2
Aa—b+c)yfie (a—b+c)(b2—4ac)e\ﬁ

Mathematica [C] time = 35.6431, size = 57597, normalized size = 362.25

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]"5/(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)~(3/2),x]
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[Out] Result too large to show

Maple [B] time = 0.165, size = 601, normalized size = 3.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)~5/(a+b*tan(e*x+d) " 2+c*xtan(e*xx+d)~4)~(3/2),x)

[Out] -1/e/(a+bxtan(exx+d) “2+c*tan(e*x+d) "4) " (1/2)/(4*axc-b~2) *b*tan(e*x+d) "2-2/e
/ (a+b*tan (e*xx+d) "2+c*tan(exx+d) ~4) ~(1/2) / (4d*a*xc-b~2) *a-2/e/ (a+b*tan (e*x+d) "
2+cxtan(e*xx+d) ~4) " (1/2)/ (dxaxc-b~2) *c*xtan(e*xx+d) "2-1/e/ (a+bxtan (e*xx+d) ~2+c*
tan(exx+d) ~4)~(1/2)/(4*a*c-b~2) *b+2/exc/ ((-4*a*xc+b~2) ~(1/2) -b+2*c) / (b—2*xc+(
-dxa*xc+b”2) " (1/2))/(a-b+c) " (1/2) *1n((2*a-2xb+2*c+(b-2*c) * (1+tan (e*x+d) ~2) +2
*(a-b+c) " (1/2) *((1+tan(exx+d) ~2) "2*c+(b-2*c) * (1+tan(exx+d) “2)+a-b+c) ~(1/2))
/ (1+tan(e*xx+d) "2) ) -2/exc/ ((-4*a*xc+b~2) " (1/2) -b+2*c) / (-d*axc+b~2) / (tan(e*x+d
)"2-1/2/c*x (=4*xa*xc+b~2) " (1/2)+1/2%b/c) * ((tan(e*x+d) "2-1/2% (~b+(-4*a*c+b~2) ~(
1/2))/c) " 2xc+(-4*a*xc+b™2) " (1/2) *(tan(exx+d) “2-1/2% (-b+(-4*a*c+b~2) " (1/2))/c
)) " (1/2)+2/exc/ (b-2%c+(—4*a*xc+b~2) " (1/2) )/ (-4*a*xc+b~2) / (tan(exx+d) ~2+1/2/c*
(=4*a*xc+b~2) " (1/2)+1/2*xb/c) *((tan(e*x+d) ~2+1/2* (b+(-4*axc+b~2)~(1/2))/c) ~2%
c-(-4xa*xc+b™2) " (1/2)*(tan(e*xx+d) “2+1/2* (b+(-4*a*c+b~2)~(1/2)) /c))~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)5

dx

3
(c tan (ex + d)* + btan (ex + d)* + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) 5/ (atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="maxima")

[Out] integrate(tan(e*xx + d)~5/(cxtan(e*x + d)~4 + bxtan(e*xx + d)72 + a)~(3/2), x
)

Fricas [B] time = 6.31012, size = 2421, normalized size = 15.23

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~5/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [-1/4%(((b72%c - 4*a*xc™2)*tan(e*x + d)74 + axb”™2 - 4xa"2%c + (b73 - 4*axbx*c
)*tan(e*xx + d)~2)*sqrt(a - b + c)*log(((b~2 + 4*(a - 2%b)*c + 8*c~2)*tan(ex
x + d)74 + 2x(4xaxb - 3*%b72 - 4x(a - b)*c)*tan(exx + d)~2 - 4xsqrt(cxtan(ex
x + d)74 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*a - b)*sqrt(
a - b+ c)+ 8%a"2 - 8*axb + b72 + 4xaxc)/(tan(exx + d)74 + 2xtan(e*x + d)~
2 + 1)) + 4xsqrt(c*xtan(exx + d)74 + bxtan(exx + d)72 + a)*(2xa”3 - 3*a~2xb
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+ a*b”2 + (a"2%b - 2xaxb”2 + b”3 + 2*ka*xc”2 + (2*%a"2 - axb - b72)*c)*tan(e*x
+ d)72 + (2%a”2 - axb)xc))/((4*axc™4 + (8*%a”™2 - 8*xaxb - b72)*c”3 + 2% (2*a”
3 — 4%a”2%b + axb”2 + b"3)*c”2 - (a"2%b"2 - 2*axb”3 + b74)*c)*extan(exx + d
)74 - (a”2%b"3 - 2*%a*b”4 + b~5 - 4xaxbxc”3 - (8*a"2xb - 8*%a*b”"2 - b"3)*c"2

- 2% (2%a"3%b - 4*a”"2*b"2 + a*b”3 + b"4)*c)*extan(exx + d)"2 - (a”3*%b"2 - 2%
a"2*b"3 + axb”4 - 4%a"2*%c”3 - (8%a"3 - 8*a”"2xb - axb"2)*c”2 - 2*x(2¥a"4 - 4%
a~3xb + a”2%b"2 + a*b~3)xc)*e), 1/2*x(((b"2*c - 4xaxc”2)*tan(exx + d)~4 + ax
b~2 - 4*a”2xc + (b73 - 4xaxbxc)*tan(e*x + d)~2)*sqrt(-a + b - c)*arctan(-1/
2xsqrt(cxtan(exx + d)~4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*x + d)~2 +
2%xa - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(exx + d)"4 + (a*b - b™2 +
b*c)*tan(exx + d)72 + a”2 - axb + axc)) - 2*sqrt(cxtan(exx + d)~4 + bxtan(
exx + d)72 + a)*(2*a”3 - 3*xa"2%b + axb”2 + (a"2*%b - 2*axb”2 + b”3 + 2*a*c”2
+ (2%a”2 - axb - b™2)*c)*tan(exx + d)~2 + (2%¥a”2 - axb)*c))/((4xaxc”™4 + (8
*a"2 - 8*axb - bT2)*c”3 + 2x(2*%a”3 - 4*a”2%b + a*b”2 + b"3)*c”2 - (a"2%b"2

- 2%¥axb”3 + b74)*c)*extan(exx + d)74 - (a"2*b"3 - 2*a*b~4 + b~5 - 4*axb*c”3
- (8*%a”2*b - 8*a*b”2 - b~3)*c”2 - 2*%(2*a”"3*b - 4*a"2*b"2 + axb”3 + b"4)*c)
xextan(e*x + d)72 - (a73*b72 - 2%a"2%b"3 + a*b”™4 - 4*xa"2*xc”3 - (8*a~3 - 8*a
“2%b - a*b”2)*c”2 - 2%x(2*xa~4 - 4%a~3%b + a"2*b”2 + a*xb~3)*c)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)
dx

3
(a +btan? (d + ex) + ctan* (d + ex))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**5/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(3/2) ,x)

[Out] Integral(tan(d + exx)*x5/(a + b*tan(d + e*x)**2 + cktan(d + e*x)**4)*x*(3/2)
, X)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)5 i

3
(c tan (ex + d)* + btan (ex + d)* + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) 5/ (atb*tan(e*xx+d) “2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="giac")

[Out] integrate(tan(e*xx + d)~5/(cxtan(e*x + d)~4 + bxtan(e*x + d)72 + a)”~(3/2), x
)
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tan>(d+ex)

3.47 dx

3
(a+b tanz(d+ex)+c tan4(d+ex)) /

Optimal. Leaf size=154

tanh_l 2a+(b-2c) tanz(d+ex)—b
2\/u—b+c\/a+b tan? (d+ex)+c tan4(d+ex)

2e(a—b+c)3?

¢(2a — b) tan®(d + ex) + a(b — 2¢)

e(a—-b+c) (bz - 4ac) \/a + btan®(d + ex) + ctan*(d + ex)

[Out] ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*xx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bx
Tan[d + e*xx]™2 + cxTan[d + exx]"4])]1/(2x(a - b + c)~(3/2)*e) - (ax(b - 2%c)

+ (2%xa - b)*cxTan[d + exx]"2)/((a - b + c)*(b”"2 - 4*axc)*e*xSqrt[a + bxTan[

d + exx]”"2 + cxTan[d + exx]~4])

Rubi [A] time = 0.284776, antiderivative size = 154, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 35, e

0.171, Rules used = {3700, 1251, 822, 12, 724, 206}

integrand size

2a+(b-2c) tan®(d-+ex)-b
ZWmﬂ¢HmMﬂmeMm%um ¢(2a - b) tan®(d + ex) + a(b — 2¢)
2e(a—b+c)3?2

tanh ™

e(a—b+c) (b2 - 4uc) \/a + btan?(d + ex) + c tan*(d + ex)

Antiderivative was successfully verified.

[In] Int[Tan[d + e*x]"3/(a + bxTan[d + e*x]~2 + cxTan[d + ex*x]~4)~(3/2),x]

[Out] ArcTanh[(2*a - b + (b - 2*c)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + bx
Tan[d + exx]”™2 + cxTan[d + exx]"4])]/(2x(a - b + ¢c)~(3/2)*e) - (ax(b - 2%c)

+ (2%a - b)*c*Tan[d + exx]"2)/((a - b + c)*(b"2 - 4*axc)*exSqrt[a + b*Tan[

d + exx]”"2 + cxTan[d + exx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*(x_ )] (m_.)*((a_.) + (b_.)*((f_.)*tanl[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tanl[(d_.) + (e_)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_ )" (m_.)*x((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)74)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx) g*(a +
bxx + c*x72)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, 4, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 822

Int[((d_.) + (e_.)*(x_))"(m_)*x((f_.) + (g_.)*x(x_))*((a_.) + (b_.)*x(x_) + (c
_D)*(x_)72)7(p_), x_Symbol] :> Simp[((d + exx)"(m + 1)*(f*x(b*c*d - b~2%e +
2%axcke) — axgkx(2xcxd - bxe) + c*x(f*(2*cxd - bxe) - gx(bxd - 2xa*e))*x)*(a
+ b*xx + c*x”2) (p + 1))/ ((p + 1)*(b"2 - 4*axc)*(c*d”2 - bxd*e + a*e”2)), x]
+ Dist[1/((p + 1)*(b"2 - 4xa*xc)*(c*d”2 - bxd*e + a*xe”2)), Int[(d + e*x) m*
(a + bxx + c*x72)7(p + 1)*Simp[f*(b*xckd*e*x(2*%p - m + 2) + b™2%e™2x(p + m +
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2) - 2%c72xd"2x(2xp + 3) - 2kaxcke”2x(m + 2xp + 3)) - gx(akxex(bxe - 2*ckd*m
+ b¥e*xm) - b*dx(3xc*d - bke + 2%cxd*p - bkexp)) + ckex(gx(bxd - 2%a*xe) - f
x(2xc*d - bxe))*(m + 2%p + 4)*x, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g,
m}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && LtQ[p, -1
] && (IntegerQ[m] || IntegerQlp] || IntegersQ[2+*m, 2*p])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4*xbxdxe + 4*axe”2 - x72), xJ, x, (2
kaxe - b¥d - (2%cxd - bke)*x)/Sqrt[a + bxx + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - b*e, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rubi steps
3
Subst al dx, x, tan(d + ex
f tan3(d + ex) ; (f (1422) (a+br2ext) 2 ( ))
X =
(a +btan?(d + ex) + ctan*(d + ex))3 2 €
Subst| [ ———— dx, x, tan®(d + ex
B (f (1+x)(11+bx+cx2)3/2 ( ))
B 2e
~ a(b — 2¢) + (2a — b)c tan®(d + ex) Subst |
(a-b+c) (bz - 4ac) e\/a + btan®(d + ex) + ctan*(d + ex)
~ a(b - 2¢) + (2a — b)c tan®(d + ex) Subst |
(a-b+c) (bz - 4ac) e\/a + btan®(d + ex) + ctan*(d + ex)
Subst
_ a(b - 2¢) + (2a — b)c tan?(d + ex) N
(a-b+c) (b2 - 4ac) e\/a + btan®(d + ex) + ctan*(d + ex)
tanh ! 2a—b+(b-2c) tan®(d-+ex)
Zm\/zﬁb tanz(d+ex)+c tan4(d+ex) a(b - ZC) + (2
_ 312 -
2a—b+c)re (a—b+c)(b2—4ac)e\/;

Mathematica [A] time = 2.83612, size = 155, normalized size = 1.01

tanh ™
2c(2a-b) tanz(d+ex)+2a(b—2c) + 2\/a—h+c\/a+b tanz(d+ex)+c tan4(d+ex)
(a=b+c)32

2a+(b-2c) tan?(d+ex)-b ]

(a—b+c) (4ac—b2)\/a+b tanz(d+ex)+c tan4(d+ex)
2e
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Antiderivative was successfully verified.

[In] Integrate[Tan[d + exx]~3/(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)~(3/2),x]

[Out] (ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrt[a - b + cl*Sqrt[a + b
*Tan[d + e*x]”2 + cxTan[d + exx]74])]/(a - b + c)7(3/2) + (2*a*x(b - 2%c) +

2% (2xa - b)*cxTan[d + exx]"2)/((a - b + c)*(-b"2 + 4xa*xc)*Sqrt[a + bxTan[d

+ e*xx] "2 + cxTan[d + e*x]74]))/(2xe)

Maple [B] time = 0.159, size = 508, normalized size = 3.3

¢ (tan (ex + d))2 b 1

2 -2

+
e\/a + b (tan (ex +d))” + c (tan (ex + d))* (4ac - 12)  © (4ac-12) \/a + b (tan (ex + d))* + ¢ (tan (ex + d))*

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d) "3/ (at+b*tan(e*x+d) "2+cxtan(e*xx+d)~4) " (3/2),x)

[Out] 2/e/(atb*tan(e*x+d) “2+c*xtan(exx+d) ~4)~(1/2)/(4*a*xc-b~2) *cxtan(exx+d) "2+1/e/
(atbxtan(exx+d) "2+cxtan(exx+d) ~4) "~ (1/2) / (d*xaxc-b"2) *b-2/exc/ ((-4d*xa*xc+b~2) ~(
1/2)-b+2xc) / (b-2*c+(-4*a*xc+b™2) " (1/2) )/ (a-b+c) "~ (1/2) *1n((2*a-2*b+2*c+(b-2*c
Yx(1+tan(e*xx+d) ~2)+2*x(a-b+c) ~(1/2) * ((1+tan(e*x+d) ~2) "2*c+(b-2*c) * (1+tan (e*x
+d) "2)+a-b+c) " (1/2))/(1+tan(e*xx+d) ~2) ) +2/exc/ ((-4*a*xc+b™2) " (1/2)-b+2xc) /(-4
*axc+b~2) / (tan(exx+d) "2-1/2/cx(-4*axc+b™2) " (1/2)+1/2%b/c)*((tan(exx+d) ~2-1/
2% (=b+ (—4*xaxc+b”2) ~(1/2) ) /c) "2*xc+(-4d*xaxc+b”2) " (1/2) * (tan(e*x+d) ~2-1/2* (-b+(
-4xaxc+b”2) " (1/2))/c)) " (1/2)-2/exc/ (b-2*c+(-4d*a*xc+b~2) "~ (1/2))/(-4*a*xc+b"2)/
(tan(e*xx+d) "2+1/2/cx(-4*xaxc+b~2) " (1/2)+1/2*b/c) *((tan(exx+d) ~2+1/2* (b+(-4*a
*c+b"2) " (1/2))/c) "2xc—-(—4xa*xc+b™2) " (1/2) * (tan(e*x+d) "2+1/2* (b+(-4*a*c+b~2) "
(1/2))/c))~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3 i

3
(c tan (ex + d)* + btan (ex + d)* + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d)~3/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="maxima"

[Out] integrate(tan(e*x + d)~3/(c*tan(e*x + d)~4 + bxtan(exx + d)72 + a)~(3/2), x
)

Fricas [B] time = 5.53981, size = 2384, normalized size = 15.48

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(tan(exx+d) ~3/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [-1/4*x(((b"2*c - 4xa*c”2)*tan(e*x + d)"4 + a*xb™2 - 4xa~2+c + (b"3 - 4*axb*c
)*¥tan(exx + d)"2)*sqrt(a - b + c)*log(((b™2 + 4x(a - 2%b)*c + 8*%c”2)*tan(ex
X + d)74 + 2x(4*axb - 3*b”"2 - 4x(a - b)*c)*tan(exx + d)~2 + 4*sqrt(cxtan(ex
x + d)74 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*x + d)~2 + 2%a - b)*sqrt(
a-b+ c) + 8%xa"2 - 8xaxb + b"2 + 4xaxc)/(tan(e*xx + d)"4 + 2*tan(e*x + d)~
2 + 1)) - 4xsqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72 + a)*(a™2%b - a*xb™2 -
2%axc”2 + ((2*%a - b)*c™2 + (2%a”2 - 3*a*b + b"2)*c)*tan(exx + d)72 - (2*a"2
- 3*axb)*c))/((4*xaxc™4 + (8*xa”2 - 8*axb - b~2)*c™3 + 2%x(2%a”~3 - 4*a~2*b +
axb”2 + b73)*c”2 - (a72*%b"2 - 2*axb~3 + b74)*c)*extan(exx + d)"4 - (a”2*%b”3
- 2%a*xb”™4 + b"5 - 4*xaxbxc”3 - (8*a"2*b - 8*a*b”2 - b"3)*xc”2 - 2% (2*a"3*b -
4*%a”2*b"2 + a*xb”3 + b74)*c)*extan(exx + d)72 - (a"3*%b"2 - 2*%a”2*b"3 + axb”
4 - 4x3"2*xc”3 - (8*a"3 - 8*a"2*b - a*b"2)*c”2 - 2%(2*%a”4 - 4*a”"3*b + a~2%b”
2 + axb”3)*c)*e), -1/2%x(((b"2*c - 4*axc™2)*tan(e*x + d)~4 + axb™2 - 4*xa~2x*c
+ (b73 - 4xaxb*c)*tan(e*xx + d)~2)*sqrt(-a + b - c)*arctan(-1/2*sqrt (c*xtan(
exx + d)74 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(e*x + d)~2 + 2*a - b)*sqr
t(-a + b -c)/(((a-Db)xc + c™2)*tan(e*xx + d)"4 + (axb — b"2 + b*c)*tan(ex*x
+d)72 + a”2 - a*b + axc)) - 2*sqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 +
a)*(a"2%b - a*¥b”2 - 2*a*xc”2 + ((2%¥a - b)*c”2 + (2*a"2 - 3*axb + b~2)*c)*tan
(exx + d)72 - (2%a”2 - 3xaxb)*c))/((4*a*xc™4 + (8*a”2 - 8*a*b - b"2)*c”3 + 2
*(2%a”3 - 4*a”2*%b + a*xb”2 + b73)*c”2 - (a"2*b”2 - 2*axb~3 + b~4)*c)*extan(e
*x + d)74 - (a™2*b"3 - 2*xaxb”4 + b~5 - 4*axbxc”3 - (8*a"2xb - 8*axb”2 - b”3
)*xcT2 - 2% (2%a”3%b - 4*a"2%b”"2 + a*b”3 + b74)*c)*e*xtan(exx + d)"2 - (a~3%b”
2 - 2%a"2%b"3 + axb”4 - 4xa"2%c”3 - (8%xa”3 - 8%a"2%b - axb"2)*c”2 - 2% (2%a”
4 - 4xa”3%b + a”2%b”2 + axb~3)*c)*e)]

Sympy [F] time = 0., size = 0, normalized size = 0.

tan® (d + ex)
dx

3
(a +btan® (d + ex) + ctan* (d + ex))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**3/(atbxtan(e*xx+d)**2+c*tan(exx+d)**4)**(3/2) ,%)

[Out] Integral(tan(d + exx)**3/(a + bxtan(d + exx)**2 + cxtan(d + exx)**4)**(3/2)
» X)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)3 p
x

3
(ctan (ex + d)* + btan (ex + d)* + a)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(e*x+d) ~3/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="giac")

[Out] integrate(tan(e*xx + d)~3/(c*xtan(e*x + d)~4 + bxtan(e*x + d)72 + a)~(3/2), x
)
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tan(d+ex)

3.48 dx

3/2
(a+b tanz(d+ex)+c tan4(d+ex)) /

Optimal. Leaf size=155

tanh™! 2a+(b-2¢) tan?(d-+ex)—b
Zm\/zﬁb tanz(d+ex)+c tan4(d+ex)
2e(a—Db + )32

—2ac + b? + (b - 2¢) tan®(d + ex) — be

e(a—b+c) (b2 - 4ac) \/a + btan®(d + ex) + ctan*(d + ex)

[Out] -ArcTanh[(2%¥a - b + (b - 2*c)*Tan[d + exx]~2)/(2+Sqrtla - b + c]*Sqrtla + b
*Tan[d + exx]”2 + cxTan[d + exx]74])]1/(2x(a - b + ¢c)~(3/2)*e) + (b~2 - 2*ax

c - bxc + (b - 2xc)*cxTan[d + exx]"2)/((a - b + c)*(b~2 - 4*axc)*exSqrtla +
b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4])

Rubi [A] time = 0.218165, antiderivative size = 155, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 33, L

integrand size
0.182, Rules used = {3700, 1247, 740, 12, 724, 206}

tanh ! 2a+(b-2c) tan?(d+ex)-b

—2ac + b2 + c(b - 2¢) tan?(d + ex) — bc 2\/a—b+c\/u+btan2(d+ex)+c tan(d+ex)
2e(a—b+c)¥?

e(a—b+c) (b2 - 4ac) \/a + btan®(d + ex) + ctan*(d + ex)

Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]/(a + b*Tan[d + e*x]~2 + c*xTan[d + exx]~4)~(3/2),x]

[Out] -ArcTanh[(2*a - b + (b - 2xc)*Tan[d + e*x]~2)/(2*Sqrt[a - b + cl*Sqrt[a + b
xTan[d + exx]~2 + cxTan[d + e*xx]~"4])]/(2*%(a - b + ¢c)~(3/2)*e) + (b~2 - 2xax

c - bxc + (b - 2xc)*cxTan[d + exx]"2)/((a - b + c)*(b™2 - 4*axc)*e*xSqrt[a +
b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*(x )] (m_.)*((a_.) + (b_.)*((f_.)*tanl[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*x(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) p)/(£72 + x72), x]
, X, f*Tan[d + exx]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2*%n] && NeQ[b~2 - 4xaxc, 0]

Rule 1247

Int[(x_)*((d) + (e_.)*(x_)"2)"(q_.)*((a) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x) g*(a + b*x + c*x~2)7p, x],
x, x°2], x] /; FreeQl{a, b, ¢, d, e, p, q}, x]

Rule 740

Int[((d_.) + (e_)*(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_), x_8
ymbol] :> Simp[((d + exx)"(m + 1)*(b*cxd - b~2%e + 2%axcke + c*x(2xc*d - bxe
)*¥x)*k(a + b*x + c*xx"2) " (p + 1))/((p + 1)*(b"2 - 4xaxc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + D *x(b"2 - 4xa*xc)*(cxd"2 - b*d*e + axe”2)), Int[(d +
exx) "m*Simp [bxckd*e*x(2%p - m + 2) + b72%e”2x(m + p + 2) - 2%c”2xd"2%(2*p +
3) - 2xaxc*xe”2*x(m + 2%xp + 3) - cxex(2xckd - b*xe)x(m + 2*p + 4)x*x, x]*x(a +
b*x + c*x72)7(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 - 4
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xaxc, 0] && NeQ[c*d™2 - bxd*xe + a*xe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQlp,
-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtl[a + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtl[a, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rubi steps
Subst a dx, x, tan(d + ex )
f tan(d + ex) gy = f (l+x2)(a+bx2+cx4)3/2 ( )
(a + btan®(d + ex) + ctan*(d + ex))g/ €
Subst L 35 4%, X, tan?(d + ex)]
_ (1+x)(a+bx+cx2)
- 2e
Subst| |
_ b2 - 2ac - be + (b - 2¢)c tan®(d + ex) ~
(a-b+c) (b2 - 4ac) e\/a + btan®(d + ex) + ctan*(d + ex)
_ b2 - 2ac - be + (b - 2¢)c tan®(d + ex) s Subst (
(a-b+c) (b2 - 4ac) e\/a + btan®(d + ex) + ctan*(d + ex)
Subst [ |
B b2 - 2ac - be + (b - 2c)c tan®(d + ex) ~
(a-b+c) (b2 - 4ac) e\/a + btan®(d + ex) + ctan*(d + ex)
tanh ! 2a-b-+(b-2c) tan®(d-+ex)
ZW\/LIHJ tanz(d+ex)+c tan4(d+ex) bz —2ac—bc

2(a—b+c)?e

Mathematica [A] time = 2.93622, size = 156, normalized size = 1.01

tanh~! 2a+(b-2¢) tan2(d-+ex)-b
2(2uc—b2—c(b—20) tan?(d-+ex) +bc) 4 zm\/ a+btanZ(d+ex)+c tan*(d+ex)
(a=b+c)32

(a—b+c)(b2—4ac) \/a+b tanz(d+ex)+c tan4(d+ex)
2e

Antiderivative was successfully verified.

(a-b+c) (b2 - 4_ac) e\ﬁ
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[In] Integrate[Tan[d + exx]/(a + b*Tan[d + e*x]"2 + cxTan[d + ex*x]"4)~(3/2),x]

[Out] -(ArcTanh[(2*a - b + (b - 2xc)*Tan[d + exx]~2)/(2*Sqrt[a - b + cl*Sqrt[a +
b*Tan[d + exx]~2 + c*Tan[d + exx]"4])]/(a - b + ¢)~(3/2) + (2x(-b"2 + 2*ax*c

+ b*xc - (b - 2xc)*c*Tan[d + e*x]"2))/((a - b + c)*(b™2 - 4*axc)*Sqrt[a + b
*Tan[d + exx] "2 + cxTan[d + ex*x]~4]))/(2*e)

Maple [B] time = 0.155, size = 417, normalized size = 2.7

c 2a—2b+2c+(b—2c)(1+(tan(ex+d))2)+2\

2 In
e(\/—4ac+b2—b+2c)(b—20+\/—4ac+b2)\/a—b+c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(e*x+d)/(a+bxtan(exx+d) "2+c*tan(e*x+d)~4)~(3/2),x)

[Out] 2/exc/((-4*axc+b~2)~(1/2)-b+2x*c)/(b-2*c+(-4*axc+b~2)~(1/2))/(a-b+c) " (1/2)*1
n((2xa-2xb+2xc+ (b-2*c) * (1+tan(e*xx+d) "2) +2x (a-b+c) ~(1/2) * ((1+tan(e*xx+d) ~2) "2
*c+(b-2%c)*(1+tan(exx+d) "2)+a-b+c) " (1/2))/(1+tan(exx+d) "2) ) -2/exc/ ((-4xaxc+

b~2) " (1/2)-b+2*c)/(—4*xa*xc+b”2) /(tan(e*x+d) "2-1/2/c* (-4*xa*xc+b~2) " (1/2)+1/2*b
/c)*((tan(exx+d) "2-1/2* (=b+(-4*a*xc+b~2) " (1/2)) /c) "2*xc+(—4d*axc+b~2) " (1/2) *(t
an(exx+d) "2-1/2*% (-b+(-4*axc+b”2)~(1/2))/c))~(1/2)+2/e*c/ (b-2*c+(-4*a*xc+b~2)
~(1/2))/ (~4xa*xc+b~2) / (tan(e*xx+d) "2+1/2/c* (-4*xaxc+b~2) ~(1/2)+1/2*b/c)*((tan(
exx+d) "2+1/2*% (b+(-4*axc+b~2) " (1/2))/c) "2*xc-(-4d*a*xc+b~2) ~(1/2) * (tan(e*x+d) "2

+1/2% (b+(-4*axc+b~2)~(1/2))/c))~(1/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d) i

3
(ctan (ex +d)* + btan (ex + d)* + a)*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm="
maxima")

[Out] integrate(tan(exx + d)/(c*tan(exx + d)"4 + bxtan(exx + d)72 + a)~(3/2), x)

Fricas [B] time = 5.25689, size = 2410, normalized size = 15.55

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atbxtan(e*x+d) 2+cxtan(e*x+d)~4)~(3/2),x, algorithm="
fricas")

[Out] [-1/4%(((b"2xc - 4xaxc”2)*tan(e*x + d)74 + a*xb™2 - 4*xa"2%c + (b~3 - 4xaxbxc
)*tan(e*xx + d)~2)*sqrt(a - b + c)*Llog(((b~2 + 4*(a - 2%b)*c + 8*c~2)*tan(ex
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+

d)"4 + 2x(4*axb - 3*b"2 - 4x(a - b)*c)*tan(e*xx + d)~2 - 4xsqrt(cxtan(ex
d)"4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(exx + d)~2 + 2%a - b)*sqrt(
b + c) + 8%a"2 - 8*axb + b"2 + 4xaxc)/(tan(e*xx + d)74 + 2*tan(e*x + d)~
1)) + 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)~2 + a)*(a*xb™2 - b~3 - (2
¥a + b)*c”™2 - ((2%a — 3*b)*c”2 + 2%c”3 - (a*b - b"2)*c)*tan(e*xx + d)"2 - (2
*¥a”2 - axb - 2%b72)*c))/((4*xaxc™4 + (8*xa”2 - 8xaxb - b"2)*c"3 + 2x(2*a”3 -
4xa”2*xb + axb”2 + b”3)*c”2 - (a"2*b"2 - 2*xaxb”3 + b~4)*c)*extan(exx + d)~4
- (a™2%b"3 - 2*%a*b™4 + b"5 - 4xaxb*c”3 - (8*%a"2*b - 8*axb"2 - b~3)*c”2 - 2%
(2*%a~3%b - 4*a”2*b”2 + a*b”3 + b~4)*c)*extan(e*xx + d)72 - (a”3%b"2 - 2*a”2%
b"3 + a*b”4 - 4%a"2%c”3 - (8*%a"3 - 8*xa"2xb - a*b"2)*c”2 - 2% (2*a"4 - 4xa~ 3%
b + a™2*b"2 + axb”3)*c)*e), 1/2*x(((b~2*c - 4*axc”2)*tan(e*x + d)~4 + a*b”2
- 4*a~2*xc + (b~3 - 4xaxb*c)*tan(e*xx + d)~2)*sqrt(-a + b - c)*arctan(-1/2xsq
rt(cxtan(exx + d)~4 + bxtan(exx + d)72 + a)*x((b - 2*c)*tan(exx + d)~2 + 2x*a
- b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(e*xx + d)"4 + (axb - b~2 + bx*c
)*tan(e*xx + d)72 + a”2 - axb + axc)) - 2*sqrt(c*tan(e*xx + d)74 + bxtan(e*x
+ d)72 + a)*x(a*xb”2 - b~3 - (2%a + b)*c”2 - ((2*xa - 3*b)*c”2 + 2*%c”3 - (a*b
- b72)*c)*tan(exx + d)72 - (2*a”2 - axb - 2*b"2)*c))/((4*a*xc™4 + (8*a"™2 - 8
*axb — bT2)*c”3 + 2%x(2*%a”3 - 4%a"2%b + a*b”2 + b73)*c”2 - (a"2%b"2 - 2*axb”
3 + b"4)*c)*extan(e*x + d)"4 - (a"2*xb"3 - 2xaxb”™4 + b”5 - 4*xaxbxc”3 - (8*a”
2%b - 8*axb”2 - b73)*c"2 - 2% (2*¥a"3*b - 4*a”"2*b”"2 + a*b”3 + b~4)*c)*e*tan(e
*x + d)72 - (a73*%b72 - 2*%a"2*b"3 + axb”4 - 4*a"2*c”3 - (8*xa~3 - 8*a"2*b - a
*Db72)*%c”2 - 2% (2*%a”4 - 4*xa~3xb + a”2%b"2 + a*b”3)*c)*e)]

+

X
X
a
2

+

Sympy [F] time = 0., size = 0, normalized size = 0.

tan (d + ex) i

3
(a +btan? (d + ex) + ctan* (d + ex))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(3/2),x)

[Out] Integral(tan(d + exx)/(a + bxtan(d + exx)**2 + cxtan(d + exx)**4)**x(3/2), x
)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d) i

3
(c tan (ex + d)* + btan (ex + d)* + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)/(at+b*tan(e*x+d) "2+c*tan(exx+d)~4)~(3/2),x, algorithm="
giac")

[Out] integrate(tan(e*xx + d)/(c*tan(e*x + d)~4 + bxtan(e*x + d)72 + a)~(3/2), x)
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3 49 cot(d+ex) _ dx

3
(a+b tanz(d+ex)+c tan4(d+ex)) /

Optimal. Leaf size=280

tanh_l 2a+btan?(d+ex)
2\/5\/a+b tanz(d+ex)+c tan4(d+ex)

2a%2¢

—2ac + b? + be tan®(d + ex) —2ac + b*

ae (b2 - 4ac) \/a +btan®(d + ex) + ctan*(d + ex) e(a—b+c) (bz —4ac

[Out] -ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[al*Sqrt[a + b*Tan[d + e*x]~2 + cx*
Tan[d + exx]~4])]/(2%a~(3/2)*e) + ArcTanh[(2*xa - b + (b - 2*c)*Tan[d + ex*x]
~2)/(2*%Sqrt[a - b + c]*Sqrt[a + b*Tan[d + e*x]~2 + cxTan[d + exx]~4])]/(2x(
a-b+ c)7(3/2)xe) + (b™2 - 2*a*xc + bxc*xTan[d + e*x]"2)/(ax(b"2 - 4*a*c)xe
xSqrt[a + b*Tan[d + e*x]”"2 + c*xTan[d + exx]"4]) - (b™2 - 2%a*xc - bxc + (b -
2xc)*cxTan[d + exx]"2)/((a - b + c)*(b”™2 - 4*axc)*e*xSqrt[a + bxTan[d + exx

172 + c*xTan[d + exx]~4])

Rubi [A] time = 0.386646, antiderivative size = 280, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 7, integrand size = 33, e o e

= 0.212, Rules used = {3700, 1251, 960, 740, 12, 724, 206}

integrand size

tanh ™

2a+b tanz(d+ex) ]

2\/5\/01+b tanz(d+ex)+c tan4(d+ex)
2a312¢

—2ac + b? + be tan®(d + ex) —2ac + b*

ae (bz - 4ac) \/a +btan®(d + ex) + ctan*(d +ex) e(a—b+c) (b2 —4dac

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]/(a + bxTan[d + exx]”2 + cx*Tan[d + exx]~4)~(3/2),x]

[Out] -ArcTanh[(2*a + b*Tan[d + e*xx]~2)/(2xSqrt[al*Sqrt[a + b*Tan[d + e*x]"2 + cx

Tan[d + exx]~4])]1/(2*a~(3/2)*e) + ArcTanh[(2*a - b + (b - 2*c)*Tan[d + exx]
~2)/(2xSqrt[a - b + cl*Sqrt[a + b*Tan[d + e*x]~2 + c*xTan[d + exx]~4])]/(2*(

a - b+ c)7(3/2)xe) + (b™2 - 2*xaxc + b*cxTan[d + exx]~2)/(ax(b”2 - 4xa*c)x*e
xSqrt[a + b*Tan[d + e*x]”2 + c*xTan[d + e*xx]”"4]) - (b"2 - 2%a*xc - bxc + (b -
2xc)*c*xTan[d + e*xx]"2)/((a = b + c)*(b™2 - 4xaxc)*exSqrtla + b*Tan[d + ex*x

172 + cxTan[d + exx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.D)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_)*tan[(d_.) + (e_)*x(x_)]1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) " p)/(£72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1251

Int[(x_)"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)"4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x"((m - 1)/2)*(d + exx)"g*(a +
b*x + c*x”2)7p, x], x, x72], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960
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Int[((d_.) + (e_.)*x(x_)) " (m_)*x((f_.) + (g_.)*x_)) (@ )*((a_.) + (b_.)*(x_)
+ (c_.)*x(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "nx(a + b*x + cxx"2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ
[exf - d*xg, 0] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2 - bxdxe + a*e”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[mn, 01)

Rule 740

Int[((d_.) + (e_)*(x)) " (m)*x((a_.) + (b_)*(x_) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[((d + e*xx)"(m + 1)*(b*cxd - b~2%e + 2%axc*e + c*x(2xcxd - bxe
)xx)*x(a + bxx + c*xx72)"(p + 1))/ ((p + 1)*x(b"2 - 4xaxc)*(cxd”2 - bxd*xe + axe
~2)), x] + Dist[1/((p + 1)*(b"2 - 4xa*xc)*(c*d”2 - bxd*e + a*xe”2)), Int[(d +
exx) "m*Simp [bxckd*e*x(2*%p - m + 2) + b72%e”2x(m + p + 2) - 2%c”2xd"2%(2*xp +
3) - 2%akxcxe”2x(m + 2*%p + 3) - ckex(2xcxd - b*e)*(m + 2*p + 4)*x, x]*(a +

b*x + c*x72)7(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b"2 - 4
xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQlp,

-1] && IntQuadraticQ[a, b, c, d, e, m, p, x]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 724

Int[1/(((d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”2 - 4xbxd*e + 4*a*xe™2 - x72), x], x, (2
xaxe - bxd - (2%c*kd - bxe)*x)/Sqrtl[a + b*x + c*x~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps
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Subst ! 3 dx, x, tan(d + ex))
f cot(d + ex) J x(1+x2)(u+bx2+cx4)
X =
32
(a + btan®(d + ex) + ctan*(d + ex)) ! €
Subst ! 3 dx, x, tanz(d + ex)]
B x(1+x)(u+bx+cx2)
- 2e
Subst ! + ! ) dx, x, tan®(d + ex )
_ f ((—1—x)(a+bx+cx2)3/2 x(a+bx+cx2)3/2 ( )
B 2e
Subst f L 35 A%, X, tan?(d + ex)) Subst ( f L
B (—l—x)(a+bx+cx2) N x(a+bx+w(
a 2e
b% - 2ac + be tan®(d + ex) b? -

a (b2 - 4ac) e\/a +btan®(d +ex) + ctan*(d +ex) (a-b+c¢) (bz

b% — 2ac + be tan®(d + ex) b? -

a (b2 - 4ac) e\/a +btan®(d +ex) + ctan*(d +ex) (a-b+c¢) (bz

b% — 2ac + be tan®(d + ex) b? -

a (b2 - 4ac) e\/a +btan®(d +ex) + ctan*(d +ex) (a-b+c) (b2 |

- 2a+b tan?(d-+ex - 2a-b+(b-2c
tanh™! an-(d+er) tanh ™" (b-20)
2\/5\/a+b tan?(d+ex)+c tan(d+ex) 2Va—b+cyfa+b tan?(

2a°%2¢ 2(a—Db+cy

Mathematica [A] time = 3.29456, size = 278, normalized size = 0.99

2 2
b 2a+b tan®(d+ex) (b2—4uc) tanh™!

(Zuc— 5 ) tanh_l[
Z\fa\/ a+btan?(d-+ex)+c tan®(d+ex) + —2ac+b?+bc tanz(d+ex) —2ac+b2+c(b-2c) tanz(d+ex)—bc
32 -

a\/a+b tan? (d+ex)+c tan4(d+ex) (a—b+c)\/a+b tanz(d+ex)+c tan4(d+ex)

e (bz - 4ac)

Antiderivative was successfully verified.

[In] Integrate[Cot[d + exx]/(a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4)~(3/2),x]

[Out] (((-b~"2/2 + 2*a*c)*ArcTanh[(2*a + b*Tan[d + ex*xx]~2)/(2*Sqrt[al*Sqrt[a + b*T
an[d + e*x]”2 + c*xTan[d + e*xx]~4]1)])/a~(3/2) - ((b~2 - 4xaxc)*ArcTanh[(-2*a

+ b - (b - 2xc)*Tan[d + exx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + bxTan[d + exx]

“2 + cxTan[d + exx]74])])/(2%(a - b + ¢)7(3/2)) + (b™2 - 2%a*xc + bxcxTan[d

+ exx]"2)/(a*Sqrt[a + bxTan[d + exx]~2 + c*Tan[d + e*x]~4]) - (b72 - 2xax*c

- bxc + (b - 2*c)*cxTan[d + exx]"2)/((a - b + c)*Sqrt[a + b*Tan[d + e*xx]"2

+ cxTan[d + e*x]~4]))/((b7™2 - 4*axc)*e)

Maple [F] time = 0.446, size = 0, normalized size = 0.

3

fcot (ex +d) (a + b (tan (ex + d))2 + ¢ (tan (ex + d))4)_E dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(exx+d)/(atbxtan(exx+d) “2+c*tan(exx+d)~4)~(3/2),x)

[Out] int(cot(exx+d)/(atb*tan(e*x+d) 2+c*tan(exx+d)~4)~(3/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d) 2+cxtan(e*x+d)~4)~(3/2),x, algorithm="
maxima")

[Out] Timed out

Fricas [B] time = 28.1133, size = 8429, normalized size = 30.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d) 2+c*tan(e*x+d)~4)~(3/2),x, algorithm="
fricas")

[Out] [-1/4*((a"3*b"2 - 4xa~4*c + (a"2*b"2*c - 4*a~3xc"2)*tan(e*x + d)"4 + (a~2*b
~3 - 4*a”3*xbxc)*tan(exx + d)~2)*sqrt(a - b + c)*log(((b™2 + 4x(a - 2*b)*c +
8xc~2)*tan(e*x + d)~4 + 2% (4d*xaxb - 3*b~2 - 4x(a - b)*c)*tan(exx + d)"2 + 4
xsqrt (cxtan(e*xx + d)74 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(exx + d)~2 +
2%a - b)*sqrt(a - b + c) + 8*%a”2 - 8xa*xb + b2 + 4*axc)/(tan(exx + d)74 + 2
stan(e*x + d)72 + 1)) + (a”3%b72 - 2*%a"2*%b"3 + a*xb”4 - 4xa~2%c”3 - (4*axc”4
+ (8*%a”2 — 8xaxb - b"2)*c”3 + 2% (2*%a”3 - 4*a"2*b + a*¥b”2 + b"3)*c"2 - (a2
*b"2 - 2*%axb~3 + b74)*c)*tan(exx + d)~4 - (8xa”3 - 8*xa”"2xb - a*b"2)*c”2 + (
a~2%b~3 - 2*a*b”4 + b"5 - 4xaxb*c”3 - (8*%a"2*b - 8*axb”2 - b"3)*c”2 - 2% (2%
a"3*%b - 4*a"2%b”2 + a*b”3 + b74)xc)*tan(e*x + d)72 - 2%(2*xa"4 - 4xa"3*b + a
“2%b72 + axb”3)*c)*sqrt(a)*log(((b™2 + 4xaxc)*tan(e*xx + d)~4 + 8*axb*tan(ex
x + d)72 - 4xsqrt(cxtan(exx + d)74 + bxtan(exx + d)72 + a)*(bxtan(exx + d)~
2 + 2*a)*sqrt(a) + 8*a”2)/tan(e*xx + d)74) - 4%(a"2*b"3 - a*b”4 + 2xa”2%c”3
+ (2*%a”3 - 5*a"2xb - a*b”2)*c”2 - ((2*a”2 + axb)*c”3 + (2*¥a”3 - a"2*b - 2x*a
*b72)*c”2 - (a”2*b72 - axb"3)*c)*tan(e*x + d)72 - (3*a"3*b - 2*%a"2%b"2 - 2%
axb~3)*c)*sqrt(c*tan(e*x + d)~4 + bxtan(e*xx + d)~2 + a))/((4xa~3*%c™4 + (8*a
4 - 8%a"3*b - a"2*xb"2)*c”3 + 2% (2*¥a”5 - 4*a"4*xb + a"3*b"2 + a"2%b"3)*c"2 -
(a”4xb"2 - 2%a"3*%b"3 + a"2*b"4)*c)*extan(e*x + d)"4 - (a"4*b"3 - 2%a~3*%b"4
+ a”2*%b”5 - 4*a”"3*bxc”3 - (8*a"4xb - 8*a”"3*b"2 - a"2xb"3)*c”2 - 2% (2*a”b*b
- 4*%a”4*b”2 + a"3*b"3 + a"2%b"4)*c)*extan(exx + d)72 - (a"5xb"2 - 2%xa"4x*b”
3 + a"3*b"4 - 4*xa~4xc”3 - (8*a”h - 8*a"4xb - a"3*b"2)*c”2 - 2%(2*a”6 - 4x*a”
5%¥b + a”4*b”2 + a~3*%b"3)*xc)*e), —-1/4x(2%(a"3*b"2 - 2%a"2%b"3 + axb”4 - 4xa”
2%c”3 - (4*axc™4 + (8*xa”2 - 8*axb - b"2)*c”3 + 2x(2*%a~3 - 4*a"2%b + a*xb”2 +
b~3)*c™2 - (a"2%b"2 - 2*a*b”3 + b74)*c)*tan(exx + d)"4 - (8%a~3 - 8xa~2x*b
- axb”2)*c”2 + (a"2*b"3 - 2*xaxb”4 + b~5 - 4*axbkc”3 - (8*a"2xb - 8*axb”2 -
b73)*c"2 - 2x(2%a”3%b - 4*a”2*b”2 + a*xb”3 + b74)*c)*tan(exx + d)72 - 2x(2xa
T4 - 4xa”3xb + a”2*%b"2 + axb”3)*c)*sqrt(-a)*arctan(1l/2*sqrt(cxtan(exx + d)”
4 + bxtan(exx + d)72 + a)*(bxtan(exx + d)~2 + 2xa)*sqrt(-a)/(a*cxtan(exx +
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d)~4 + axbxtan(exx + d)72 + a”2)) + (a"3*b"2 - 4xa~4xc + (a"2*b"2*c - 4*a”3
xc"2)*tan(exx + d)74 + (a"2%b"3 - 4*a”3xb*c)*tan(exx + d)"2)*sqrt(a - b + ¢
)*log(((b™2 + 4x(a - 2xb)*c + 8*c”2)*tan(exx + d)~4 + 2x(4xa*b - 3*b~2 - 4%
(a - b)*c)*tan(exx + d)72 + 4xsqrt(cxtan(exx + d)"4 + bxtan(e*x + d)72 + a)
*((b - 2kc)*tan(exx + d)72 + 2*%a - b)*sqrt(a - b + c) + 8*%a”2 - 8*a*b + b~2
+ 4xaxc)/(tan(exx + d)~74 + 2*xtan(e*xx + d)”2 + 1)) - 4*%(a"2%b"3 - a*b™4 + 2
*a"2%c”3 + (2*%a”3 - b*a"2xb - a*b”2)*c”2 - ((2*a”2 + axb)*c”3 + (2*¥a”3 - a”
2%b - 2*a*xb”2)*c”2 - (a"2*%b"2 - ax*b~3)*c)*tan(exx + d)"2 - (3*%a"3%b - 2*a”2
*b~2 - 2%axb~3)*c)*sqrt(cxtan(e*xx + d)~4 + bxtan(exx + d)72 + a))/((4*a~3x*c
~4 + (8*%a"4 - 8*%a”"3*b — a"2*%b"2)*c”3 + 2*%(2*%a”5 - 4*a~4xb + a~3*%b"2 + a"2x*b
“3)*c”2 - (a"4%b”2 - 2*a"3%b”3 + a"2*b"4)*c)*extan(exx + d)"4 - (a"4*b”3 -
2xa"3*b”4 + a"2*xb”5 - 4%a~3*xb*c”3 - (8*xa"4*b - 8%a"3*b”"2 - a"2xb”"3)*c"2 - 2
*(2*%a"b*b - 4*a”4*b”2 + a~3%b"3 + a"2*b"4)*c)*extan(exx + d)72 - (a”5*b"2 -
2%a”4*b”3 + a"3*b"4 - 4%xa"4+c”3 - (8*%a”5 - 8*a"4xb - a~3*%b"2)*c”2 - 2*x(2x*a
“6 — 4%a"5%b + a"4xb"2 + a~3*b"3)*c)*e), -1/4x(2*%(a"3*%b"2 - 4*a"4dxc + (a"2x
b"2*c - 4*xa~3*c"2)*tan(e*xx + d)74 + (a”2*%b"3 - 4*a”3*b*c)*tan(exx + d)~2)*s
grt(-a + b - c)*arctan(-1/2xsqrt(c*tan(e*x + d)~4 + bxtan(e*xx + d)~2 + a)x*(
(b - 2%c)*tan(exx + d)72 + 2*a - b)*sqrt(-a + b - ¢)/(((a - b)*c + c~2)*tan
(exx + d)"4 + (a*b - b2 + bxc)*tan(exx + d)"2 + a”2 - a*xb + a*c)) + (a~3%b
"2 - 2%a”2*%b”3 + axb”4 - 4xa"2%c”3 - (4*axc”4 + (8*xa"2 - 8*axb - b"2)*c”3 +
2% (2*%a”3 - 4*a”"2*b + a*b”2 + b"3)*c”2 - (a"2*b"2 - 2*xa*b”3 + b~4)*c)*tan(e
*x + d)74 - (8%a”3 - 8*xa"2xb - a*b”2)*c”2 + (a"2*b”3 - 2*xaxb~4 + b~5 - 4kax
b*c™3 - (8*xa"2%b - 8*a*b”2 - b73)*c"2 - 2x(2*a"3%b - 4*a”"2*b”2 + a*xb”3 + b~
4)xc)*tan(exx + d)72 - 2x(2%¥a”4 - 4*%a”3*b + a"2%b”2 + axb~3)*c)*sqrt(a)*log
(((b7™2 + 4xaxc)*tan(e*x + d)~4 + 8*axbxtan(e*x + d)~2 - 4*sqrt(c*tan(e*x +
d)~4 + bxtan(e*xx + d)72 + a)*(b*tan(exx + d)~2 + 2*a)*sqrt(a) + 8*a~2)/tan(
exx + d)74) - 4*x(a"2%b”3 - a*xb™4 + 2*a"2%c”3 + (2*a”3 - 5*a"2*b - a*b”2)*c”
2 - ((2*%a"2 + a*xb)*c™3 + (2*xa”3 - a™2%b - 2*a*b”2)*c”2 - (a"2*b"2 - a*b~3)*
c)*tan(e*xx + d)72 - (3*a”3*%b - 2xa”2*b~2 - 2*axb~3)*c)*sqrt(c*tan(e*x + d)~
4 + bxtan(exx + d)72 + a))/((4*xa"3*xc"4 + (8*a~4 - 8*a"3*b - a"2*xb"2)*c~3 +
2% (2%a”5 - 4*a”4*b + a~3*b"2 + a”2*%b"3)*c”2 - (a"4*b"2 - 2*xa"3*%b"3 + a”2*b”
4)xc)*extan(exx + d)~4 - (a"4%b”3 - 2*%a”3*b"4 + a~2*b"5 - 4*xa~3*b*c~3 - (8%
a~4xb - 8*a~3*%b”2 - a"2*b"3)*c"2 - 2*x(2*¥a"5*xb - 4*a~4%b”"2 + a"3*b"3 + a"2*b
“4)*xc)*extan(e*x + d)72 - (a”"5*b"2 - 2*xa"4*b"3 + a"3*b"4 - 4%xa"4*xc”3 - (8*a
“5 - 8*a"4*b - a"3*b"2)*c”2 - 2% (2*¥a”6 - 4*a”5*xb + a~4xb"2 + a~3%b~3)*c)*e)
, —1/2x((a”3%b"2 - 2*%a”2*b"3 + a*xb”4 - 4xa"2%c”3 - (4*axc”4 + (8*xa"2 - 8xax
b - b72)*c”3 + 2% (2*¥a”3 - 4*a”2*b + a*b”2 + b~3)*c”2 - (a"2*b"2 - 2*axb~3 +
b~4)*c)xtan(e*xx + d)~4 - (8*%a”3 - 8*xa~2xb - a*b”2)*c”2 + (a"2*b"3 - 2xaxb”
4 + b"5 - 4*axbxc”3 - (8*%a"2x%b - 8*axb”2 - b"3)*c”2 - 2% (2*a"3%b - 4*a”2*b”
2 + axb”3 + b74)*c)*tan(exx + d)72 - 2%(2*%a"4 - 4*a”3*xb + a~2*%b"2 + axb”3)*
c)*sqrt(-a)*arctan(1/2xsqrt(cxtan(exx + d)~4 + bxtan(e*x + d)~2 + a)*(bxtan
(exx + d)~2 + 2%a)*sqrt(-a)/(axcxtan(e*x + d)~4 + axb*tan(exx + d)72 + a”~2)
) + (a”3%b"2 - 4*xa"4x*xc + (a"2xb"2xc - 4*xa~3*c”2)*tan(e*x + d)74 + (a"2xb”3
- 4xa”3xb*c)*tan(e*xx + d)~2)*sqrt(-a + b - c)*arctan(-1/2*xsqrt(c*xtan(e*xx +
d)"4 + bxtan(exx + d)72 + a)*x((b - 2*c)*tan(e*xx + d)~2 + 2*%a - b)*sqrt(-a +
b - c)/(((a - b)xc + c™2)*xtan(exx + d)"4 + (axb - b™2 + b*c)*tan(exx + d)~
2 + a2 - axb + a*xc)) - 2*x(a"2*%b"3 - a*b”4 + 2*%a"2*xc”3 + (2%a”3 - 5*a"2*b -
axb"2)*c”2 - ((2*xa”2 + axb)*c™3 + (2*xa~3 - a~2%b - 2*a*xb"2)*c”2 - (a"2*b"2
- axb~3)*c)*tan(exx + d)72 - (3*¥a”3%b - 2%a”2%b"2 - 2*axb~3)*c)*sqrt(c*tan
(exx + d)74 + bxtan(exx + d)72 + a))/((4*xa"3*c"4 + (8*xa"4 - 8*a~3*xb - a~2%b
T2)%c”3 + 2%(2*%a”5 - 4*a"4xb + a”3*%b"2 + a"2*b"3)*c”2 - (a"4*b"2 - 2%a”3*b”
3 + a"2*b"4)*c)*extan(exx + d)"4 - (a”4*b”3 - 2*a~3*b"4 + a~2%b"5 - 4*a”3x*b
*c™3 - (8*%a"4xb - 8%a"3*b"2 - a"2%b”3)*xc”2 - 2% (2*a~5%b - 4*a”4*xb"2 + a~3*b
"3 + a"2+«b"4)*c)*extan(exx + d)72 - (a”b*b”2 - 2*%a~4*b"3 + a~3%b"4 - 4*xa~4x
c”3 - (8%a"5 - 8*a"4*b - a"3*b"2)*c”2 - 2% (2%¥a”6 - 4*a”5*b + a~4*xb"2 + a~ 3%
b~3)*c)*e)]
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Sympy [F] time = 0., size = 0, normalized size = 0.

cot (d + ex) i

3
a+ btan + ex) + ctan +ex
btan® (d + ex) *(d +ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atbxtan(e*x+d)**2+c*tan(e*xx+d)**4)**(3/2),x)

[Out] Integral(cot(d + exx)/(a + bxtan(d + exx)**2 + cxtan(d + exx)**4)**(3/2), x
)

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)/(atb*tan(e*x+d) "2+c*tan(exx+d)~4)~(3/2),x, algorithm="

giac")

[Out] Timed out
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cot3(d+ex)

3.50 dx

3/2
(a+b tanz(d+ex)+c tan4(d+ex)) /

Optimal. Leaf size=477

a2
, , ; ; 3b tanh_l 2a+b tan“(d+ex) tanh_]
(3b - 8ac) cot“(d + ex)\/ a+ btan“(d + ex) + c tan®(d + ex) 2\/5\/”;, tan?(d-+ex)+c tan®(d-+ex)
2a%e (bz - 4ac) 40572

[Out] ArcTanh[(2*a + b*Tan[d + exx]~2)/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*x]~2 + c*T
an[d + exx]~4])]/(2%a”~(3/2)*e) + (3*bxArcTanh[(2*a + b*Tan[d + e*x]~2)/(2%S
grtlal*Sqrt[a + bxTan[d + exx]~2 + cxTan[d + exx]~4])])/(4*a~(5/2)*e) - Arc
Tanh[(2*%a - b + (b - 2*c)*Tan[d + exx]~2)/(2xSqrt[a - b + c]*Sqrt[a + b*Tan
[d + exx]"2 + c*Tan[d + e*xx]~4])]/(2+x(a - b + ¢c)~(3/2)*e) - (b~2 - 2*a*xc +
bxcxTan[d + exx]~2)/(a*(b~2 - 4*axc)*exSqrt[a + b*Tan[d + e*x]~2 + c*Tan[d
+ exx]74]) + (Cot[d + exx]~2%(b"2 - 2%axc + bkxcxTan[d + exx]"2))/(a*x(b"2 -
4xaxc)*exSqrt[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4]) + (b™2 - 2%axc - bx
c + (b - 2xc)*cxTan[d + exx]"2)/((a - b + c)*(b”"2 - 4*axc)*e*Sqrt[a + bxTan
[d + exx]"2 + c*Tan[d + e*xx]~4]) - ((3*b~2 - 8*axc)*Cot[d + e*xx] 2+Sqrtla +
b*Tan[d + e*xx]~2 + c*Tan[d + e*x]~4])/(2*a~2%(b~2 - 4*axc)*e)

Rubi [A] time = 0.551849, antiderivative size = 477, normalized size of antiderivative =

. . f rul
1., number of steps used = 16, number of rules used = 8, integrand size = 35, number of rules

= 0.229, Rules used = {3700, 1251, 960, 740, 806, 724, 206, 12}

integrand size

2a+b tanz(d+ex) ]

3btanh™! tanh™

(3192 - 8ac) cot?(d + ex)\/ a + btan?(d + ex) + ctan*(d + ex) 2\/5\/,”5 tan2(d+ex)+c tan*(d-+ex)
+
2a2e (b2 —~ 4ac) 4a52¢

Antiderivative was successfully verified.

[In] Int[Cot[d + exx]~3/(a + b*Tan[d + e*x]"2 + c*xTan[d + e*x]~4)~(3/2),x]

[Out] ArcTanh[(2%a + b*Tan[d + e*x]~2)/(2*Sqrt[a]*Sqrt[a + b*Tan[d + e*xx]"2 + cxT
an[d + e*xx]~4])]/(2%a~(3/2)*e) + (3*bxArcTanh[(2*a + b*Tan[d + e*x]~2)/(2*S
grtlal*Sqrt[a + bxTan[d + exx]~2 + cxTan[d + exx]~4])])/(4*a~(5/2)*e) - Arc
Tanh[(2*a - b + (b - 2*c)*Tan[d + exx]~2)/(2*Sqrt[a - b + c]*Sqrt[a + b*Tan
[d + exx]”2 + c*Tan[d + e*x]74]1)]1/(2x(a - b + c)7(3/2)*e) - (b72 - 2*a*xc +
bxc*Tan[d + e*xx]~2)/(ax(b™2 - 4xa*c)*exSqrt[a + b*Tan[d + e*x]~2 + c*xTan[d
+ exx]~4]) + (Cot[d + exx] 2%(b"2 - 2xa*c + b*cxTan[d + exx]~2))/(ax(b"2 -
4xaxc)*exSqrt[a + b*Tan[d + e*x]”"2 + cxTan[d + exx]"4]) + (b~2 - 2%a*xc - bx
c + (b - 2xc)*c*xTan[d + exx]~2)/((a - b + c)*(b™2 - 4xa*xc)*exSqrt[a + b*Tan
[d + exx]”2 + c*Tan[d + e*x]~4]) - ((3*b~2 - 8*xaxc)*Cot[d + exx] 2*Sqrt[a +
bxTan[d + exx]~2 + c*Tan[d + e*x]74])/(2%¥a"2% (b2 - 4*ax*c)*e)

Rule 3700

Int[tan[(d_.) + (e_)*x )] (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )7 (_.) + (c_)*x((f_.)*tan[(d_.) + (e_.)*(x_)])"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) m*x(a + b*x"n + c*x~(2*n)) p)/(f72 + x72), x]
, X, fxTan[d + exx]], x] /; FreeQ[{a, b, c, d, e, f, m, n, p}, x] && EqQ[n2
, 2xn] && NeQ[b~2 - 4*axc, 0]

Rule 1251



254

Int[(x_)"(m_.)*((d_) + (e_)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_
)74)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x) gx(a +
b*x + c*x72)7p, x], x, x7°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]

Rule 960

Int[((d_.) + (e_)*(x_))"(m_)*x((f_.) + (g_.)*x(x_))"(m_)*((a_.) + (b_.)*(x_)
+ (c_)*(x_)"2)"(p_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) mx(f + g
*x) "n*(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ
[exf - dxg, 0] &% NeQ[b~2 - 4xa*c, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && (
IntegerQ[p] || (ILtQ[m, 0] && ILtQ[n, 01)) && !(IGtQ[m, 0] || IGtQ[n, 01)

Rule 740

Int[((d_.) + (e_)*(x D))" (m )*x((a_.) + (b_)*(x) + (c_)*x)D"2)"(p_), x_8S
ymbol] :> Simp[((d + exx)"(m + 1)*(b*cxd - b~2%e + 2%axcke + c*x(2kc*d - bxe
)*¥x)*k(a + b*x + c*xx72)"(p + 1))/((p + 1)*(b72 - 4xa*xc)*(c*d™2 - bxd*e + axe
~2)), x] + Dist[1/((p + 1)*x(b"2 - 4*a*xc)*(cxd"2 - b*d*e + axe”2)), Int[(d +
exx) "m*Simp [bxckd*e*x(2*%p - m + 2) + b72%e”2x(m + p + 2) - 2%xc”2xd"2x(2*p +

3) - 2%axcxe”2*(m + 2*p + 3) - cxex(2xcxd - bkxe)*(m + 2*p + 4)*x, x]*(a +

b*x + c*x72)"(p + 1), x], x] /; FreeQ[{a, b, c, d, e, m}, x] && NeQ[b~2 - 4
xaxc, 0] && NeQ[cxd™2 - bxdxe + axe”2, 0] && NeQ[2*cxd - bxe, 0] && LtQ[p,

-1] && IntQuadraticQ[a, b, ¢, d, e, m, p, x]

Rule 806

Int[((d_.) + (e_.)*x(x_)) " (m_)*x((£f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> -Simp[((e*f - d*xg)*(d + exx)"(m + 1)*(a + b
*x + c*xx”2)7(p + 1))/ (2x(p + 1)*(c*d”2 - bxd*e + a*xe”2)), x] - Dist[(b*(exf
+ d*xg) - 2% (c*xd*xf + axexg))/(2+(c*d”2 - bxd*e + a*xe”2)), Int[(d + exx) " (m
+ 1)*(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] &
& NeQ[b~2 - 4x*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && EqQ[Simplify[m +
2%p + 3], 0]

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd"2 - 4xbxd*e + 4xa*xe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 12
Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match

Qlu, (b )*(v_) /; FreeQ[b, x]]

Rubi steps
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1

Subst ( il

dx, x, tan(d + ex
f cot®(d + ex) ; (1) (a+bizecxt) ( ))
X =

a + btan®(d + ex) + ctan*(d + ex))s/ ¢

1

7 dx, x, tanz(d + ex))

x2(1+x)(a+bx+cx2)

2e

S | —

3/2 3/2
a+bx+cx2) / x(a+bx+cx2) / (1+x)(a+bx+cx2

)3/2) dx, x, tal

2e
1

xz(u+bx+cx2)

f ——5 A%, X, tan?(d + ex)] Subst (f

1

x(a+bx+cx2)3/2

2e

b2 — 2ac + be tan®(d + ex)

=- +

2¢

cot?(d 4

a (bz - 4ac) e\/a +btan®(d +ex) + ctan*(d +ex) a (b2 - 4ac) e

b2 — 2ac + be tan®(d + ex)

=- +

cot?(d 4

a (bz - 4ac) e\/a +btan®(d +ex) + ctan*(d +ex) a (b2 - 4ac) e

b2 — 2ac + be tan®(d + ex)

cot?(d +

a (b2 - 4ac) e\/a +btan®(d +ex) + ctan*(d +ex) a (b2 - 4ac) e

2
tanh_l 2a+b tan“(d+ex) 3b tanh_l
2va

\Ja+b tanz(d+e

2\/5\/%17 tan?(d+ex)+c tan(d-+ex)

2a+b tan?

2a32¢

Mathematica [A] time = 6.06893, size = 555, normalized size = 1.16

2a+b tanz(d+ex)

(% b(8uc—3b2)+2ubc) tanh ™1

4a52¢

2 2\/5\/51+b tanz(d+ex)+c tan4(d+ex) (8ac—3b2) cotz(d-#ex)\la-%—b tanz(d+ex

2 _ 2 2 3/2
) 211C—b tanh 1 2a+b tan“(d+ex) a
2 \/ 2 4
2+/arJa+btan®(d+ex)+c tan®(d+ex)

2a

a3/2 (b2 —4uc) a (b2 —4uc)

Antiderivative was successfully verified.

[In] Integrate[Cot[d + e*x]~3/(a + bxTan[d + exx]"2 + c*Tan[d + e*x]~4)~(3/2),x]

[Out] ((-2%(-b"2/2 + 2%axc)*ArcTanh[(2*a + b*Tan[d + ex*x]~2)/(2*Sqrt[a]l*Sqrt[a +

bxTan[d + e*xx]~2 + c*Tan[d + exx]74])])/(a”(3/2)*(b”2 - 4*a*xc)) + (8x(-b~2/
2 + 2*axc)*ArcTanh[(2*a - b - (-b + 2*c)*Tan[d + e*xx]~2)/(2xSqrt[a - b + c]
xSqrt[a + b*Tan[d + e*x]”2 + c*Tan[d + e*xx]~4])])/(Sqrtla - b + cl*(4xa - 4
*b + 4xc)*(b72 - 4xaxc)) + (2%(-b72 + 2%axc - bxcxTan[d + exx]~2))/(ax(b"2

- 4xaxc)*Sqrt[a + b*Tan[d + e*x]”2 + c*Tan[d + exx]"4]) - (2*Cot[d + e*x]"2
*(-b72 + 2xaxc - bxcxTan[d + e*xx]~2))/(ax(b”2 - 4xaxc)*Sqrt[a + b*Tan[d + e
*xx] 72 + cxTan[d + exx]74]) - (2%(-b~2 + 2%axc + b*c + c*(-b + 2xc)*Tan[d +

exx]"2))/((a - b + c)*(b"2 - 4xaxc)*Sqrt[a + bxTan[d + e*x]"2 + cxTan[d + e
*xx]74]) - (2x(((2%axbxc + (b*(-3*%b~2 + 8*a*c))/2)*ArcTanh[(2*a + b*Tan[d +

exx]~2)/(2xSqrt [a] *Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + exx]~4]1)])/(2*a~(3
/2)) - ((-3%b~2 + 8xaxc)*Cot[d + exx] 2+Sqrt[a + b*Tan[d + e*xx]"2 + cxTanl[d
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+ exx]74])/(2xa)))/(a*x(b™2 - 4xaxc)))/(2xe)

Maple [F] time = 0.449, size = 0, normalized size = 0.

3

f (cot (ex +d))* (a + b (tan (ex + d))* + ¢ (tan (ex + d))*) ? dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(e*x+d) "3/ (at+b*tan(e*x+d) 2+c*tan(exx+d)~4)~(3/2),x)

[Out] int(cot(exx+d) 3/ (a+tbxtan(exx+d) “2+cxtan(exx+d)~4)~(3/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="maxima"

[Out] Timed out

Fricas [B] time = 35.9487, size = 11061, normalized size = 23.19

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(e*x+d) 3/ (atb*tan(e*xx+d) ~2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="fricas")

[Out] [-1/8*(2*%((a”3%b~2*c - 4*xa~4*c 2)*tan(e*x + d)~6 + (a~3%b~3 - 4*a~4xb*c)*ta
n(exx + d)~4 + (a”4*%b~2 - 4xa”bxc)*tan(e*xx + d)~2)*sqrt(a - b + c)*log(((b~
2 + 4x(a - 2*b)*c + 8xc"2)xtan(e*x + d)"4 + 2*x(4d*xaxb - 3*b"2 - 4*(a - b)*c)
xtan(exx + d)72 - 4xsqrt(cxtan(e*x + d)~4 + bxtan(e*x + d)"2 + a)*((b - 2*c
)*tan(exx + d)72 + 2*%a - b)*sqrt(a - b + c) + 8*%a”2 - 8xa*xb + b~2 + 4x*axc)/
(tan(e*x + d)74 + 2xtan(exx + d)~2 + 1)) - ((4x(2*a”2 + 3*xaxb)*xc”4 + (16*a”
3 + 8%a”2xb - 26*xa*xb”2 - 3*%b"3)*c”3 + 2*%(4*xa”4 - 2*xa"3*b - 10*a"2*%b"2 + 5*a
*b73 + 3*b74)*c”T2 - (2*%a"3%b72 - a"2%b"3 - 4*xaxb”4 + 3xb~5)*c)*tan(e*x + d)
"6 - (2*%a”3*b"3 - a"2*b"4 - 4xaxb”5 + 3*%b”6 - 4*x(2*%a"2xb + 3*xaxb"2)*c”3 - (
16%a"3%b + 8*%a~2%b"2 - 26*a*xb”3 - 3*%b"4)*c”2 - 2% (4*a~4xb - 2%a"3*xb"2 - 10%
a~2%b~3 + b*axb”4 + 3*b~5)xc)*tan(e*x + d)"4 - (2*%a"4*b"2 - a~3%b"3 - 4*a”2
*b~4 + 3*a*xb”™5 - 4x(2*a~3 + 3*a"2%b)*c”3 - (16*a”~4 + 8*xa~3xb - 26*a"2*%b"2 -
3*xa*xb”"3)*c”2 - 2% (4*a”5 - 2*a"4xb - 10*%a"3*b”2 + 5xa"2*xb"3 + 3*axb~4)*c)*t
an(exx + d)~2)*sqrt(a)*log(((b~2 + 4xa*c)*tan(exx + d)~4 + 8*xaxb*xtan(exx +
d)"2 + 4xsqrt(c*xtan(exx + d)~"4 + bxtan(exx + d)72 + a)*(b*tan(exx + d)~2 +
2*xa)*sqrt(a) + 8%a”2)/tan(exx + d)74) - 4*x(a"4xb”2 - 2*%a"3%b”"3 + a"2%b"4 -
4xa~3%c”3 - (8*xa"2%c”4 + 3*(4*a”3 - 6*xa"2xb - ax*b"2)*c”3 + 2*%(2*a”"4 - 7*a”3
*b + 3*a”2*%b72 + 3*axb"3)*c”2 - (a"3*%b”2 - 4*a”2*b”"3 + 3*axb~4)*c)*tan(e*x
+ d)"4 - (8%a"4 - 8*a"3x%b - a"2*%b"2)*c”2 + (a"3*b"3 - 4*xa~2*b"4 + 3*xaxb”5 -
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2% (2*%a”3 + 5*a"2xb)*c”3 - (4%a”4 + 10*a”3*b - 22*a~2xb"2 - 3*a*b~3)*c”2 -
2% (2*%a~4*b - 8*a”3*b”"2 + 4*xa~2xb~3 + 3*axb”4)*c)*tan(exx + d)"2 - 2%(2*a”5
- 4xa”4xb + a”3%b"2 + a"2#b”"3)*c)*sqrt(cxtan(exx + d)"4 + bxtan(exx + d)~2
+ a))/((4*a"4*xc™4 + (8*a~5 - 8*a"4*b - a"3*b"2)*c”3 + 2% (2*¥a”6 - 4*a”b*xb +
a~4*¥b"2 + a”3*b"3)*c”2 - (a"5*%b"2 - 2*%a"4*b"3 + a"3*b”"4)*c)*extan(exx + d4d)”
6 - (a”5*%b"3 - 2*a~4%b”4 + a~3*b~5 - 4xa~4*bxc”3 - (8*a"5*b - 8*a~4%b”2 - a
“3%b73)*c”2 - 2% (2*a"6xb - 4%a~5%b"2 + a”4*b”3 + a~3*b~4)xc)*extan(e*x + d)
4 - (a"6*b”2 - 2*a"b*b"3 + a~4%b”4 - 4*a”b*c”3 - (8*a"6 - 8xa~b*b - a~4*b”
2)*%c72 - 2%(2*%a”7 - 4*a"6xb + a~5*%b"2 + a"4*xb”"3)*c)*extan(exx + d)72), -1/4
*(((4%(2*%a"2 + 3*axb)*c™4 + (16%a~3 + 8*a™2*b - 26*a*b™2 — 3*b~3)*c”3 + 2x*(
4x3"4 - 2%a”3%b - 10%a"2%b"2 + 5*a*xb~3 + 3*%b"4)*c”2 - (2%a"3%b"2 - a"2%b"3
- 4*axb”4 + 3*b~5)*c)*tan(exx + d)76 - (2%a”3%b"3 - a"2%b"4 - 4*xaxb”5 + 3*b
"6 - 4% (2*a”2*b + 3*axb"2)*c”3 - (16*a"3*b + 8*a"2*b"2 - 26*axb”3 - 3*¥b~4)*
c”2 - 2%(4*a"4%b - 2*a”"3*b"2 - 10*a"2%b"3 + b*axb"4 + 3*xb"5)*c)*xtan(e*x + d
)74 - (2%¥a"4%b"2 - a”"3*b”"3 - 4*a"2*b"4 + 3*axb”5 - 4*x(2*%a”3 + 3*a"2xb)*c”3
- (16xa”4 + 8*a"3*b - 26*a~2*b”"2 - 3*a*xb~3)*c"2 - 2*x(4*a”5 - 2*a~4xb - 10*a
“3*%b"2 + 5xa”2%b”"3 + 3%axb~4)*c)*tan(exx + d) 2)*sqrt(-a)*arctan(1l/2*sqrt(c
xtan(e*x + d)74 + bxtan(e*x + d)~2 + a)*(b*tan(e*x + d)~2 + 2*a)*sqrt(-a)/(
axcxtan(exx + d)74 + axbxtan(exx + d)72 + a”2)) + ((a”3*b"2%c - 4xa~4*xc~2)*
tan(exx + d)76 + (a"3*%b~3 - 4xa"4xbxc)*tan(e*x + d)"4 + (a"4*xb~2 - 4xa~5x*c)
xtan(e*xx + d)~"2)*sqrt(a - b + c)*xlog(((b™2 + 4x(a - 2*b)*c + 8*c~2)*tan(e*x

+ d)"4 + 2x(4*xaxb - 3*xb"2 - 4x(a - b)*c)*tan(exx + d)~2 - 4*sqrt(cxtan(exx

+ d)74 + bxtan(e*xx + d)72 + a)*x((b - 2*c)*tan(exx + d)~2 + 2*%a - b)*sqrt(a

- b+ c) + 8%¥a"2 - 8*axb + b"2 + 4xaxc)/(tan(e*x + d)"4 + 2*tan(exx + d)~2

+ 1)) - 2%x(a"4*b"2 - 2%a"3%b"3 + a"2*b"4 - 4*a"3*%c”3 - (8*a"2*c"4 + 3*x(4x*a
"3 - 6*%a”2*b - a*b"2)*c”3 + 2% (2*¥a"4 - T*a"3*b + 3*a"2*%b"2 + 3*axb"3)*c"2 -

(a™3*b"2 - 4*xa~2%b~3 + 3*axb~4)*c)*tan(exx + d)"4 - (8*a"4 - 8*a~3%b - a2
*b72)*c”2 + (a”3*b"3 - 4*a"2xb"4 + 3*axb”5 - 2% (2*%a”3 + 5xa~2xb)*c”3 - (4*a
“4 + 10%a”3%b - 22*a"2*b"2 - 3*axb”3)*c”2 - 2% (2*%a"4xb - 8*xa~3*b"2 + 4*xa~ 2%
b~3 + 3*axb~4)*c)*tan(e*xx + d)72 - 2*x(2*xa”5 - 4*xa~4*b + a"3*b"2 + a"2*xb"3)*
c)*sqrt(cxtan(exx + d)"4 + bxtan(exx + d)72 + a))/((4*a~4*c™4 + (8xa~5 - 8%
a~4*xb - a"3*b"2)*c"3 + 2*x(2*¥a”6 - 4*a~5xb + a~4*b”2 + a"3*b"3)*c"2 - (a~5*b
"2 - 2%a"4*b”3 + a"3*b"4)*c)*extan(e*x + d)76 - (a”5*b"3 - 2xa~4%b~4 + a~3*
b™5 - 4*a~4xb*xc”3 - (8*a"b*b - 8*a~4*b"2 - a~3*%b"3)*c”2 - 2% (2*a"6xb - 4xa”
5%¥b72 + a”4*b”3 + a"3*b"4)*c)*extan(e*x + d)74 - (a"6%b"2 - 2%a”5*%b"3 + a"4
*b~4 - 4*a”5xc”3 - (8*a"6 - 8*xa~bxb - a4*b"2)*c”2 - 2%x(2*%a”7 - 4*a"6*b + a
“B*b72 + a"4xb"3)*c)*extan(e*x + d)72), 1/8*x(4x((a”~3%b"2*%c - 4*a~4*c”2)*tan
(exx + d)76 + (a”3*b”3 - 4*xa~4xbxc)*tan(e*x + d)~4 + (a~4*xb~2 - 4xa~b*c)*ta
n(exx + d)~2)*sqrt(-a + b - c)*arctan(-1/2*sqrt(c*tan(exx + d)~4 + bxtan(ex
x + d)72 + a)*((b - 2xc)*tan(e*xx + d)~2 + 2%a - b)*sqrt(-a + b - ¢c)/(((a -
b)*c + c"2)*tan(e*x + d)"4 + (a*b - b™2 + bxc)*tan(e*x + d)72 + a”2 - axb +

axc)) + ((4x(2*a”"2 + 3*xaxb)*c”4 + (16*%a”3 + 8*a"2%b — 26*a*xb~2 - 3*b~3)*c”
3 + 2%(4*a”4 - 2xa~3%b - 10*%a"2%b"2 + b*xaxb”3 + 3*xb"4)*c”2 - (2*%a"3*b"2 - a
“2%b~3 - 4xaxb”4 + 3xb"5)*c)*tan(exx + d)76 - (2*xa”3*b"3 - a"2*xb"4 - 4xaxb”
5 + 3*%b76 - 4*x(2*%a”"2%b + 3*axb~2)*c”3 - (16*a”3*b + 8*a"2*xb"2 - 26*a*b~3 -
3*b74)*c"2 - 2x(4*xa~4xb - 2*¥a"3*%b"2 - 10*a"2*xb"3 + 5xaxb~4 + 3*b~5)*c)*tan(
exx + d)74 - (2%a”4*b”2 - a~3*%b"3 - 4*a”2%b"4 + 3*kaxb"5 - 4x(2%a”3 + 3*ka 2%
b)*c™3 - (16xa~4 + 8*a~3*b - 26*a”"2*xb"2 - 3xaxb~3)*c”2 - 2*(4*a”5 - 2*xa~4xb

- 10*%a”3*b~2 + 5*a"2xb~3 + 3*axb~4)*c)*tan(exx + d)"2)*sqrt(a)*log(((b~2 +

4xaxc)*tan(exx + d)~4 + 8*xaxb*tan(e*xx + d)~2 + 4xsqrt(ckxtan(exx + d)74 + Db
xtan(exx + d)72 + a)*(bxtan(exx + d)72 + 2xa)*sqrt(a) + 8*a~2)/tan(exx + d)
~4) + 4%(a”4*b"2 - 2*a"3*b"3 + a"2%b"4 - 4*a”3*c”3 - (8*xa"2xc”4 + 3*(4*a”3
- 6*%a”2%b - a*b”2)*c”3 + 2% (2*a"4 - 7*xa~3*b + 3*¥a"2*b"2 + 3xaxb”"3)*c”2 - (a
“3%b~2 - 4*a”2*b”3 + 3*xaxb~4)x*c)*tan(e*x + d)"4 - (8*a~4 - 8xa~3%b - a"2*b”
2)*%c”2 + (a"3*b73 - 4*a"2*b"4 + 3*axb”5 - 2*%(2*a”3 + 5*xa"2xb)*c”3 - (4*a"4
+ 10%a"3*%b - 22*a~2%b"2 - 3*xaxb"3)*kc"2 - 2% (2*a"4xb - 8*xa~3*b"2 + 4*xa~2%b"3

+ 3*axb"4)*c)*tan(exx + d)72 - 2x(2*a”"5 - 4*a~4xb + a~3*%b"2 + a"2xb"3)*c)*
sqrt(cxtan(e*x + d)~4 + b¥tan(e*xx + d)~2 + a))/((4*xa~4*c™4 + (8*a”b - 8*a"4
*b - a”3*b72)*c”3 + 2% (2*xa"6 - 4*a~b*b + a"4*b”2 + a"3*b"3)*c”2 - (a~5%b"2
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- 2%a"4%b"3 + a”"3*b"4)*c)*extan(e*xx + d)76 - (a"5*b"3 - 2xa~4%b~4 + a~3*b”5
- 4*a”4xbxc”3 - (8*a"bxb - 8*a~4%b”2 - a”"3*b"3)*c"2 - 2% (2*a"6%b - 4*a”b5x*b
"2 + a”4%b"3 + a"3*b"4)*c)*extan(e*x + d)74 - (a"6*xb"2 - 2*xa”5*b"3 + a~4xb”
4 - 4x3"5xc”3 - (8*a"6 - 8*a"b*b - a"4xb"2)*c”2 - 2%(2*a”7 - 4*a"6xb + a~b*
b"2 + a~4xb~3)*c)*extan(exx + d)72), -1/4x(((4*(2*a"2 + 3*axb)*c™4 + (16%a”
3 + 8%a”2xb - 26*xaxb”2 - 3*b"3)*c”3 + 2% (4*xa”"4 - 2%a"3%b - 10*%a"2%b"2 + 5x*a
*b~3 + 3*b74)*c”2 - (2*%a"3%b"2 - a"2%b"3 - 4*xaxb”4 + 3xb~5)*c)*tan(e*x + d)
"6 - (2*%a”3*b”3 - a"2*b"4 - 4xaxb”5 + 3*%b76 - 4*(2*%a"2xb + 3*xaxb"2)*c”3 - (
16%a"3*%b + 8*a~2%b"2 — 26*a*xb”3 - 3*%b"4)*xc”2 - 2% (4*a~4xb - 2%a"3*xb"2 - 10%
a~2%b"3 + B*xaxb"4 + 3xb~5)*c)*tan(e*x + d)"4 - (2*xa"4*b"2 - a~3*%b"3 - 4*a”2
*b"4 + 3*axb”5 - 4x(2*a”3 + 3*a"2%b)*c”3 - (16*a”"4 + 8*a”~3%b - 26%a”2*b"2 -
3*xa*xb”3)*c”2 - 2% (4*a”5 - 2*a~4xb - 10*%a”3*b”2 + 5*xa~2*xb"3 + 3*axb~4)*c)*t
an(exx + d)72)*sqrt(-a)*arctan(1/2*sqrt(c*tan(e*xx + d)~4 + bxtan(exx + d)72
+ a)*(bxtan(e*x + d)~2 + 2*a)*sqrt(-a)/(axcxtan(e*x + d)~4 + a*bxtan(exx +
d)"2 + a”2)) - 2x((a"3*%b"2*c - 4*a"4*xc"2)*tan(exx + d)76 + (a"3*b"3 - 4*a”
4xbxc)*tan(e*xx + d)74 + (a"4*b~2 - 4*xa~bxc)*tan(exx + d)”"2)*sqrt(-a + b - ¢
)*arctan(-1/2*sqrt(cxtan(exx + d)~4 + bxtan(exx + d)72 + a)*((b - 2*c)*tan(
exx + d)72 + 2%a - b)*sqrt(-a + b - ¢)/(((a - b)*c + c"2)*tan(exx + d)"4 +
(axb - D72 + bxc)*tan(exx + d)72 + a™2 — a*b + ax*c)) - 2x(a~4*%b"2 - 2*a”~3%b
"3 + a”2+%b"4 - 4*a”3%c”3 - (8%a"2%c”4 + 3*k(4*a”3 - 6*xa"2xb - a*b"2)*c”3 + 2
*(2%¥a”4 - 7*a"3*%b + 3*%a"2*%b"2 + 3*xaxb”3)*c”2 - (a"3*b"2 - 4%a"2%b"3 + 3*axb
“4)+c)*tan(e*xx + d)"4 - (8xa~4 - 8*a"3*b - a"2*b”"2)*c”2 + (a~3%b"3 - 4*a”2%
b~4 + 3*axb”5 - 2% (2%¥a”3 + 5*a"2*%b)*c”3 - (4xa~4 + 10*a"3*b - 22*%a"2*xb"2 -
3*xaxb"3)*xc"2 - 2x(2*xa~4*b - 8*a"3*b"2 + 4*a"2*xb"3 + 3*axb~4)*c)*tan(exx + d
)72 - 2%x(2*%a”h5 - 4%a”4xb + a”3*%b"2 + a"2*b~3)*c)*sqrt(cxtan(exx + d)~4 + bx
tan(exx + d)72 + a))/((4*a"4*xc™4 + (8*xa~5 - 8*a~4*b - a"3*b"2)*c”3 + 2x(2*a
"6 - 4%a"5*%b + a"4*b"2 + a~3*b"3)*c”2 - (a"5*b"2 - 2%a"4*b"3 + a~3*%b"4)*c)*
extan(e*x + d)76 - (a”5*b~3 - 2*¥a~4%b~4 + a~3*b”5 - 4*a~4xbxc”3 - (8*a~5*b
- 8%a"4*b”2 - a"3*b"3)*c”2 - 2% (2*¥a"6*b - 4*a”"5*b"2 + a~4xb"3 + a~3*b"4)*c)
*extan(e*x + d)74 - (a"6%b"2 - 2%a”5%b"3 + a"4*b"4 - 4x3a"5xc”3 - (8*a"6 - 8
*a"5%b - a"4*b"2)*c"2 - 2% (2*a”7 - 4*a"6*b + a"5*b"2 + a~4*xb"3)*c)*extan(ex*
x + d)72)]

Sympy [F] time = 0., size = 0, normalized size = 0.

cot® (d + ex)

dx

3
(a + btan? (d + ex) + ctan* (d + ex))2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)**3/(atb*tan(e*x+d)**2+c*tan(e*xx+d)**4)**(3/2) ,x)

[Out] Integral(cot(d + exx)**3/(a + bxtan(d + exx)**2 + cxtan(d + exx)**x4)**(3/2)
, X)

Giac [F] time = 0., size = 0, normalized size = 0.

cot (ex + al)3

5 dx
(c tan (ex + d)* + btan (ex + d) + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(exx+d)~3/(atb*tan(exx+d) 2+cxtan(e*xx+d)~4)~(3/2),x, algorithm
="giac")
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[Out] integrate(cot(e*xx + d)~3/(cxtan(e*xx + d)~4 + bxtan(e*x + d)72 + a)~(3/2), x
)
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tan?(d+ex)

3.51 dx

3/2
(a+b tanz(d+ex)+c tan4(d+ex)) /

Optimal. Leaf size=981

result too large to display

[Out] -ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrt[a + b*Tan[d + e*x]~2 + c*Tan[d
+ exx]74]11/(2%(a - b + ¢c)7(3/2)*e) + (Tan[d + exx]*(b~2 - 2*a*c - bxc + (b
- 2xc)*c*xTan[d + e*xx]~2))/((a - b + c)*(b"2 - 4*axc)*exSqrt[a + b*Tan[d + e
*x] 72 + cxTan[d + exx]74]) - ((b - 2xc)*Sqrtlcl*Tan[d + exx]*Sqrt[a + b*Tan
[d + exx]”2 + c*Tan[d + e*xx]"4])/((a - b + c)*(b™2 - 4xaxc)*ex(Sqrt[a] + Sq
rt[c]*Tan[d + e*xx]~2)) + (a~(1/4)*(b - 2xc)*c”(1/4)*EllipticE[2*ArcTan[(c~(
1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtlal + Sqrtlc
1*Tan[d + e*x]"2)*Sqrt[(a + b*Tan[d + e*x]”2 + cxTan[d + exx]~4)/(Sqrtl[a] +
Sqrt[c]*Tan[d + exx]"2)72])/((a - b + c)*(b~2 - 4*axc)*exSqrt[a + b*Tan[d
+ e*xx]72 + cxTan[d + exx]~4]) + (c~(1/4)*EllipticF[2xArcTan[(c~(1/4)*Tan(d
+ exx])/a”~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/4]*(Sqrtlal + Sqrtlcl*Tan[d + e
xx]"2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4)/(Sqrtla] + Sqrt[c]*Ta
nld + exx]~2)72])/(2%a~(1/4)*(Sqrt[al] - Sqrtlcl)*(a - b + c)*exSqrt[a + b*T
an[d + exx]"2 + c*Tan[d + e*x]"4]) - ((Sqrtla] - Sqrtlc])*c~(1/4)*EllipticF
[2%ArcTan[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sq
rt[a]l + Sqrtlcl*Tan[d + e*xx] 2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + ex*x]
~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)72])/(2%a~(1/4)*(b - 2*Sqrt[a]*Sqrt[c
D*(a - b + c)*exSqrta + b*Tan[d + e*x]"2 + cxTan[d + exx]~4]) - ((Sqrt([al
+ Sqrt[c])*EllipticPi[-(Sqrt[al - Sqrtl[c])~2/(4xSqrtlal*Sqrt[c]), 2*ArcTan
[(c™(1/4)*Tanl[d + e*x])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]*(Sqrtla] + S
grtlc]*Tan[d + e*xx]~2)*Sqrt[(a + b*Tan[d + e*xx]"2 + cxTan[d + exx]~4)/(Sqrt
[a] + Sqrtlc]*Tan[d + exx]~2)72])/(4*a~(1/4)*(Sqrtla]l - Sqrtlcl)*c~(1/4)*(a
- b + c)*exSqrt[a + b*Tan[d + e*xx]~2 + cxTan[d + exx]~4])

Rubi [A] time = 0.87551, antiderivative size = 981, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 8, integrand size = 35, e .

0.229, Rules used = {3700, 1315, 1178, 1197, 1103, 1195, 1216, 1706}

integrand size

_ Va—b+c tan(d+ex) 4 4
tan~! a(b - 2c) cE(Zt
. \/ctan4(d+ex)+btan2(d+ex)+a (b- ZC)\/Etan(d + ex)\/c tan4(d +ex)+b tanz(d +ex)+a \/_ \/_
- +
2(a—b+c)¥%e (a-b+0) (b2 -~ 4ac) e (\/Etanz(d +ex) + \/E)

Antiderivative was successfully verified.

[In] Int[Tan[d + ex*x]"2/(a + bxTan[d + e*x]~2 + cxTan[d + ex*x]~4)~(3/2),x]

[Out] -ArcTan[(Sqrt[a - b + c]*Tan[d + exx])/Sqrt[a + b*Tan[d + e*x]”2 + c*Tan[d
+ exx]74]]1/(2%(a - b + ¢c)7(3/2)*e) + (Tan[d + e*x]*(b"2 - 2%a*xc - bxc + (b
- 2xc)*c*Tan[d + e*x]"2))/((a - b + c)*(b”2 - 4*axc)*e*xSqrt[a + bxTan[d + e
*xx] 72 + cxTan[d + exx]"4]) - ((b - 2xc)*Sqrtlcl*Tan[d + exx]*Sqrt[a + b*Tan
[d + exx]~2 + cxTan[d + exx]"4])/((a - b + c)*(b"2 - 4xa*xc)*ex(Sqrt[a]l + Sq
rt[c]*Tan[d + e*x]72)) + (a~(1/4)*(b - 2*c)*c”(1/4)*EllipticE[2*ArcTan[(c”(
1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]*(Sqrtla]l + Sqrtlc
1xTan[d + exx]~2)*Sqrt[(a + b*Tan[d + e*x]”2 + c*Tan[d + e*xx]~4)/(Sqrt[a] +
Sqrt[cl*Tan[d + exx]~2)72])/((a - b + c)*x(b~2 - 4*axc)*exSqrt[a + b*Tan[d
+ exx] "2 + c*Tan[d + e*x]~4]) + (c~(1/4)*EllipticF[2*ArcTan[(c~(1/4)*Tan([d
+ exx])/a”~(1/4)], (2 - b/(Sqrt[al*Sqrtlc]l))/4]1*(Sqrtl[a]l + Sqrtl[cl*Tan[d + e
*xx]"2)*Sqrt[(a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4)/(Sqrt[al + Sqrt[cl*Ta
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nld + exx]~2)72])/(2%a~(1/4)*(Sqrt[a] - Sqrtlc])*(a - b + c)*exSqrt[a + b*T
an[d + e*x]"2 + cxTan[d + exx]"4]) - ((Sqrtla] - Sqrtlc])*c~(1/4)*EllipticF
[2%ArcTan[(c™(1/4)*Tan[d + ex*xx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrt(c]))/4]1*(Sq
rt[a] + Sqrtlcl*Tan[d + exx]"2)*Sqrtl[(a + b*Tan[d + e*x]"2 + c*Tan[d + ex*x]
~4)/(Sqrtla] + Sqrtlc]*Tan[d + exx]~2)"2])/(2%¥a~(1/4)*(b - 2*Sqrt[a]*Sqrtlc
1)*(a - b + c)*e*xSqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4]) - ((Sqrt[a]
+ Sqrt[c])*EllipticPi[-(Sqrt[al - Sqrtlc])~2/(4*Sqrtl[al*Sqrtlc]), 2*ArcTan
[(c™(1/4)*Tan[d + exx])/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1*(Sqrtl[a]l + S
grtlc]*Tan[d + e*xx]~2)*Sqrt[(a + b*Tan[d + e*x]"2 + cxTan[d + exx]~4)/(Sqrt
[a]l + Sqrtlcl*Tan[d + exx]~2)72])/(4xa~(1/4)*(Sqrtlal - Sqrtlcl)*c~(1/4)*(a
- b + c)*exSqrt[a + b*Tan[d + e*x]~2 + c*Tan[d + e*xx]~4])

Rule 3700

Int[tan[(d_.) + (e_)*(x )] " (m_.)*((a_.) + (b_.)*((f_.)*tan[(d_.) + (e_.)*(
x )" (n_.) + (c_)*((f_*tan[(d_.) + (e_.)*(x)D1)"(n2_.))"(p_), x_Symbol]
:> Dist[f/e, Subst[Int[((x/f) " m*x(a + b*x"n + c*x~(2*n)) " p)/(£72 + x72), x]
, X, f*Tan[d + e*x]], x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && EqQ[n2
, 2¥n] && NeQ[b~2 - 4xaxc, 0]

Rule 1315

Int [(C(F_D)*(x )"~ (m_)*((a_.) + (b_)*(x )72 + (c_.)*(x_)"4)"(p_))/((d_.)
+ (e_.)*(x_)72), x_Symbol] :> Dist[f~2/(c*d"2 - bxd*e + a*e”2), Int[(f*x) (
m - 2)x(axe + ckd*x"2)*(a + b¥x"2 + c*x"4)7p, x], x] - Dist[(dxexf~2)/(c*xd”
2 - bxdxe + axe”2), Int[((f*x)"(m - 2)*(a + b*xx"2 + cxx"4) " (p + 1))/(d + ex
x72), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b~2 - 4*axc, 0] && LtQ[
p, —-11 && GtQ[m, 0]

Rule 1178

Int[((d ) + (e_)*(x )"2)*((a ) + (b_.)*(x )"2 + (c_.)*(x_)"4)"(p_), x_Symb
0ol] :> Simp[(x*(a*b*xe - d*(b~2 - 2%axc) - c*(bxd - 2*a*xe)*x"2)*(a + b*x"2 +
c*¥x”4) " (p + 1))/ (2*xax(p + 1)*(b~2 - 4xaxc)), x] + Dist[1/(2xax(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbke - 2%akxc*xdx(4xp + 5) + (4*p + 7
)k (d*b - 2kaxe)*c*x”2, x]*(a + b*x"2 + cxx"4)"(p + 1), x], x] /; FreeQ[{a,
b, ¢, d, e}, x] && NeQ[b~2 - 4*xa*xc, 0] && NeQ[c*d"2 - b*d*e + a*xe™2, 0] &&
LtQ[p, -1] && IntegerQ[2xp]

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + cxx"4
1, x], x] - Distle/q, Int[(1 - g*x"2)/Sqrtla + b*x"2 + c*x"4], x], x] /; Ne
Qe + dxq, 011 /; FreeQ[{a, b, c, d, e}, x] & NeQ[b~2 - 4xaxc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*xx72)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)72)]*
EllipticF[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(2%q*Sqrta + b*x~2 + c*x"4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1195

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 41}, -Simp[(d*x*Sqrtl[a + b*x"2 + c*x74])/(ax(1 + q~
2%x72)), x] + Simp[(d*(1 + gq~2*x"2)*Sqrt[(a + b*x"2 + cxx~4)/(ax(1 + g 2*x"
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2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*xx"2 + ¢
*x74]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
dxaxc, 0] && PosQ[c/al

Rule 1216

Int[1/(C(d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*exq)/(c*d"2 - a*xe”2), Int[1/
Sqrt[a + b*x"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(cxd”2 - a*e”2), Int
[(1 + g*x~2)/((d + exx~2)*Sqrt[a + b*x"2 + cxx~4]), x]1, x1] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b"2 - 4*xaxc, 0] && NeQ[c*d"2 - bxd*e + a*xe”2, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQl[c/al

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x"4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ b*x72 + cxx74))/(a*x(A + B*xx"2)72)]*E1lipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexAxB))], 2xArcTan[q*x], 1/2 - (bxA)/(4*a*B)])/(4d*d*exAxq*Sqrta + b*x~2
+ c*xx~4]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4x*ax*xc, 0] &&
NeQ[c*d™2 - b*d*xe + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps
) Subst S 3 dx, x, tan(d + ex))
f tan®(d + ex) J (1+x2)(u+bx2+cx4)
X =
(a + btan®(d + ex) + ctan*(d + ex))3 ’ €
Subst _we? dx, x, tan(d + ex ) 1
B f (a+bx2+cx4)3/2 ( ) Subst f (1+x2)m a
B (a-b+c)e (a-b+c)
\/a Subs

tan(d + ex) (b2 —2ac - be + (b - 2¢)c tan®(d + ex))

(a-b+c) (b2 - 4ac) e\/a + btan®(d + ex) + ctan*(d + ex)

tan 1 Va—b+ctan(d+ex)
\/u+btan2(d+ex)+ctan4(d+ex) tan(d + ex) (bz —2ac - bc + |

+
_ 3/2
2a=b+c)e (a-b+c) (b2—4ac)e\/a+btar_

tan_l \/F-I—Ctan(nﬂex)
\/a+btan2(d+ex)+ctan4(d+ex) tan(d + ex) (bz —2ac —bec + (

+
— 32 /
2(a—-b+c)l% (a—b+c)(b2—4aC)3 a+btar

Mathematica [C] time = 34.0306, size = 831, normalized size = 0.85

4 cos(2(d+ex))a+cos(4(d+ex))a+3a+b+3c—4c cos(2(d+ex))—b cos(4(d+ex))+c cos(4(d+ex)) [ (b—2c) sin(2(d+ex)) 2 sin(2(d+ex))b2+sin(4(d+ex))b?—2c si
4 cos(2(d+ex))+cos(4(d+ex))+3 2(—a+b—c)(b2—4ac) (a—b+c)(4ac—b2)(—4 cos(2(d+ex)
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Warning: Unable to verify antiderivative.

[In] Integrate[Tan[d + exx]"2/(a + b*Tan[d + e*x]~2 + c*Tan[d + e*x]~4)~(3/2),x]

[Out] (Sqrt[(3*a + b + 3*c + 4xa*Cos[2*(d + e*x)] - 4xc*Cos[2*x(d + e*x)] + axCos[
4x(d + e*xx)] - bxCos[4x(d + exx)] + c*Cos[4x(d + e*x)])/(3 + 4xCos[2x(d + e
*x)] + Cos[4*x(d + exx)])]*(((b - 2*%c)*Sin[2+(d + e*x)])/(2%(-a + b - c)*(b~
2 - 4xaxc)) + (2xb72x3in[2%(d + e*x)] - 4*axc*Sin[2+(d + e*x)] - 4*c”2*3in[
2%(d + exx)] + b™2x3in[4*(d + e*x)] - 2%axc*Sin[4x(d + e*x)] - 2*b*c*Sin[4x
(d + exx)] + 2xc™2%3in[4*(d + exx)])/((a - b + c)*(-b"2 + 4xaxc)*(-3%a - b
- 3%c - 4xa*xCos[2x(d + e*x)] + 4xc*Cos[2%(d + exx)] - a*Cos[4*(d + e*x)] +
bxCos[4*(d + e*xx)] - c*Cos[4x(d + exx)]))))/e + ((I*Sqrt[2]*((b - 2xc)*(-b
+ Sqrt[b~2 - 4xaxc])*EllipticE[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*a
xc])]*Tan[d + exx]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xa*xc])] + (b~
2 - bxSqrt[b~2 - 4*axc] + 2xcx(-2*a + Sqrt[b~2 - 4*axc]))*EllipticF[I*ArcSi
nh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*Tan[d + e*x]], (b + Sqrt[b~2 - 4
xaxc])/(b - Sqrt[b”2 - 4xaxc])] - 2x(b"2 - 4xaxc)*EllipticPi[(b + Sqrt[b~2
- 4xaxc])/(2%c), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xa*xc])]*Tan[d +
exx]], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xaxc])])*Sqrt[(b + Sqrt[b~2
- 4xaxc] + 2xc*Tan[d + e*x]"2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[1l + (2*cxTan[
d + exx]72)/(b - Sqrt[b~2 - 4*a*xc])])/Sqrtlc/(b + Sqrt[b™2 - 4*axc])] - (4%
(b - 2xc)*Tan[d + exx]*(a + bxTan[d + exx]~2 + c*Tan[d + e*x]~4))/(1 + Tan[
d + exx]72))/(4x(a - b + c)*x(-b72 + 4xaxc)*exSqrtla + b*Tan[d + e*x]~2 + cx
Tan[d + exx]~4])

Maple [B] time = 0.163, size = 3598, normalized size = 3.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int(tan(exx+d) "2/ (a+b*tan(e*x+d) "2+cxtan(exx+d) ~4)~(3/2),x)

[Out] 1/ex(-2%c*x(1/2%b/a/(4*axc-b~2)*tan(exx+d) "3-1/2*(2*xaxc-b~2)/a/(d*xa*xc-b~2)/c
*tan (e*xx+d) )/ ((tan(e*xx+d) ~4+b/c*tan(e*xx+d) "2+a/c)*c) ~(1/2)+1/4* (1/a- (2*a*xc-
b~2) /a/ (4xaxc-b"2))*27(1/2) / ((~b+(-4*axc+b™2) " (1/2))/a) " (1/2) *(4-2* (-b+(-4x*
axc+b~2) " (1/2)) /axtan(exx+d) ~2) ~(1/2) * (4+2* (b+ (-4*a*xc+b~2) " (1/2) ) /axtan(e*x
+d) "2) " (1/2) / (atbxtan(e*x+d) “2+c*tan (e*xx+d) “4) ~(1/2) *EllipticF (1/2*tan (e*x+
A) %27 (1/2) *((-b+(-4*a*xc+b~2) " (1/2))/a) " (1/2) ,1/2* (-4+2xb* (b+ (-4*a*c+b”2) "~ (1
/2))/a/c)~(1/2))-1/2xb/ (4d*axc-b~2)*cx2~(1/2) / ((-b+(-4*a*xc+b~2)~(1/2))/a)~ (1
/2) % (4-2% (-b+(—4*xaxc+b~2) ~(1/2)) /a*xtan(e*x+d) ~2) ~(1/2) x (4+2%* (b+ (-4*a*c+b~2)
~(1/2))/axtan(exx+d) ~2) " (1/2)/(atb*tan(e*x+d) ~2+cxtan (exx+d) ~4) ~(1/2) / (b+ (-
4xa*xc+b”2) " (1/2))*(EllipticF (1/2*xtan(exx+d) *27 (1/2) * ((~b+(-4*a*xc+b~2)~(1/2)
)/a) " (1/2) ,1/2x (=4+2*b* (b+ (-4*a*xc+b™2) ~(1/2))/a/c)~(1/2) )-EllipticE(1/2*tan
(exx+d)*27 (1/2) * ((-b+(-4*a*xc+b~2)~(1/2))/a)~(1/2) ,1/2*x (-4+2*b* (b+ (-4*a*xc+b”™
2)7(1/2))/a/c)~(1/2)))+2xcx(1/2* (2*a*xc-b~2+b*c) /a/ (4*xaxc-b~2) /(a-b+c) *tan (e
*x+d) "3+1/2* (3*axbxc-2*xaxc~2-b"3+b"2*c) /a/ (4d*xaxc-b~"2) / (a-b+c) /cxtan(e*x+d))
/ ((tan(e*x+d) “4+b/c*tan(exx+d) "2+a/c)*c) " (1/2)+1/4x2~(1/2)/ (-b/a+1/a*x (—4*ax
c+b"2)"(1/2)) " (1/2) *(4+2/a*xtan (exx+d) ~2*b-2/a*tan (e*xx+d) ~2* (-4d*axc+b~2) ~(1/
2)) " (1/2) *(4+2/a*tan (exx+d) "2*b+2/a*xtan (e*xx+d) ~2*x (-4*axc+b~2)~(1/2))~(1/2)/
(a+bx*tan(exx+d) “2+c*tan(exx+d) “4) ~(1/2) *E1llipticF (1/2*tan(e*x+d) *27(1/2)* ((
b+ (-4xa*xc+b”2)"(1/2))/a) " (1/2) ,1/2% (-4+2xb* (b+(-4*axc+b~2) ~(1/2)) /a/c) ~(1/
2))/a/(a-b+c)*b-1/4%2"(1/2)/ (-b/a+1/ax(-4d*xa*xc+b~2) " (1/2)) " (1/2) *(4+2/ax*tan(
exx+d) "2*b-2/a*tan (exx+d) "2* (—4*a*xc+b”2) " (1/2)) " (1/2) *(4+2/a*tan (e*x+d) ~2*b
+2/a*tan (exx+d) "2x (-4*xaxc+b”2) "~ (1/2))~(1/2)/(a+bxtan(e*xx+d) "2+c*tan(exx+d) ~
4)~(1/2)*EllipticF (1/2*tan(exx+d)*27 (1/2)* ((~b+(-4*axc+b~2)"(1/2))/a)~(1/2)
,1/2% (—4+2xb* (b+ (—4*a*xc+b™2) ~(1/2))/a/c)~(1/2))/a/(a-b+c) *c-3/4x2"(1/2) / (-b
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/a+1l/a*(=4*xaxc+b”™2) " (1/2))~(1/2) *(4+2/a*tan (e*xx+d) “2*xb-2/a*tan (e*x+d) ~2*x (-4
*a*xc+b”2) " (1/2)) " (1/2)*(4+2/a*tan (e*x+d) ~2*b+2/a*tan (exx+d) “2* (—4*a*xc+b~2) "
(1/2))~(1/2) / (atb*tan(exx+d) "2+c*tan(e*xx+d) “4) ~(1/2) *EllipticF (1/2*tan(e*xx+
A)*27(1/2) *((=b+(-4*a*xc+b~2) " (1/2))/a) " (1/2) ,1/2* (-4+2%b* (b+ (-4*a*c+b”2) "~ (1
/2))/a/c)”(1/2))/ (dxaxc-b"2) /(a-b+c) *b*xc+1/2*27(1/2) / (-b/a+1/a* (-4*a*c+b™2)
~(1/2))"(1/2)*(4+2/a*tan(e*x+d) “2*¥b-2/a*tan (e*xx+d) “2* (-4d*xa*xc+b~2) " (1/2))~ (1
/2)*(4+2/axtan (exx+d) “2*b+2/a*xtan (exx+d) ~2*x (-4xa*xc+b”~2) ~(1/2))~(1/2) / (a+b*t
an (exx+d) "2+cxtan(e*xx+d) "4) " (1/2)*EllipticF (1/2*%tan(exx+d) *27 (1/2) *((-b+(-4
*xaxctb™2) 7 (1/2))/a) ~(1/2) ,1/2% (-4+2%b* (b+ (-4*a*xc+b™2) ~(1/2))/a/c)~(1/2)) /(4
*axc-b"2)/(a-b+c)*c"2+1/4*x2~(1/2) / (-b/a+1/a*x(-4d*xaxc+b~2) ~(1/2))~(1/2) *(4+2/
a*xtan (e*x+d) "2*¥b-2/a*tan (e*x+d) “2* (-4d*a*xc+b~2) ~(1/2)) " (1/2) *(4+2/a*tan (e*xx+
d) "2xb+2/a*tan (exx+d) "2* (-4*axc+b”2) " (1/2)) " (1/2) / (a+b*tan (e*x+d) "2+c*tan (e
*xx+d) "4) " (1/2)*E1llipticF(1/2*tan(e*xx+d)*2~ (1/2)* ((-b+(-4*a*xc+b~2)~(1/2))/a)
~(1/2) ,1/2*% (—4+2*xb*x (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))/a/ (4*a*xc-b~2) /(a-b+c)
*b~3-1/4%27(1/2) / (-b/a+1/ax (—4*a*xc+b~2) " (1/2)) " (1/2) *(4+2/a*tan (e*x+d) ~2*b-
2/axtan (e*xx+d) "2 (-4*axc+b~2) " (1/2)) " (1/2) *(4+2/a*tan (exx+d) ~2*b+2/a*tan (ex*
x+d) "2x (=4*a*xc+b~2) " (1/2)) " (1/2) / (a+b*tan (exx+d) ~2+cxtan(e*xx+d) ~4) ~(1/2) *E1
lipticF(1/2*%tan(exx+d)*27 (1/2)* ((~b+(-4*a*xc+b™2)~(1/2))/a)~(1/2) ,1/2% (-4+2x
b*x (b+(-4*xa*xc+b™2)~(1/2))/a/c)~(1/2))*b"2/a/ (4*axc-b~2)*c/(a-b+c)+c”2/(a-b+c
)/ (Axaxc-b"2)*27(1/2) / (-b/a+1/ax(-4*a*xc+b~2) " (1/2)) " (1/2) *(4+2/axtan (e*x+d)
~2xb-2/a*tan (exx+d) "2*x (—4d*axc+b~2) " (1/2)) " (1/2) *(4+2/a*tan (exx+d) ~2*b+2/ax*t
an(e*x+d) ~2* (-4d*xaxc+b~2)~(1/2))~(1/2) /(a+b*tan(e*xx+d) “2+cxtan (e*xx+d) ~4) ~(1/
2) / (b+(—4*a*xc+b™2) " (1/2) ) *E1llipticF (1/2*tan(e*x+d) *27 (1/2) * ((~b+(-4*axc+b~2
)7(1/2))/a) " (1/2) ,1/2% (—4+2%b* (b+ (-4*a*xc+b™2) " (1/2))/a/c)~(1/2))*a-1/2*c/(a
-b+c) /(d*xaxc-b"2)*27(1/2) / (-b/a+1/a*x(-4*a*xc+b™2) " (1/2)) " (1/2)* (4+2/a*xtan (e*
x+d) "2xb-2/axtan (e*xx+d) "2* (-4d*axc+b"2) " (1/2)) " (1/2) * (4+2/a*tan (e*xx+d) ~2*xb+2
/axtan (e*xx+d) "2* (-4*a*xc+b~2) " (1/2)) " (1/2) / (a+b*tan(e*x+d) “2+c*tan (e*xx+d) ~4)
~(1/2)/ (b+(=4xa*xc+b~2) " (1/2) ) *E1lipticF (1/2xtan(e*xx+d) *27 (1/2) * ((~b+(-4*a*c
+b72)7(1/2))/a)~(1/2) ,1/2% (-4+2xb* (b+ (-4*a*c+b~2) ~(1/2)) /a/c)~(1/2) ) *b~2+1/
2%c”2/ (a-b+c) / (d*xaxc-b"2)*2~(1/2) / (-b/a+1/a*x(-4d*xaxc+b~2) ~(1/2))~(1/2) *(4+2/
axtan (e*xx+d) “2x%b-2/a*tan (e*xx+d) ~2* (-4*xa*xc+b~2) " (1/2)) " (1/2) *(4+2/a*tan (e*xx+
d) "2%b+2/axtan (exx+d) ~2x (—4d*axc+b~2) ~(1/2) )~ (1/2)/ (a+b*tan(e*xx+d) “2+c*tan(e
*xx+d) "4) " (1/2) / (b+(=4*axc+b~2) " (1/2) )*E1lipticF (1/2*tan (e*xx+d)*2~ (1/2)*((-b
+(=4*xaxc+b”2)"(1/2))/a)~(1/2) ,1/2* (=4+2*b*x (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2)
)Y*b-c~2/ (a-b+c) / (d*xaxc-b"2)*27(1/2) / (-b/a+1/a*(-4*a*xc+b”2) " (1/2) )~ (1/2) *(4+
2/axtan (exx+d) "2xb-2/axtan (exx+d) ~2*% (—-4*a*xc+b~2) " (1/2)) " (1/2) *(4+2/a*xtan (e*
x+d) "2xb+2/axtan (e*xx+d) "2* (-4*xaxc+b~2) " (1/2))~(1/2) / (a+b*tan(e*x+d) "2+c*tan
(exx+d)~4)~(1/2) / (b+(-4*a*xc+b~2) ~(1/2))*E1llipticE(1/2*tan (exx+d) *2~ (1/2) * ((
-b+(-4*a*xc+b”2)"(1/2))/a)~(1/2) ,1/2% (-4+2*b* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/
2))*a+1/2*xc/(a-b+c)/(d*xaxc-b"2)*27(1/2) /(-b/a+1/a*x(-4*axc+b~2)~(1/2))~(1/2)
* (4+2/a*xtan (exx+d) "2*xb-2/axtan (e*xx+d) "2* (-4d*a*xc+b™2) " (1/2)) "~ (1/2) *(4+2/a*ta
n(exx+d) "2xb+2/a*tan (exx+d) ~2* (-4d*xaxc+b~2) ~(1/2))~(1/2)/ (a+bxtan(exx+d) "2+c
xtan (exx+d) ~4)~(1/2) / (b+(-4*a*xc+b~2) ~(1/2) )*E1llipticE(1/2*tan (e*xx+d) *2~ (1/2
)% ((~b+(-4*axc+b™2)7(1/2))/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*a*xc+b~2)~(1/2))/a/c)
~(1/2))*b"2-1/2*c”2/ (a=b+c) / (d*a*xc-b"2)*27(1/2) / (-b/a+1/ax (-4*a*xc+b~2) ~(1/2
)) " (1/2) % (4+2/a*tan (e*xx+d) "2xb-2/a*tan (e*x+d) ~2* (-4*a*xc+b~2) ~(1/2) )~ (1/2) *(
4+2/axtan(e*xx+d) ~2*b+2/a*xtan (e*xx+d) ~2* (-4xa*xc+b~2) " (1/2)) " (1/2)/(a+b*tan(e*
x+d) "2+cxtan(exx+d) "4) " (1/2) / (b+(-4*a*xc+b™2) ~(1/2) ) *E1lipticE(1/2*tan (exx+d
)*%27(1/2) * ((~b+(-4*axc+b™2) " (1/2))/a)~(1/2) ,1/2*% (-4+2*b* (b+ (-4*a*c+b~2) ~(1/
2))/a/c)”(1/2))*b-1/(a-b+c)*27(1/2) /(-b/a+1/a*x (-4*a*xc+b™2) ~(1/2) )~ (1/2)*(1+
1/2/axtan(exx+d) "2*b-1/2/a*tan (e*xx+d) “2x (—4*a*xc+b~2) " (1/2)) " (1/2)*(1+1/2/a*
tan(e*xx+d) "2*xb+1/2/axtan (exx+d) "2*x (-4*axc+b~2) " (1/2)) " (1/2)/(a+b*tan(e*x+d)
~2+c*tan(exx+d) ~4) " (1/2)*E1llipticPi(1/2*tan(e*x+d) *27(1/2)* ((~b+(-4*a*xc+b”2
)7=(1/2))/a)~(1/2) ,-2/ (~b+(-4*a*xc+b™2) " (1/2) ) *a, (-1/2x (b+(-4*a*xc+b~2) ~(1/2))
/a)~(1/2)*27(1/2) / ((-b+(-4*axc+b~2)~(1/2))/a)~(1/2)))
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Maxima [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)2

5 dx
(c tan (ex + d)* + btan (ex + d)* + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~2/(atb*tan(e*xx+d) "2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="maxima"

[Out] integrate(tan(e*xx + d)~2/(cxtan(e*x + d)~4 + bxtan(e*x + d)72 + a)~(3/2), x
)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)~2/(atb*tan(e*xx+d) 2+cxtan(e*xx+d)~4)~(3/2),x, algorithm
="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

tan? (d + ex)
dx

3
a+ btan + ex) + ctan +ex
btan® (d + ex) H(d + ex))?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d)**2/(atb*tan(e*x+d)**2+c*xtan(e*xx+d)**4)**(3/2) ,x)

[Out] Integral(tan(d + exx)**2/(a + bxtan(d + exx)**2 + cxtan(d + exx)**x4)**(3/2)

, X)

Giac [F] time = 0., size = 0, normalized size = 0.

tan (ex + d)2

5 dx
(c tan (ex + d)* + btan (ex + d)* + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(tan(exx+d) ~2/(atb*tan(e*xx+d) ~2+cxtan(e*x+d)~4)~(3/2),x, algorithm
="giac")

[Out] integrate(tan(e*xx + d)~2/(cxtan(e*xx + d)~4 + bxtan(e*x + d)72 + a)~(3/2), x
)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)

267




100

(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]
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101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then




57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

73
74

75
76
77
78
79
80
81

83
84
85
86
87
88

90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
© 00 N O O WN -

ExpnType := proc(expn)
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119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181

if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True




44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

72
73

74

75
76
77
78
79
80
81
82
83

84
85
86
87
88
89
90

100
101
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else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)
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leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))




145
146

147

148
149
150

151
152
153
154
155

156
157
158
159
160
161
162
163
164
165
166
167
168
169

170
171
172
173
174
175

176
177
178
179
180
181
182
183
184
185
186

187
188
189
190
191
192

277

return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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